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Abstract

We construct higher order expressions of (weak instrument robust) gen-
eralized method of moment (GMM) test statistics for iid data. We use them
to obtain Edgeworth approximations and to reveal sensitivity to instrument
quality. The Edgeworth approximations show that usage of bootstrapped
critical values reduces the order of the approximation error of the �nite
sample distribution of the weak instrument robust statistics compared to
usage of asymptotic critical values. These results remain to hold when the
instruments are weak and extend previous results on the bootstrap and the
Edgeworth approximation. We illustrate the resulting reduction of size dis-
tortions and conduct a power comparison using a panel autoregressive model
of order one.

JEL classi�cation: C11, C20, C30

1 Introduction

Two common approaches for reducing size distortions of test statistics are to
Edgeworth-correct asymptotic critical values, see e:g: Rothenberg (1984), and us-
age of bootstrapped critical values, see e:g: Horowitz (2001). In many cases, these
two approaches remove the approximation error of the �nite sample distribution
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of the statistics up to a higher order in the sample size than the limiting distrib-
ution. The size distortions that result when we use such critical values are then
less than those that result from using the asymptotic ones. The regularity condi-
tions under which the Edgeworth approximation and the bootstrap improve the
approximation of the �nite sample distribution request that the hypothesized pa-
rameters are well identi�ed, see e:g: Bhattacharya and Ghosh (1978) and Horowitz
(2001). Parameters that are estimated using the generalized method of moments
(GMM) are not well identi�ed when the instruments are weak, see e:g: Staiger
and Stock (1997) and Stock and Wright (2000). This seems to indicate that the
Edgeworth approximation and bootstrap do not improve the approximation of the
�nite sample distribution of statistics in GMM with weak instruments.
To overcome size distortions in GMM with weak instruments, statistics have

been proposed whose limiting distributions are robust to the strength of the in-
struments, see e:g: Stock and Wright (2000), Kleibergen (2005) and Kleibergen
and Mavroeidis (2009). The limiting distributions of these statistics apply un-
der more general conditions than those of the traditional GMM statistics. They
therefore lead to a better approximation of the �nite sample distribution than the
approximations that result from the limiting distribution for the traditional GMM
statistics. We can further improve upon the approximation of the �nite sam-
ple distribution of the weak instrument robust GMM statistics by constructing
Edgeworth-corrections of the asymptotic critical values or by using bootstrapped
critical values. We show that usage of either the Edgeworth-corrected or boot-
strapped critical values reduces the order of the approximation error of the �nite
sample distribution compared to using asymptotic critical values. These improve-
ments remain to hold when the instruments are weak which shows that Edgeworth
approximations can be constructed even when the parameters are weakly identi-
�ed. This is a new result and provides an extension to Bhattacharya and Ghosh
(1978).
In a related article Moreira et: al: (2009) show the validity of the bootstrap for

the weak instrument robust Lagrange multiplier statistic in the linear instrumental
variables regression model with one endogenous variable. The bootstrap that they
employ resamples the residuals that result after estimating the model. Because of
the dependence of these residuals on the involved estimator, the approximation of
the �nite sample distribution of the Lagrange multiplier statistic by the bootstrap
is as accurate as the approximation by the limiting distribution. Hence, there
are no higher order improvements that result from the bootstrap. The bootstrap
that we employ just resamples the residuals under the null hypothesis so it di¤ers
from the one used by Moreira et: al: (2010). The higher order improvements that
we obtain from our bootstrap do therefore not contradict the results obtained in
Moreira et: al. (2010).

2



The paper is organized as follows. In the second section, we introduce GMM
and de�ne our GMM statistics of interest: the GMM extension of the Anderson-
Rubin statistic (GMM-AR) from Stock and Wright (2000), the GMM Lagrange
multiplier (KLM) statistic of Kleibergen (2005), a GMM extension of Moreira�s
(2003) conditional likelihood ratio (GMM-MLR) statistic and the GMM LM sta-
tistic of Newey and West (1987). The second section also states the assumptions
under which we derive our results. In the third section, we decompose the statistics
in several components that are of a di¤erent order in the sample size. The fourth
section provides algorithms to bootstrap our statistics of interest and decomposes
the bootstrapped statistics into several components that are of a di¤erent order in
the bootstrap sample size. The �fth section discusses Edgeworth approximations
of the �nite sample distributions of the orginal statistics and their bootstrapped
counterparts. The Edgeworth approximations show the higher order improvement
that results from the bootstrap. The sixth section illustrates the theoretical re-
sults by conducting a simulation experiment using a panel autoregressive model
of order one with Arellano and Bond (1991) moment conditions. It shows that
usage of bootstrapped or Edgeworth-corrected critical values reduces size distor-
tion compared to usage of critical values that stem from the limiting distribution.
The sixth section also conducts a power comparison. The seventh section brie�y
discusses further extensions. The eighth section concludes.
Throughout the paper we use the notation: Im is the m �m identity matrix,

PA = A(A0A)�1A0 for a full rank n�m matrix A andMA = In�PA: Furthermore,
�!
p
�stands for convergence in probability, �!

d
�for convergence in distribution, E

is the expectation operator and vec(A) is the column vectorization of the matrix
A:

2 Generalized Method of Moments

We consider the estimation of a scalar parameter � whose parameter region is R
and for which the k � 1 dimensional moment equation

E(f(�; Yi)) = 0; i = 1; : : : ; N; (1)

holds. We use a scalar parameter instead of a vector of parameters to simplify the
analysis. We later show how the results extend to the multiple parameter case. The
data vector Yi is observed for individual/time i: The number of equations k exceeds
or is equal to the number of parameters. The k� 1 dimensional vector function f
of � is �nite for �nite values of �; continuous and twice continuous di¤erentiable.
The unique value of �; at which (1) holds, is equal to �0. To estimate � in (1), we
use Hansen�s (1982) GMM.
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For a sample of observations (Yi; i = 1; : : : ; N); the objective function for the
continuous updating estimator (CUE) of Hansen et: al: (1996) reads

Q(�) = NfN(�; Y )
0V̂ff (�)

�1fN(�; Y ); (2)

with fN(�; Y ) = 1
N

PN
i=1 fi(�); fi(�) = f(�; Yi): The covariance matrix estimator

V̂ff (�) that we use in (2) is the Eicker-White covariance matrix estimator, see
Eicker (1967) and White (1980). Usage of the Eicker-White covariance matrix
estimator implies that we do not allow for dependence between the moments.
This is done for expository purposes and we discuss how to deal with dependence
between the moments later. We make extensive use of the derivative of the moment
functions

qN(�; Y ) =
1
N

PN
i=1 qi(�); (3)

with qi(�) = @
@�0fi(�):We use the Eicker-White covariance matrix estimator as well

to estimate the covariance between the moments and their derivatives. Thus we
employ the covariance matrix estimators:

V̂ff (�) =
1
N

PN
i=1 fi(�)fi(�)

0 � fN(�; Y )fN(�; Y )
0;

V̂qf (�) =
1
N

PN
i=1 qi(�)fi(�)

0 � qN(�; Y )fN(�; Y )
0;

V̂qq(�) =
1
N

PN
i=1 qi(�)qi(�)

0 � qN(�; Y )qN(�; Y )
0;

(4)

of the covariance matrices Vff (�) =E( �fi(�) �fi(�)0); Vqf (�) =E(�qi(�) �fi(�)0) and Vqq(�)
=E(�qi(�)�qi(�)0); where �fi(�) = fi(�)� fN(�; Y ) and �qi(�) = qi(�)� qN(�; Y ):
We determine the validity of the bootstrap and whether it leads to higher order

improvements for four di¤erent GMM statistics not all of which are robust to weak
instruments.

De�nition 1. Four di¤erent statistics that test H0 : � = �0 are:

1. The GMM-AR statistic, see Stock and Wright (2000), which is the gener-
alization of the Anderson-Rubin statistic, see Anderson and Rubin (1949),
towards GMM,

GMM-AR(�0) = NfN(�0; Y )
0V̂ff (�0)

�1fN(�0; Y ): (5)

2. The KLM-statistic which is a GMM-Lagrange multiplier (LM) statistic based
on the CUE, see Kleibergen (2005):

KLM(�0) = NfN(�0; Y )
0V̂ff (�0)

�1D̂N(�0; Y )h
D̂N(�0; Y )

0V̂ff (�0)
�1D̂N(�0; Y )

i�1
D̂N(�0; Y )

0V̂ff (�0)
�1fN(�0; Y );

(6)

with D̂N(�0; Y ) = qN(�; Y )� V̂qf (�)V̂ff (�)
�1fN(�0; Y ):
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3. The GMM-MLR statistic which is Moreira�s (2003) conditional likelihood
ratio (LR) statistic applied in a GMM-setting, see Kleibergen (2005):

GMM-MLR(�0) = 1
2
[GMM-AR(�0)� r(�0)+q

(GMM-AR(�0) + r(�0))
2 � 4 [GMM-AR(�0)�KLM(�0)] r(�0))

�
;

(7)

with r(�0) = ND̂N(�0; Y )
0
h
V̂qq(�0)� V̂qf (�0)V̂ff (�0)

�1V̂fq(�0)
i�1

D̂N(�0; Y ):

4. The GMM-LM statistic, see Newey and West (1987):

LM(�0) = NfN(�0; Y )
0V̂ff (�0)

�1qN(�0; Y )
h
qN(�0; Y )

0V̂ff (�0)
�1qN(�0; Y )

i�1
qN(�0; Y )

0V̂ff (�0)
�1fN(�0; Y ):

(8)

The above four statistics are used to test the parameters in models that are
estimated by GMM. The GMM-LM statistic is the only one of the above four
statistics whose limiting distribution is not robust to weak instruments. We use
it to show the issues involved with GMM statistics that are not robust to weak
instruments. Since these issues are identical for all non-robust statistics, we just
discuss them for the one for which they are the most straightforward to obtain.
This explains why we use the GMM-LM statistic instead of the more commonly
used Wald statistic.
The limiting distributions of the statistics in De�nition 1 result after an as-

sumption on the moment vector and its derivative.

Assumption 1. Under H 0 : � = �0; the following assumptions hold jointly:

a. The vectors of moments and derivatives (fi(�0)0
... qi(�0)0)0 are independent

across individuals/time.

b. The eighth order moments of fi(�0) and qi(�0) are �nite.

Assumption 1a has been mentioned before and justi�es usage of the Eicker-
White covariance matrix estimator. Assumption 1b implies that the fourth order
moment estimator of fi(�) satis�es a central limit theorem. It is somewhat overly
restrictive when we just want to use the limiting distributions of the statistics in
De�nition 1 but we need it for their higher order expansions that we construct
lateron.
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Corollary 1. For DN(�0; Y ) =
1
N

PN
i=1 di(�0); di(�0) : di(�0) = qi(�0) � Vqf (�0)

Vff (�0)
�1fi(�0); it holds that under H 0 : � = �0 and Assumption 1,

p
NfN(�0; Y )

and
p
N [DN(�0; Y )� J�(�0)] ; with J�(�0) =E[qi(�0)] ; have independent normal

limiting distributions.

Proof. Results directly from Assumption 1 and E(fi(�0)di(�0)0) = 0.

Corollary 1 shows that DN(�; Y ); which is an (infeasible) estimator of the
derivative of the average moment vector with respect to �; is independent of the
average moment vector in large samples.

Corollary 2. Under H 0 : � = �0 and Assumption 1, it holds in large samples
that

(i:) E
h
1
N

PN
i=1 fi(�0)fi(�0)

0jDN(�0; Y ) = D
i
= Vff (�0) +O( 1p

N
)

(ii:) E
h
1
N

PN
i=1 [(fi(�0)fi(�0)

0 
 fi(�0)fi(�0)
0] jDN(�0; Y ) = D

i
= E [fi(�0)fi(�0)0 
 fi(�0)fi(�0)

0] +O( 1p
N
);

(9)

where O( 1p
N
) indicates that the (non-stochastic) remainder term is of order 1p

N
:

Proof. Because of Assumption 1, DN(�0; Y ); V̂ff (�0) and the fourth order
moment estimator of fi(�0) have a joint normal limiting distribution with a con-
vergence rate proportional to

p
N: Hence, the order of covariance between these

estimators is proportional to 1p
N
: The conditional expectations of them given one

another are then equal to the unconditional expectations plus a term of order 1p
N
:

Corollary 2 implies that there is no zero-th order bias in the KLM and GMM-
MLR statistics so their (conditional) limiting distributions are valid. We need the
expressions of the conditional expectations given DN(�0; Y ) for the conditional
higher order expansions given DN(�0; Y ) that we construct lateron. Corollary
2 obviously holds as well when the conditional expectations of fi(�0)fi(�0)0 and
(fi(�0)fi(�0)

0
fi(�0)fi(�0)0) given di(�) are equal to the unconditional expectations
but Corollary 2 provides the same result under less restrictive assumptions. 1

Corollary 1 shows that DN(�0; Y ) is an infeasible estimator of J�(�0) which is
in large samples independent of the average moment vector fN(�0; Y ): The KLM
and GMM-MLR statistics in De�nition 1 therefore use the feasible estimator of
DN(�; Y ); D̂N(�; Y ); that results in their (conditional) limiting distributions not
being a¤ected by weak instruments.

1Since fi(�) and di(�) are uncorrelated, this conditional moment assumption is actually less
restrictive then perceived at �rst sight.
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Corollary 3. Under H 0 : � = �0 and Assumption 1, the limiting distributions of
the statistics in De�nition 1 are characterized by:

GMM-AR (�0)
d!  1 +  k�1

KLM (�0)
d!  1

GMM-MLR(�0)jr(�0) = r)
d! 1

2

�
 1 +  k�1 � r)+q�
 1 +  k�1 + r

�2 � 4 k�1r)�
GMM-LM(�0)

d!  1; when J �(�0) does not equal zero,

(10)

with  1 and  k�1 independent �
2(1) and �2(k � 1) distributed random variables.

Proof. see Newey and West (1987), Stock and Wright (2000) and Kleibergen
(2005).

Corollary 3 shows that the (conditional) limiting distributions of the GMM-
AR, KLM and GMM-MLR statistics do not depend on nuisance parameters. The
bootstrap then typically provides a more accurate approximation of the �nite
sample distribution than the limiting distribution, see e:g: Horowitz (2001). This
holds since the bootstrap removes some of the higher order approximation errors
of the Edgeworth approximation of the �nite sample distribution.
Alongside their usefullness for improving approximations of �nite sample distri-

butions of estimators, see e:g: Sargan (1976), Edgeworth approximations are used
to approximate the �nite sample distribution of Wald statistics. They then result
from a Taylor approximation of the Wald statistic around the true or expected
values of its di¤erent elements, see e:g: Bhattacharya and Ghosh (1978), Sargan
(1980) and Phillips and Park (1988). To construct such a Taylor approximation,
the derivatives of the statistic at these values have to be well de�ned. When we
construct such a Taylor approximation for the KLM statistic, which is a function
of fN(�0; Y ) and D̂N(�0; Y ); the Taylor approximation uses its derivatives with
respect to fN(�0; Y ) and D̂N(�0; Y ) evaluated at their expected values, zero and
J�(�0) resp.. The derivative of the KLM statistic with respect to D̂N(�0; Y ) is,
however, not well-de�ned for zero values of D̂N(�0; Y ) so we can not allow for zero
values of its expectation, J�(�0): This implies that the resulting Edgeworth approx-
imation does not allow for weak or irrelevant instruments. Hence the Edgeworth
approximations in Bhattacharya and Ghosh (1978), Sargan (1980) and Phillips
and Park (1988) do not allow for weak or irrelevant instruments and can not be
used to show that the bootstrap uniformly improves the approximation of the �nite
sample distributions of the KLM and GMM-MLR statistics.
The Edgeworth approximations from Bhattacharya and Ghosh (1978), Sargan

(1980) and Phillips and Park (1988) are all for Wald statistics and do not exploit
the independence between fN(�0; Y ) and DN(�0; Y ) in large samples. Since the

7



KLM and GMM-MLR statistics are Lagrange Multiplier and (quasi) likelihood-
ratio statistics, we construct an alternative Edgeworth approximation that uses
the independence between fN(�0; Y ) and DN(�0; Y ) in large samples. We use it to
show that the bootstrap uniformly improves the approximation of the �nite sample
distribution of the KLM and GMM-MLR statistics compared to the (conditional)
limiting distribution.
The bootstrap and Edgeworth approximations that we discuss lateron simplify

considerably when an additional assumption holds.

Assumption 2. Under H 0 : � = �0; it holds that:

E(vec(fi(�0)fi(�0)0)di(�0)0) = vec(Vff (�0))E(di(�0))0 = vec(Vff (�0))J(�0)0:
(11)

Assumption 2 holds if any conditional heteroscedasticity of fi(�0) does not
depend on di(�0): It also holds when the conditional moment of fi(�0)fi(�0)0 given
di(�0) equals the unconditional moment.

Corollary 4. When Assumptions 1 and 2 hold, the limiting distributions ofp
N(V̂ff (�0)� Vff (�0)) and

p
NDN(�0; Y ) are independent and

E( 1
N

PN
i=1 vec(fi(�0)fi(�0)

0)di(�0)
0jDN(�0; Y ) = D) = vec(Vff (�0))D0 +O( 1p

N
):

(12)
Proof. Assumption 2 implies that the covariance between V̂ff (�0) � Vff (�0)

and DN(�0; Y ) � J�(�0) is equal to zero. Since both V̂ff (�0) and DN(�0; Y ) have
normal limiting distributions, the zero covariance implies that they are indepen-
dent. Equation (12) follows along the lines of the proof of Corollary 2.

We construct the Edgeworth approximations, that indicate the higher order
improvements that result from the bootstrap, using the higher order expressions
of the statistics in De�nition 1.

3 Higher order expressions

The higher order expressions of Wald statistics result from Taylor approximations.
For example, for the Wald statistic that tests the hypothesis Hg : g(�) = 0; with
g(�) a continuous di¤erentiable function of �:

W(�̂) = g(�̂)0(G(�̂)Ŵ�G(�̂)
0)�1g(�̂); (13)

with G(�) = @
@�0 g(�) and Ŵ� an estimator of the covariance matrix of the asymp-

totically normal estimator �̂; these higher order approximations result from Taylor
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approximations of g(�̂) and G(�̂) around g(�0) and G(�0) resp., see e:g: Phillips
and Park (1988). The higher order derivatives of g(�) therefore have to be well
de�ned at �0: The statistics in De�nition 1 are not Wald statistics so we construct
their higher order expressions in a di¤erent manner. The resulting expressions do
not involve any higher order derivatives whose existence at the true value of the
parameters might be questionable.
The higher order expressions of the statistics in De�nition 1 result from the

large sample behavior of the (covariance) estimators involved in them. We there-
fore express these estimators as equal to their true value plus an error term. For
the GMM-AR statistic, this implies that we use that

V̂ff (�0) = Vff (�0) + V̂ff (�0)� Vff (�0); (14)

while for the KLM statistic, we use both (14) and
p
ND̂N(�; Y ) =

p
NDN(�; Y )�

p
NV̂�f (�)Vff (�0)

�1fN(�; Y ) +Op(
1
N
); (15)

with V̂�f (�) = 1
N

PN
i=1

�di(�) �fi(�)
0; which is an (infeasible) estimator of the (zero)

covariance between di(�) and fi(�); �di(�) = di(�) � DN(�; Y ) and Op( 1N ) shows
that the (random) remainder term is of order 1

N
: These expressions are stated in

Lemmas 1-7 in Appendix A.
Theorem 1 states the higher order expressions of the statistics in De�nition

1. The order of the di¤erent components results from the convergence rate of
the expectation of these components given DN(�0; Y ). We use these components
to construct the Edgeworth approximation of the conditional distribution of the
statistics given DN(�0; Y ): For the non-robust GMM-LM statistic, Theorem 1 just
states some of the elements of its higher order expression. These elements su¢ ce
to show the dependence of the limiting distribution of the GMM-LM statistic on
the strength of the instruments.

Theorem 1. Under H 0 and Assumption 1, the higher order expressions of the
statistics in De�nition 1 read:
1. For the GMM-AR statistic (5):

GMM-AR(�0) = GMM -AR0 + 1
N
GMM -AR1 +Op(

1
N2 ); (16)

where

GMM -AR0 = NfN(�0; Y )
0Vff (�0)

�1fN(�0; Y )!
d
�2(k)

GMM -AR1 = �N2fN(�0; Y )
0Vff (�0)

�1
h
V̂ff (�0)� Vff (�0)

i
Vff (�0)

�1fN(�0; Y )

E(GMM -AR1) = �N�1
N
vec(Vff (�0)�1)0E [(fi(�0)fi(�0)0 
 fi(�0)fi(�0)

0)]
vec(Vff (�0)�1) + N�1

N
[k2 + 2k] + k:

(17)
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2. For the KLM-statistic (6):

KLM(�0) = KLM0 +
1
N
[KLM1 +KLM2] +Op(

1
N2 ); (18)

where

KLM0 = NfN(�; Y )
0Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )!

d
�2(1)

KLM1 = �N2fN(�; Y )
0Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

h
V̂ff (�)� Vff (�)

i
Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )�

2N2fN(�; Y )
0Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

h
V̂ff (�)� Vff (�)

i
Vff (�)

� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )

KLM2 = �2N2fN(�; Y )
0Vff (�)

� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2 V̂�f (�)Vff (�)

�1

fN(�; Y ) [DN(�; Y )
0Vff (�)

�1DN(�; Y )]
�1
DN(�; Y )

0Vff (�)
�1fN(�; Y );

(19)
and the conditional expectations of these elements given DN(�0; Y ) read:

E [KLM0jDN(�0; Y )] = 1

E [KLM1jDN(�0; Y )] = �N�1
N
vec(Vff (�0)�

1
2P

Vff (�0)
� 1
2DN (�0;Y )

Vff (�0)
� 1
2 )0

E(fi(�0)fi(�0)0 
 fi(�0)fi(�0)
0)vec(Vff (�0)�1�

Vff (�0)
� 1
2M

V
� 1
2

ff DN (�0;Y )
Vff (�0)

� 1
2 ) + 2(N�1)

N
(k � 1) + 4� 3

N

E [KLM2jDN(�0; Y )] = �4(N�1)
N

vec(M
Vff (�0)

� 1
2DN (�0;Y )

)0

E( 1
N

PN
i=1 Vff (�0)

� 1
2fi(�0)fi(�0)

0Vff (�0)
� 1
2 
 Vff (�0)

� 1
2 �di(�0)jDN(�0; Y ))

Vff (�0)
� 1
2DN(�0; Y ) [DN(�0; Y )

0Vff (�0)
�1DN(�0; Y )]

�1 � 2
N
vec(M

Vff (�0)
� 1
2DN (�0;Y )

)0

E( 1
N

PN
i=1 Vff (�0)

� 1
2fi(�0)fi(�0)

0Vff (�0)
�1fi(�0)fi(�0)

0Vff (�0)
� 1
2 
 Vff (�0)

� 1
2 �di(�0)

jDN(�0; Y ))vec(Vff (�0)�
1
2DN(�0; Y ) [DN(�0; Y )

0Vff (�0)
�1DN(�0; Y )]

�1
):

(20)
When Assumption 2 holds, the �rst element of the conditional expectation of
KLM2 in (20) is equal to zero such that the conditional expectation of KLM2

is of order 1
N
:

3. For the GMM-MLR statistic (7) given r(�0):

GMM-MLR(�0) = 1
2
[GMM -AR0 � r(�0)+q

(GMM -AR0 + r(�0))
2 � 4 [GMM -AR0 �KLM0] r(�0))

�
+

1
2N

�
1 + GMM -AR0�r(�0)p

(GMM -AR0+r(�0))
2�4[GMM -AR0�KLM0]r(�0))

�
GMM -AR1+

1
N

r(�0)p
(GMM -AR0+r(�0))

2�4[GMM -AR0�KLM0]r(�0))
(KLM1 +KLM2) +Op(

1
N2 ):

(21)
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4. A part of the higher order expression of the GMM-LM statistic (8) reads:

LM (�) = KLM0 +
1
N
LM1 +

1
N2LMD2 (DN(�; Y )

0Vff (�)
�1DN(�; Y ))

�1
+

1
N
tr
�
LMD1 (DN(�; Y )

0Vff (�)
�1DN(�; Y ))

�1
DN(�; Y )

0Vff (�)
�1
�
;

(22)

where

LM1 = �2N2fN(�; Y )
0Vff (�)

�1
h
V̂ff (�)� Vff (�)

i
Vff (�)

�1DN(�; Y )

(DN(�; Y )
0Vff (�)

�1DN(�; Y ))
�1
DN(�; Y )

0Vff (�)
�1fN(�; Y )

LMD1 = 2N ffN(�; Y )fN(�; Y )0Vff (�)�1Vqf (�)Vff (�)�1fN(�; Y )�h
V̂ff (�)� Vff (�)

i
Vff (�)

�1fN(�; Y )fN(�; Y )
0Vff (�)

�1Vqf (�)
0Vff (�)

�1fN(�; Y )
o

LMD2 = N ffN(�; Y )0Vff (�)�1Vqf (�)0Vff (�)�1fN(�; Y )g2
(23)

and the conditional expectations of these elements given DN(�0; Y ) read:

E(LM1jDN(�0; Y )) = 2� 2tr
n
E [fi(�0)fi(�0)0Vff (�0)�1fi(�0)fi(�0))0]Vff (�0)�

1
2

P
Vff (�0)

� 1
2DN (�0;Y )

Vff (�0)
� 1
2

o
E(LMD1jDN(�0; Y )) =
2E [fi(�0)fi(�0)0Vff (�0)�1Vqf (�0)Vff (�0)�1fi(�0)Vff (�0)�1jDN(�0; Y )]�
2N�1

N
ftr(Vff (�0)�1Vqf (�0))E (fi(�0)0Vff (�0)�1fi(�0)fi(�0)0jDN(�0; Y )) +

E (fi(�0)0Vff (�0)�1Vqf (�0)0Vff (�0)�1fi(�0)fi(�0)0jDN(�0; Y ))+
E (fi(�0)0Vff (�0)�1Vqf (�0)Vff (�0)�1fi(�0)fi(�0)0jDN(�0; Y ))g�
2
N
E[fi(�0)0Vff (�0)�1Vqf (�0)Vff (�0)�1fi(�0)fi(�0)0Vff (�0)�1fi(�0)fi(�0)0jDN(�0; Y )]�

2
N
E (fi(�0)0Vff (�0)�1Vqf (�0)Vff (�0)�1fi(�0)fi(�0)0jDN(�0; Y ))

E(LMD2jDN(�0; Y )) = (N � 1)
n
[tr(Vff (�0)�1Vqf (�0))]

2
+ +

tr(Vff (�0)�1Vqf (�0)Vff (�0)�1Vqf (�0)0) + tr(Vff (�0)�1Vqf (�0)Vff (�0)�1Vqf (�0))g+
E [fi(�0)0Vff (�0)�1Vqf (�0)Vff (�0)�1f(�0))2] :

(24)
Proof. see Appendix B.

We determined the order of the di¤erent elements in the higher order expres-
sions in Theorem 1 using the conditional expectations given DN(�0; Y ): We use
these for the Edgeworth approximation of the conditional �nite sample distribution
of the di¤erent statistics given DN(�0; Y ):
The higher order elements of KLM(�0) : KLM1 and KLM2 result from the

di¤erent covariance estimators that are involved in KLM(�0) : KLM1 results
from V̂ff (�) while KLM2 results from (the infeasible covariance matrix estimator)
V̂�f (�0): KLM1 is therefore comparable to the GMM -AR1 higher order element
of GMM-AR(�0) which also results from V̂ff (�): When Assumption 2 holds, the
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higher order element that results from V̂�f (�0); i:e: KLM2; is of a lower order than
the one which results from V̂ff (�); i:e: KLM1: Assumption 2 namely implies that

E( 1
N

PN
i=1 Vff (�0)

� 1
2fif

0
iVff (�0)

� 1
2 
 Vff (�0)

� 1
2di(�0)jDN(�0; Y ))

0

vec(M
Vff (�0)

� 1
2DN (�0;Y )

)0 = (Ik 
 Vff (�0)
� 1
2DN(�0; Y ))

0vec(M
Vff (�0)

� 1
2DN (�0;Y )

)0 = 0

(25)
so the �rst element of the conditional expectation ofKLM2 is equal to zero. Under
Assumption 2, the higher order elements that result from V̂�f (�0) are therefore of
a lower order than those that result from V̂ff (�0):
The higher order expression of the GMM-LM statistic, LM(�0); in Theorem 1

just states some of its higher order elements. We only want to show the dependence
of its higher order elements on DN(�0; Y ) for which we do not need the full higher
order expression. The higher order elements of KLM(�0) also depend onDN(�0; Y )
but that dependence is of order zero so KLM(�0) is invariant to the length of
DN(�0; Y ) and only depends on its direction. The higher order elements of LM(�0)
in Theorem 1 are such that both LMD1 and LMD2 are multiplied by a function
that is not invariant with respect to the length of DN(�0; Y ): The conditional
expectations show that LMD1 is at most of order zero in the sample size, N .
Hence, when multiplied by (DN(�; Y )

0Vff (�)
�1DN(�; Y ))

�1
DN(�; Y )

0 and divided
by N; the full contribution of LMD1 is at most of the order O(N

� 1
2 ): This occurs

when J�(�) equals zero in which case (DN(�; Y )
0Vff (�)

�1DN(�; Y ))
�1
DN(�; Y )

0 is
of order O(N

1
2 ): LMD1 can therefore not alter the limiting distribution of LM(�0) :

The conditional expectation of LMD2 is proportional N . When J�(�0) equals zero,
(DN(�; Y )

0Vff (�)
�1DN(�; Y ))

�1 is proportional toN as well. Thus LMD2 alters the
limiting distribution of LM(�) when J�(�) equals zero since it leads to an element
of zero-th order in N in the higher order expression of LM(�0): This explains why
the limiting distribution of LM(�0) depends on J�(�0): The same result can be
shown for other GMM statistics that are not robust to weak instruments. For
reasons of brevity, we only did so for the statistic for which it is the least involved
to do so and we refrain from showing this for other statistics as well.
The higher order expressions in Theorem 1 also show the sensitivity to the

number of instruments. For example, both the GMM-AR statistic and the LM
statistics have higher order terms which are proportional to k2

N
while the higher

order terms of the KLM statistics are proportional to k
N
: This shows that the

approximation of the �nite sample distribution by the limiting distribution is more
robust to the number of instruments for the KLM statistic compared to these other
two statistics.
The higher order expression of GMM-MLR(�0) stated in Theorem 1 is condi-

tional on r(�0): It is obtained using a Taylor expansion with respect to the other
two components of GMM-MLR(�0) : GMM-AR(�0) and KLM(�0): Since the lim-

12



iting distribution of GMM-MLR(�0) is conditional on r(�0); it is important to
determine the highest order of the elements of the higher order expansion of r(�0)
that are not independent of GMM-AR(�0) and KLM(�0): We therefore construct
the higher order expansion of r(�0) which is stated in Theorem 2.

Theorem 2. Under H 0 and Assumption 1, the higher order expression of the
conditioning statistic r( �0) of GMM-MLR( �0) (7) reads

r(�0) = r0 + 1
N
(r1 + r2) + 1

N2 r3 + op(
1
N2 ); (26)

with

r0 = NDN(�0; Y )
0V��:f (�0)

�1DN(�0; Y )

r1 = 2N2fN(�0; Y )
0Vff (�0)

�1V̂�f (�0)
0V��:f (�0)

�1DN(�0; Y )

r2 = N2DN(�0; Y )
0V��:f (�0)

�1
h
V̂dd(�0)� V��:f (�0)

i
V��:f (�0)

�1DN(�0; Y )

r3 = N3fN(�0; Y )
0Vff (�0)

�1V̂�f (�0)
0V��:f (�0)

�1
h
V̂dd(�0)� V��:f (�0)

i
V��:f (�0)

�1V̂�f (�0)Vff (�0)
�1fN(�0; Y ):

(27)

with V��:f (�0) = Vqq(�0) � Vqf (�0)Vff (�0)
�1Vqf (�0)

0; V̂dd(�) =
1
N

PN
i=1

�di(�) �di(�)
0

and

E [r0] = NJ(�0)
0V��:f (�0)

�1J(�0) + k
E [r1] = 2(N � 1)E [fi(�0)0Vff (�0)�1(di(�0)� J�(�0))fi(�0)

0]V��:f (�0)
�1J�(�0)+

2N�1
N
E [fi(�0)0Vff (�0)�1(di(�0)� J�(�0))fi(�0)

0V��:f (�0)
�1(di(�0)� J�(�0))] +

2E [fi(�0)0Vff (�0)�1J�(�0)fi(�0)0V��:f (�0)�1(di(�0)� J�(�0))]� 2N�1N k
E [r2] = 2(N � 1)J�(�0)0V��:f (�0)�1E [(di(�0)� J�(�0))(di(�0)� J�(�0))

0V��:f (�0)
�1

(di(�0)� J�(�0))]� k(k + 3) + 1
N
(k2 + 2k) + (N�1)

N
E [(di(�0)� J�(�0))

0

V��:f (�0)
�1(di(�0)� J�(�0))(di(�0)� J�(�0))

0V��:f (�0)
�1(di(�0)� J�(�0))]

E [r3] = O (1) ;
(28)

such that

O(E(r1)) = o(1) when Assumption 2 holds.
O(E(r2)) = o(1) when the third order moment of di(�0) equals zero.

(29)
Proof. see Appendix B.

The independence of the limiting distributions of r(�0) and the GMM-AR and
KLM statistics results from the independence of fN (�0; Y ) and DN(�0; Y ) in large
samples. Theorem 2 shows that the independence of r(�0) and the GMM-AR and
KLM statistics is up to order 1

N
since the r1 element of r(�0) is not independent of

fN(�0; Y ):When Assumption 2 holds, the independence of r(�0) and the GMM-AR
and KLM statistics is up to including order 1

N
since r1 is then of a lower order in

the sample size.
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4 Bootstraping weak instrument robust statis-
tics

We construct one bootstrap algorithm to resample the GMM-AR and GMM-MLR
statistics and two bootstrap algorithms to resample the KLM statistic. One of
the bootstrap algorithms for the KLM statistic improves the approximation of its
�nite sample distribution when both Assumptions 1 and 2 hold while the other
improves the approximation when just Assumption 1 holds.
Under Assumption 2, Theorem 2 shows that the independence between r(�0)

and the GMM-AR and KLM statistics is up to including the order 1
N
: This allows us

to construct a bootstrap algorithm that resamples the GMM-MLR statistic given
r(�0): It improves the approximation of the conditional �nite sample distribution of
the GMM-MLR statistic compared to using the conditional limiting distribution.
When Assumption 2 does not hold, the dependence between r(�0) and the

GMM-AR and KLM statistics is of order 1
N
: Unlike when Assumption 2 holds,

we then have to construct a formal Edgeworth approximation of the conditional
distribution of the GMM-MLR statistic given r(�) to establish that the bootstrap
leads to higher order improvements. Since it is unclear how to construct such
an Edgeworth approximation, because of the non-standard conditional limiting
distribution of the GMM-MLR statistic, we refrain from constructing such an
Edgeworth approximation and an algorithm to bootstrap the GMM-MLR statistic
when just Assumption 1 holds. Assumption 2 is irrelevant for the GMM-AR
statistic so its bootstrap algorithm is straightforward.
The �rst bootstrap algorithm that we propose just resamples �fi(�0); i = 1; : : : ; N;

with replacement.2 It uses the resampled values of �fi(�0) for the bootstrapped mo-
ment vector f �B(�0; Y ) and covariance matrix estimator V

�
ff (�0) which are used to

construct GMM-AR�(�); KLM�(�) and GMM-MLR�(�): The resampled KLM� and
GMM-MLR� statistics are based on the realized sample values of D̂N(�0; Y ) and
r(�0):
The second bootstrap algorithm resamples ( �fi(�0)0 qi(�0)0)0; i = 1; : : : ; N; with

replacement. It uses the resampled values of ( �fi(�0)0 qi(�0)0)0 for the bootstrapped
moment and derivative vectors f �B(�0; Y ) and q

�
B(�0; Y ) and the bootstrapped co-

variance matrix estimators V �
ff (�0) and V �

qf (�0) which are all used to construct
KLM��(�):
Theorem 1 shows that the limiting distribution of LM(�) depends on nuisance

parameters so we can not construct a bootstrap algorithm that resamples LM(�)
and that approximates the �nite sample distribution of LM(�) for all values of
the nuisance parameters. We therefore do not construct a bootstrap algorithm for

2We resample �fi(�0) instead of fi(�0) so the (empirical) moment condition holds for the
bootstrap population �fi(�0); i = 1; : : : ; N; see e:g: Hall and Horowitz (1996).
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LM(�).
The bootstrap algorithms to approximate the �nite sample distributions of the

GMM-AR, KLM and GMM-MLR statistics read:

Bootstrap Algorithm 1:

1. Compute D̂N(�0; Y ) and r(�0) and set bootstrap sample size B and number
of simulations S:

2. For m = 1; : : : ; S :

(a) Sample ff �j (�0); j = 1; : : : ; Bg independently with replacement from
f �fl(�0); l = 1; : : : ; Ng :

Pr
�
f �j (�0) =

�fl(�0)
�
= 1

N
; l = 1; : : : ; N: (30)

(b) Compute:

f �B(�0; Y )m =
1
B

PB
j=1 f

�
j (�0) and

V �
ff (�0)m =

1
B

PB
j=1 f

�
j (�0)f

�
j (�0)

0 � f �B(�0; Y )f
�
B(�0; Y )

0;
(31)

from the bootstrap sample ff �j (�0); j = 1; : : : ; Bg:
(c) Compute:

GMM-AR�(�0)m = Bf �B(�0; Y )
0
mV

�
ff (�0)

�1
m f �B(�0; Y )m

KLM�(�0)m = Bf �B(�0; Y )
0
mV

�
ff (�0)

� 1
2

m P
V �ff (�0)

� 1
2

m D̂N (�0;Y )
V �
ff (�0)

� 1
2

m f �B(�0; Y )m

GMM-MLR�(�0)m = 1
2
[GMM-AR�(�0)m � r(�0)+q

(GMM-AR�(�0)m + r(�0))
2 � 4 [GMM-AR�(�0)m �KLM�(�0)m] r(�0))

�
(32)

3. Construct the (conditional) bootstrap distributions of GMM-AR(�0);KLM(�0)
and GMM-MLR(�0) from the sample fGMM-AR�(�0)m; KLM�(�0)m; GMM-
MLR�(�0)m; m = 1; : : : ; Sg:

Bootstrap Algorithm 2:

1. Set bootstrap sample size B and number of simulations S:

2. For m = 1; : : : ; S :
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(a) Sample f(f �j (�0)0 q�j (�0)0)0; j = 1; : : : ; Bg independently with replace-
ment from f( �fl(�0)0 ql(�0)0)0; l = 1; : : : ; Ng :

Pr
h�f�j (�0)
q�j (�0)

�
=
� �fl(�0)
ql(�0)

�i
= 1

N
; l = 1; : : : ; N: (33)

(b) Compute:

f �B(�0; Y )m =
1
B

PB
j=1 f

�
j (�0)

q�B(�0; Y )m =
1
B

PB
j=1 q

�
j (�0)

V �
ff (�0)m =

1
B

PB
j=1 f

�
j (�0)f

�
j (�0)

0 � f �B(�0; Y )mf
�
B(�0; Y )

0
m

V �
qf (�0)m =

1
B

PB
j=1 q

�
j (�0)f

�
j (�0)

0 � q�B(�0; Y )mf
�
B(�0; Y )

0
m

D̂�
B(�0; Y )m = q�B(�0; Y )m � V �

qf (�0)mV
�
ff (�0)

�1
m f �B(�0; Y )m

(34)

from the bootstrap sample f(f �j (�0)0 q�j (�0)0)0; j = 1; : : : ; Bg:
(c) Compute:

KLM��(�0)m = Bf �B(�0; Y )
0
mV

�
ff (�0)

� 1
2

m P
V �ff (�0)

� 1
2

m D̂�
B(�0;Y )m

V �
ff (�0)

� 1
2

m

f �B(�0; Y )m
(35)

3. Construct the bootstrap distribution of KLM(�0) from the sample fKLM��(�0)m;
m = 1; : : : ; Sg:

The bootstrap algorithms are such that E�(f �B(�0; Y )m) = 0; E
�(Bf �B(�0; Y )m

f �B(�0; Y )
0
m) =E

�(V �
ff (�0)m) = V̂ff (�) and E�(Bq�B(�0; Y )mf

�
B(�0; Y )

0
m) =E

�(V �
qf (�0)m)

= V̂qf (�); where E� is the expectation operator with respect to the resampling dis-
tribution. The above algorithms just bootstrap sample means and covariances so
the bootstrap distributions converge to the large sample distributions.

Theorem 3. a. Under H 0; Assumption 1 and when B = N; the distribution
of f �B(�0; Y ) that results from Bootstrap Algorithm 1 consistently estimates the
(normal) large sample distribution of fN(�0; Y ):
b. Under H 0; Assumption 1 and when B = N; the distribution of (f �B(�0; Y )

0

q�B(�0; Y )
0)0 that results from Bootstrap Algorithm 2 consistently estimates the (nor-

mal) large sample distribution of (fN(�0; Y )0 qN(�0; Y )0)0:

Proof. The bootstrap distributions of q�B(�0; Y ) and/or f
�
B(�0; Y ) that result

from Bootstrap algorithms 1 and 2 just bootstrap sample means whose bootstrap
distributions converge under Assumption 1 to their large sample (normal) distrib-
utions, see Horowitz (2001), Theorem 2.2, and Mammen (1992).

Theorem 3 shows that the bootstrap distribution of f �B(�0; Y ) that results from
Bootstrap Algorithm 1 and that of (f �B(�0; Y )

0 q�B(�0; Y )
0)0 that results from Boot-

strap Algorithm 2 converge to normal distributions when B = N goes to in�nity.
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Corollary 5. Under H 0; Assumption 1 and when B = N; the bootstrap distri-
butions of GMM-AR�(�0) and KLM ��(�0) converge to the (conditional) limiting
distributions of GMM-AR(�0) and KLM (�0):

Proof. The result for GMM-AR�(�0) is a direct consequence of Theorem
3a. The covariance estimators V �

qf (�0)i and V
�
ff (�0)i that are used in Bootstrap

Algorithm 2 are consistent estimators of V̂qf (�0) and V̂ff (�0): It therefore holds
that f �B(�0; Y )i and D̂

�
B(�0; Y )i are independently distributed in large samples so

the bootstrap distribution of KLM��(�0) that results from Bootstrap Algorithm 2
converges to the limiting distribution of KLM(�0):

Corollary 6. Under H 0; Assumptions 1, 2 and when B = N; the bootstrap dis-
tributions of KLM �(�0) and GMM-MLR�(�0) converge to the (conditional) limiting
distributions of KLM (�0) and GMM-MLR( �0):

Proof. Since D̂N(�0; Y ) is �xed in Bootstrap Algorithm 1 and V �
ff (�0) is a

consistent estimator of V̂ff (�0); the bootstrap distributions KLM�(�0) and GMM-
MLR�(�0) converge to the (conditional) limiting distributions of KLM(�0) and
GMM-MLR(�0):

Corollaries 5 and 6 show the validity of the bootstraps proposed in Algorithms
1 and 2. In Moreira et: al: (2010), the validity of the bootstrap for the KLM
statistic in the linear instrumental variables regression model is shown. Assump-
tion 2 is satis�ed for the linear instrumental variables regression model because
of the homoscedasticity of the disturbances. Hence bootstrap algorithms 1 and 2
are valid for the linear instrumental regression model. Moreira et: al: (2010) do,
however, not propose a bootstrap algorithm that resamples the moments under
the null hypothesis, like we do, but one that resamples the errors that result from
estimating the instrumental variables regression model. Their resampled errors
therefore depend on the involved estimator which precludes higher order e¢ ciency
gains from the bootstrap. Because our resampled moments do not depend on an
estimator, the bootstrap algorithms that we use lead to higher order e¢ ciency
gains.
Besides its validity, it is of interest to analyze if the bootstrap leads to a higher

order improvement of the approximation of the �nite sample distribution of the
di¤erent statistics compared to the limiting distribution. We therefore construct
Edgeworth approximations of the distributions of the bootstrap statistics. These
Edgeworth approximations use the higher order expressions of the bootstrap sta-
tistics which are stated in Theorem 4.

Theorem 4. 1. Under H 0 and Assumption 1, the higher order expression of the
bootstrap statistic GMM-AR�(�0) that results from Bootstrap Algorithm 1 reads:
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GMM-AR�(�0) = GMM -AR�0 +
1
B
GMM -AR�1 +Op(

1
B2
); (36)

where f �B(�0; Y ) =
1
B

PB
j=1 f

�
j (�0);

GMM -AR�0 = Bf �B(�0; Y )
0V̂ff (�0)

�1f �B(�0; Y )

GMM -AR�1 = �B2f �B(�0; Y )
0V̂ff (�0)

�1
h
V �
ff (�0)� V̂ff (�0)

i
V̂ff (�0)

�1f �B(�0; Y )

(37)
and E(GMM -AR�0) = k and

E�(GMM -AR�1) = �B�1
B

�
1
N

PN
i=1

�
�fi(�0)

0V̂ff (�0)
�1 �fi(�0)

�2
+ [k2 + 2k]

�
+ k:

(38)
2. Under H 0 and Assumptions 1 and 2, the higher order expression of the bootstrap
statistic KLM�(�0) that results from Bootstrap Algorithm 1 reads:

KLM�(�0) = KLM�
0 +

1
B
KLM�

1 +Op(
1
B2
); (39)

where

KLM�
0 = Bf �B(�0; Y )

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2f �B(�0; Y )

KLM�
1 = �B2f �B(�0; Y )

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2

h
V �
ff (�0)� V̂ff (�0)

i
V̂ff (�0)

� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2f �B(�0; Y )� 2B2f �B(�0; Y )

0V̂ff (�0)
� 1
2

P
V̂ff (�0)

� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2

h
V �
ff (�0)� V̂ff (�0)

i
V̂ff (�0)

� 1
2

M
V̂ff (�0)

� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2f �B(�0; Y )

(40)

and E�
h
KLM�

0 jD̂N(�0; Y )
i
= 1,

E�
h
KLM�

1 jD̂N(�0; Y )
i
=

�B�1
B

�
1
N

PN
i=1

�
�fi(�0)

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

�2
+

2
N

PN
i=1

�
�fi(�0)

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

�fi(�0)
0V̂ff (�0)

� 1
2M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

�
� 2(k + 1)

o
+ 1

B
:

(41)

3. Under H 0 and Assumptions 1 and 2, the higher order expression of the boot-
strap statistic GMM-MLR�(�0) given r( �0) that results from Bootstrap Algorithm
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1 reads:

GMM-MLR�(�0) =
1
2

�
GMM -AR�0 � r(�0) +

q
(GMM -AR�0 + r(�0))

2 � 4 [GMM -AR�0 �KLM�
0 ] r(�0))

�
+

1
2B

�
1 +

GMM -AR�0�r(�0)q
(GMM -AR�0+r(�0))

2�4[GMM -AR(�0)�KLM(�0)]r(�0))

�
GMM -AR�1+

1
B

r(�0)q
(GMM -AR�0+r(�0))

2�4[GMM -AR�0�KLM�
0 ]r(�0))

KLM�
1 +Op(

1
B2
):

(42)
4. Under H 0 and Assumption 1, the higher order expression of the bootstrap
statistic KLM��(�0) that results from Bootstrap Algorithm 2 reads:

KLM��(�0) = KLM�
0 +

1
B
(KLM�

1 +KLM��
2 ) +Op(

1
B2
); (43)

where

KLM��
2 = �2B2f �B(�0; Y )

0V̂ff (�0)
� 1
2M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2V �

�f (�0)V̂ff (�0)
�1

f �B(�0; Y )
h
D̂N(�0; Y )

0V̂ff (�0)
�1D̂N(�0; Y )

i�1
D̂N(�0; Y )

0V̂ff (�0)
�1f �B(�0; Y )

(44)
and

E
h
KLM�

2 jD̂N(�0; Y )
i
= �4(B�1)

B
vec(M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

)0(V̂ff (�0)
� 1
2 
 V̂ff (�0)

� 1
2 )h

1
N

PN
i=1(

�fi(�0) �fi(�0)
0 
 d̂i(�0))

i
V̂ff (�0)

�1D̂N(�0; Y )
h
D̂N(�0; Y )

0V̂ff (�0)
�1D̂N(�0; Y )

i�1
�

2
B
vec(M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

)0(V̂ff (�0)
� 1
2 
 V̂ff (�0)

� 1
2 )
h
1
N

PN
i=1(

�fi(�0) �fi(�0)
0V̂ff (�0)

�1

�fi(�0) �fi(�0)
0 
 d̂i(�0))

i
V̂ff (�0)

�1D̂N(�0; Y )
h
D̂N(�0; Y )

0V̂ff (�0)
�1D̂N(�0; Y )

i�1
:

(45)
Proof. see Appendix B. The results for the GMM-MLR statistic follow from

Theorem 1 and Theorems 4.1 and 4.2.

The higher order expressions of the bootstrap statistics in Theorem 4 are iden-
tical to those of the orginal statistics in Theorem 1. They are also such that the
expectations of the higher order elements converge to the same limits when B
equals N and N goes to in�nity. This holds since

D̂N(�0; Y ) = DN(�0; Y )� V̂�f (�0)Vff (�0)
�1fN(�0; Y ) +Op(

1
N
); (46)

which is stated in Lemma 2 in Appendix A, and V̂�f (�0) converges to zero at
rate 1p

N
such that D̂N(�0; Y ) and DN(�0; Y ) have the same convergence behavior.

It suggests that usage of the bootstrap distributions leads to a higher order of
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precision in terms of the order of the approximation error of the �nite sample
distribution compared to the limiting distribution. To verify this statement we
construct the Edgeworth approximations of the �nite sample distributions of the
original statistics and of their bootstrapped counterparts.

5 Edgeworth Approximations

Bhattacharya and Ghosh (1978) provide regularity conditions for Edgeworth ap-
proximations of �nite sample distributions of Wald statistics. Since these Edge-
worth approximations are based on higher order expansions that result from Taylor
approximations, the regularity conditions request that the expected values of the
derivatives are non-zero, i:e: E(DN(�0; Y )) = J�(�0) 6= 0: The Edgeworth approxi-
mation that results from Bhattacharya and Ghosh (1978) does therefore not allow
for weak instruments. Our Edgeworth approximations allow for a zero value of
the Jacobian, J�(�0); since they are not marginal with respect to DN(�0; Y ) but
condition on it. We can construct such Edgeworth approximations because the
large sample distributions of the weak instrument robust GMM-AR and KLM
statistics remain the same irrespective of whether we construct them marginal or
conditional with respect to DN(�0; Y ): The (conditional) large sample distribution
of the GMM-MLR statistic depends on DN(�0; Y ) so we use a di¤erent argument
to show the higher order improvements that result from the bootstrap for it.
The Edgeworth approximations are obtained from the characteristic function

associated with the (conditional) limiting distribution of (fN(�0; Y ); V̂ff (�0); V̂�f (�0)):
For this characteristic function to exist, Cramèr�s condition has to hold with re-
spect to the limiting distribution of fN(�0; Y ):

Assumption 3. Cramèr condition: for a k-dimensional vector t 2 Rk; it holds
that

limktk!1 sup jE [exp(it0 ]j < 1; (47)

where p
NfN(�0; Y )!

d
 : (48)

We construct the Edgeworth expansions of the GMM-AR and KLM-statistics
and of their bootstrapped counterparts. The Edgeworth expansions are stated in
Theorem 5.

Theorem 5. A. Under H 0 and Assumptions 1 and 3, the Edgeworth approx-
imations of the (conditional) �nite sample distributions of GMM-AR( �0) and
KLM( �0) read:
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1. For GMM-AR( �0) :

Pr [GMM-AR (�0) � x] = Pr�2(k)(x)� 1
N
E(GMM -AR1)

k
xp�2(k)(x) +O(N�2)

= Pr�2(k)

�
x� 1

N
E(GMM -AR1)

k
x
�
+O(N�2);

(49)
where Pr�2(k)(x) and p�2(k)(x) are the distribution and density function of a �2(k)
distributed random variable evaluated at x and E(GMM -AR1) is de�ned in The-
orem 1.
2. For KLM( �0) :

Pr [KLM (�0) � xjDN(�0; Y )]

= Pr�2(1)(x) +
1
N

�
ax+ (b+ c)

p
2�x

�
p�2(1)(x) + o(N�1)

= Pr�2(1)
�
x+ 1

N

�
ax+ (b+ c)

p
2�x

��
+ o(N�1);

(50)

where o(N�1) indicates that the remaining terms are of a lower order than N�1;

a = N�1
N

�
E
��
fi(�0)

0Vff (�0)
� 1
2P

Vff (�0)
� 1
2DN (�0;Y )

Vff (�0)
� 1
2fi(�0)

�2�
� 4
�
� 1

N

b = N�1
N

n
E
h
fi(�0)

0Vff (�0)
� 1
2P

Vff (�0)
� 1
2DN (�0;Y )

Vff (�0)
� 1
2fi(�0)

fi(�0)
0Vff (�0)

� 1
2M

Vff (�0)
� 1
2DN (�0;Y )

Vff (�0)
� 1
2fi(�0)

io
� (k � 1)

(51)
and c =E(KLM2jDN(�0; Y )) which is de�ned in (19).
3. Under H 0 and Assumptions 1, 2 and 3, the Edgeworth approximation of the
conditional �nite sample distributions of KLM( �0) reads:

Pr [KLM (�0) � xjDN(�0; Y )] = Pr�2(1)(x) +
1
N

�
ax+ b

p
2�x

�
p�2(1)(x) + o(N�1)

= Pr�2(1)
�
x+ 1

N

�
ax+ b

p
2�x

��
+ o(N�1);

(52)
B. Under H 0, the Edgeworth approximations of the �nite sample distributions
of bootstrapped GMM-AR( �0) and KLM( �0) : GMM-AR�( �0); KLM �( �0) and
KLM ��( �0) read:
1. When Assumptions 1 and 3 hold for GMM-AR�( �0) :

Pr [GMM-AR� (�0) � x] = Pr�2(k)

�
x� 1

B

E(GMM -AR�1)
k

x
�
+O(B�2); (53)

where E(GMM -AR�1) is de�ned in Theorem 2.
2. When Assumption 1 and 3 hold for KLM ��(�0) :

Pr
h
KLM�� (�0) � xjD̂N(�0; Y )

i
= Pr�2(1)(x) +

1
B

�
a�x+

p
2�(b� + c�)x

1
2

�
p�2(1)(x) + o(B�1)

= Pr�2(1)

�
x+ 1

B

�
a�x+

p
2�(b� + c�)x

1
2

��
+ o(B�1):

(54)
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where

a� = B�1
B

�
1
N

PN
i=1

h
�fi(�0)

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

i2
� 4
�
� 1

B
;

b� = B�1
B

n
1
N

PN
i=1

h
�fi(�0)

0V̂ff (�0)
� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

�fi(�0)
0V̂ff (�0)

� 1
2M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �fi(�0)

i
� (k � 1)

o
;

(55)

and c� =E
h
KLM�

2 jD̂N(�0; Y )
i
from (45).

3. When Assumptions 1, 2 and 3 hold for KLM �( �0) :

Pr
h
KLM� (�0) � xjD̂N(�0; Y )

i
= Pr�2(1) (x) +

1
B

�
a�x+ b�

p
2�x

�
p�2(1)(x) + o(B�1)

= Pr�2(1)
�
x+ 1

B

�
a�x+ b�

p
2�x

��
+ o(B�1);

(56)

where a� and b� are de�ned in (55).

Proof. see Appendix B.

Since E(GMM -AR�1) converges to E(GMM -AR1) and a�; b� and c� converge to
a; b and c when B equals N and N goes to in�nity, the Edgeworth approximations
of the bootstrapped statistics converge to those of the orginal statistics when
B equals N: Thus usage of bootstrapped critical values leads to a higher order
e¢ ciency gain, see e:g: Horowitz (2001).

Corollary 7. Under H 0; Assumptions 1, 3 and when B equals N; the bootstrap
critical values of GMM-AR�(�0) and KLM ��( �0) remove the approximation error
of the (conditional) �nite sample distribution of GMM-AR( �) and KLM( �) up
to/including the order 1

N
.

Under H 0; Assumptions 1-3 and when B equals N; the bootstrap critical values
of KLM �( �0) remove the approximation error of the (conditional) �nite sample
distribution of KLM( �) up to/including the order 1

N
.

Corollary 7 shows that the bootstrap provides higher order e¢ ciency gains even
in cases when the parameter of interest is not identi�ed. Corollary 7 therefore
extends the previously known results for the bootstrap which only apply to well
identi�ed cases.
Theorem 5 only states results for the GMM-AR and KLM statistics and not for

the GMM-MLR statistic. Given r(�); the GMM-MLR statistic is only a function
of the GMM-AR and KLM statistics. The GMM-AR and KLM statistic are not
asymptotically independent but the GMM-MLR statistic can as well be speci�ed
as a function of

JKLM(�0) = GMM-AR(�0)�KLM(�0); (57)
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since

GMM-MLR(�0) = 1
2
[KLM(�0) + JKLM(�0)� r(�0)+ ;q
(KLM(�0) + JKLM(�0) + r(�0))

2 � 4JKLM(�0)r(�0))
�
:

(58)
Under H0 and Assumption 1, the JKLM statistic converges to a �2(k�1) distributed
random variable which is independent of the �2(1) random variable where the KLM
statistic converges to, see Kleibergen (2005,2007). The JKLM statistic can easily
be incorporated in the bootstrap algorithm in Section 4 which using Theorem 5
can then also be shown to lead to a higher order e¢ ciency gain for approximating
the conditional �nite sample distribution of JKLM(�0). Theorem 2 shows that
when Assumption 2 holds that the independence between (KLM(�); JKLM(�))
and r(�) is up to including the order 1

N
: The bootstrapped critical values of GMM-

MLR(�) that result from bootstrapping KLM(�) and JKLM(�) therefore also lead
to a higher order e¢ ciency gain for the GMM-MLR statistic since this statistic is
just a function of KLM(�) and JKLM(�); as r(�) is �xed, and the bootstrap leads
to a higher order e¢ ciency gain for both of these statistics.

Corollary 8. Under H 0; Assumptions 1-3 and when B equals N; the bootstrap
critical values of GMM-MLR�(�0) remove the approximation error of the condi-
tional �nite sample distribution of GMM-MLR( �0) given r( �0) up to/including the
order 1

N
:

We did not pursue constructing an Edgeworth approximation of the condi-
tional �nite sample distribution of GMM-MLR(�) given r(�) since the analytical
expression of the conditional characteristic function of GMM-MLR(�) given r(�)
is unknown. We can therefore not proof the higher order gains from the boot-
strap using the Edgeworth approximation for GMM-MLR(�). We therefore verify
the higher order improvement from usage of bootstrap critical values for GMM-
MLR(�) using the argument that the bootstrap leads to a higher order improve-
ment for (KLM(�); JKLM(�)) and GMM-MLR(�) is, given r(�); just a function of
these two statistics.
Besides using the bootstrap to achieve higher order improvements for approx-

imating the (conditional) �nite sample distributions of the GMM-AR and KLM
statistics, the Edgeworth approximations from Theorem 3 can be used for this
purpose as well. It is interesting to note that the Edgeworth corrections of the
critical values for the GMM-AR and KLM statistics are almost identical when the
fi(�)�s are normally distributed. In that case, E(GMM -AR1) = k and a = �1 and
b = 0 so the corrections of the critical value x is (1 + 1

N
)x for both the GMM-AR

and the KLM statistic. We note though that x results from a �2(k) distribution
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for the GMM-AR statistic while it results from a �2(1) distribution for the KLM
statistic.

6 Power and size comparison for Panel AR(1)

We illustrate the size improvements from using bootstrap or Edgeworth-corrected
critical values for a panel autoregressive model of order one: panel AR(1). An
elaborate literature on panel autoregressive models exists, see e:g: Anderson and
Hsiao (1981), Arellano and Bond (1991) and Arellano and Honoré (2001). For
individual i at time t; the panel AR(1) model reads

yt;i = ci + �yt�1;i + "t;i t = 1; : : : ; T; i = 1; : : : ; N: (59)

A su¢ cient condition for Assumption 1 to hold is that the disturbances "t;i are
independently distributed with mean zero and �nite eighth order moments. We
take �rst di¤erences to remove the individual speci�c �xed e¤ects ci; i = 1; : : : ; N :

�yt;i = ��yt�1;i +�"t;i t = 2; : : : ; T; i = 1; : : : ; N; (60)

with �yt;i = yt;i � yt�1;i: Estimation of the parameter � in (60) by means of least
squares leads to a biased estimator in samples with a �nite value of T , see e:g:
Nickel (1981). We therefore estimate it using GMM. We specify the moment
equation (1) for the panel AR(1) using all two period and more lagged level values
of yt;i as instruments, see Arellano and Bond (1991). The speci�cation of the
moment vector fi(�) then reads

fi(�) = Xi'i(�) :
1
2
(T � 1)(T � 2)� 1 i = 1; : : : ; N; (61)

with 'i(�) = (�y3;i � ��y2;i : : :�yT;i � ��yT�1;i)
0 and

Xi =

0BBBBBB@
y1;i 0 : : : 0 0

0
. . . 0

0 0 : : : 0

0B@ y1;i
...

yT�2;i

1CA

1CCCCCCA : 1
2
(T � 1)(T � 2)� (T � 2): (62)

We use the Eicker-White covariance matrix estimator (4) with qi(�) = @
@�
fi(�) =

Xi�y�1;i for �y�1;i = (�y2;i : : :�yT�1;i)0: Because�
fi(�)
qi(�)

�
=

�
Xi(�yi���y�1;i)

Xi�y�1;i

�
=

h�
1
0
��
1

�

 I 1

2
(T�1)(T�2)

i �
Xi�yi
Xi�y�1;i

�
;

(63)
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�0 N GMM-AR KLM GMM-MLR LM
A � E A � �� E A � A

50 22.6 1.1 20.8 15.1 2.4 2.4 14.9 18.8 1.2 18.0
0.5 100 11.3 2.6 10.6 8.0 3.8 3.6 7.9 9.2 3.4 10.5

250 8.6 6.1 8.5 6.3 5.1 4.9 6.3 6.8 4.7 6.1
50 22.9 1.2 21.5 16.1 2.1 2.1 15.6 21.5 1.0 20.5

0.7 100 11.3 3.0 11.0 7.7 3.7 3.7 7.6 9.8 3.5 11.3
250 8.9 5.6 8.9 6.1 5.6 5.7 6.0 6.7 5.5 6.5
50 22.8 1.0 21.6 15.3 1.8 2.4 15.0 26.0 1.1 37.0

0.9 100 11.3 3.2 10.6 9.6 4.5 3.7 9.3 13.9 2.4 24.6
250 8.6 6.5 8.6 6.7 4.9 6.2 6.7 9.6 7.3 13.4
50 22.2 1.0 21.3 14.6 1.6 2.1 14.3 25.3 1.0 44.1

0.95 100 11.0 3.5 10.8 10.5 4.3 5.5 10.2 15.2 3.5 34.0
250 8.5 5.9 8.5 7.1 5.5 6.2 7.1 10.7 6.3 24.2

Table 1: Size of the di¤erent statistics in percentages that test H0 : � = �0 at
the 95% signi�cance level. A: asymptotic critical values, � bootstrapped critical
values, E Edgeworth-corrected critical values, �� bootstrap critical values where
also the qi(�)�s are resampled.

with �yi = (�y3;i : : :�yT;i)0; and Xi (62) consists of lagged values of yt;i;

V̂ (�) =

�
V̂ff (�) V̂qf (�)

0

V̂qf (�) V̂qq(�)

�
(64)

is singular since some of the elements of
�
Xi�yi
Xi�y�1;i

�
are identical. We therefore

obtain [V̂qq(�)� V̂qf (�)V̂ff (�)
�1V̂fq(�)]

�1; that is involved in r(�) and thus in GMM-
MLR(�); from a generalized inverse of V̂ (�):
The derivative of the moments, qi(�) = Xi�y�1;i; is a white noise series when

� = 1: The parameter � is therefore not identi�ed in the moment equations when it
is equal to one. Weakly identi�ed values of � occur when � is close to one relative
to the sample size, i:e: when 1��

N
is small. This implies that the LM(�0) statistic

from De�nition 1 becomes size distorted when �0 is close to one relative to the
sample size.

Size results We compute the size of the GMM-AR, KLM and GMM-MLR statis-
tics using asymptotic, bootstrapped and Edgeworth-corrected 95% critical values
in a simulation experiment that uses the previously discussed panel AR(1) model.
To illustrate the sensitivity of the size of the LM(�) statistic to the value of �; we
also compute the size of LM(�) using its asymptotic critical value.
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The panel AR(1) model has independent disturbances which are generated
from a standard normal distribution so Assumption 1 is satis�ed. We use the
standard normal distribution since it leads to a straightforward expression for
the Edgeworth corrected critical values. The individual speci�c constants ci are
speci�ed as ci = (1��)�i where the �i�s are independent realizations from aN(0; 2)
distribution. The initial observations y0;i are simulated such that y0;i = �i + "0;i
where the "0;i�s are independent realizations of standard normal random variables.
The number of simulated datasets equals one thousand.
We compute the bootstrap critical values that result fromGMM-AR�(�);KLM�(�)

and KLM��(�) using one hundred simulations of bootstrap datasets of N observa-
tions. The bootstrap datasets are obtained using the algorithms in Section 4.
The Edgeworth-corrected critical values are computed using the Edgeworth

approximations from Theorem 5. Because the disturbances are standard normal,
E(GMM -AR1) = k; a = �1; b = 0 and c = 0: Hence the Edgeworth corrected
critical values are (1+ 1

N
) times the asymptotic critical values for both GMM-AR(�)

and KLM(�).
Table 1 shows the observed size of the statistics when we test at the 95%

signi�cance level in a simulation experiment that uses four di¤erent values of �0 :
0.5, 0.7, 0.9 and 0.95 and three di¤erent values of N : 50, 100, 250. The number
of time series observations, T; is equal to 6 for all cases.
The observed sizes reported in Table 1 show that usage of the critical values

that stem from the asymptotic distributions leads to large size distortions in small
samples. Both the Edgeworth correction and the bootstrap decrease these size
distortions in all cases. The reduction of the size distortion that results from the
bootstraps is, however, much larger than the one that results from the Edgeworth
expansion. The reductions result from the higher order improvements that result
from using the bootstrap or the Edgeworth corrections of the critical values.
The observed size of KLM(�) reported in Table 1 that results from using critical

values that stem from the bootstrap that resamples the qi(�)�s (��); Algorithm 2,
is almost identical to the size that results from using the critical values from the
bootstrap which uses D̂N(�; Y ) (�); Algorithm 1. This holds since resampling qi(�)
only e¤ects size distortions which are of order (N

p
N)�1 while resampling fi(�)

e¤ects size distortions which are of order N�1: The resampling of the qi(�)�s is
therefore of lesser importance and does not lead to any further size improvements.
Thus the size distortions that result from the estimation of the covariance matrix,
which is a 10�10 matrix in the simulation experiment, exceed those that result
from D̂N(�; Y ):
The size distortions of GMM-MLR(�) can exceed those of GMM-AR(�) and

KLM(�) when we use the critical values that stem from its conditional limit-
ing distribution. The bootstrap reduces these size distortions which, however,
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remain larger than those for KLM(�) and sometimes also larger than those for
GMM-AR(�): This results since for smaller values of �0; GMM-MLR(�) is close to
KLM(�); while it is close to GMM-AR(�) for values of �0 close to one. The size
distortions for KLM(�) are in general the smallest both when using asymptotic
and bootstrap critical values.
The size distortions of LM(�) show the sensitivity of its distribution to the

value of �0: Table 1 clearly shows that the size distortions increase when �0 gets
closer to one. An increase of the sample size for the same value of �0 decreases the
size distortion of LM(�): The same results can be shown for other statistics whose
distributions are sensitive to the value of �0; like, for example, the Wald t-statistic.
For reasons of brevity, we refrain from showing these results.

Insert Panel 1 around here.

Insert Panel 2 around here.

Insert Panel 3 around here.

Power comparison To further analyse the performance of the di¤erent statis-
tics, we compare the power of the di¤erent statistics for the three di¤erent values
of N : 50, 100 and 250, and three of the four di¤erent values of �0 : 0.5, 0.9 and
0.95, that were used in Table 1. Panels 1-3 in the Figures section show these power
curves. All Panels use a value of T equal to 6 while N = 50 in Panel 1, N = 100
in Panel 2 and N = 250 in Panel 3.
All power curves in Panel 1 reveal the large size distortions of the di¤erent sta-

tistics when we use the asymptotic critical values. Usage of Edgeworth-corrected
critical values shifs the power curve downwards but, as already shown in Table 1,
not enough to completely remove the size distortions. Usage of bootstrap critical
values makes the statistics too conservative but the size distortion is much smaller
than when using the Edgeworth-corrected critical values. The power curves show
that the statistics have power when using the bootstrap critical values.
The power curves of the KLM statistic in Panel 1 when using the bootstrap with

or without resampled qi(�)�s are almost indistinguisable. This is in line with Table
1 and shows that there is no need to resample qi(�) in our simulation experiment
since Assumption 2 is satis�ed.
When � = 1; the moment conditions do not identify � and the power and size

of the di¤erent statistics should coincide. This explains the peculiar shape of the
power curves in Panel 1. It is interesting to see that the size distortions at � = �0
are the same as at � = 1 of all statistics except LM(�) which is the only statistic
whose distribution depends on the value of �:
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Panel 1 shows that the size distortions of all statistics except LM(�) just depend
on N and not on �0. For LM(�0); Figures 1.7-1.9 nicely show the increase of the
size distortion when we increase �0:
In Panel 2, all size distortions have decreased compared to Panel 1. Besides

that most general �ndings from Panel 1 appear in Panel 2 as well: bootstrap
power curves lie below the power curves that result from using the asymptotic
critical value, resampling qi(�) for the bootstrapped power curve of KLM(�) does
not change it, power and size coincide and � = �0 and � = 1 except for LM(�);
size distortions of all statistics except LM(�) do not depend on �0:
Panel 3 shows that the power curves that result from using a di¤erent critical

value become almost indistinguishable when N = 250: Usage of bootstrap critical
values still leads to a smaller size distortion but the size distortion from using the
asymptotic critical value is now rather small as well. It is interesting to see that
the size distortion of LM(�) is now small for �0 = 0:5 but is still very large for
�0 = 0:95 which shows the sensitivity of the distribution of LM(�) to the value of
�0:

7 Extensions

Multiple parameters and subsets Sofar we have just been concerned with
testing a parameter vector that consists of only one element. This has been done
for expository purposes and the results extend to a vector of multiple parameters
as well. This holds true since one of the main results of the paper that the N�1 ap-
proximation errors just result from the covariance matrix estimator extend towards
a multiple parameter setting when Assumption 1b is extended appropriately. We
refrain from showing this result since it involves a lot of additional notation as we
have to use vectorization results for matrices.
The extension to tests on subsets of the parameters is less straightforward

because the limiting distributions of the statistics only extend appropriately when
the partialled out parameters are well identi�ed, see Kleibergen (2005). Recently,
Kleibergen and Mavroeidis (2010) have, however, shown for the linear instrumental
variables regression model that the limiting distributions that result under strong
identi�cation assumptions on the partialled out parameters bound the limiting
distributions in all other cases. This suggest that the bootstrap might improve on
the approximation that results from the bounding limiting distribution.

Dependent observations If the moment equations are dependent, the Eicker-
White covariance matrix estimator (4) is not consistent so our results do not apply
to that case. It would therefore be of interest to analyze how to extend our results
to dependent data.
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8 Conclusions

We show that usage of Edgeworth-corrected critical values or bootstrapped criti-
cal values leads to a higher order improvement of the approximation of the �nite
sample distribution of weak instrument robust GMM statistics compared to usage
of critical values that stem from their limiting distributions. These improvements
remain to hold when the instruments are weak. This extends previous work on
the Edgeworth approximation and bootstrap which does not allow for weak instru-
ments. When the moments are homoscedastic, we show that it su¢ ces to resample
just the moments under the hypothesis of interest since the covariance matrix esti-
mator is then the sole contributor to the approximation error of the highest order.
It is then not necssary to resample anything but the sample moments.
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Figures

Panel 1: Power curves for T = 6; N = 50:

Fig. 1.1-1.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig 1.1: �0 = 0:5 Fig. 1.2: �0 = 0:9 Fig. 1.3: �0 = 0:95

Fig. 1.4-1.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled qi(�) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig. 1.7-1.9: Power of GMM-MLR when using conditional asymptotic
(solid) and bootstrapped (dashed) critical values and LM (dashed-dotted).
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Panel 2: Power curves for T = 6; N = 100:

Fig. 2.1-2.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig. 2.4-2.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled qi(�) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig. 2.7-2.9: Power of GMM-MLR when using conditional asymptotic (solid)
and bootstrapped (dashed) critical values and LM (dashed-dotted).
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Panel 3: Power curves for T = 6; N = 250:

Fig. 3.1-3.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig. 3.4-3.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled qi(�) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig. 3.7-3.9: Power of GMM-MLR when using conditional asymptotic (solid) and
bootstrapped (dashed) critical values and LM (dashed-dotted).
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Appendix

A. Lemma 1. When Assumption 1 holds, the higher order decomposition of
V̂ff (�)

�1 reads

V̂ff (�)
�1 = Vff (�)

�1 � Vff (�)
�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1+

Vff (�)
�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1 + op(N
�1)

with � equal to its true value.

Proof. To obtain the higher order speci�cation of V̂ff (�)�1, we specify it as

V̂ff (�)
�1 =

h
Vff (�) +

�
V̂ff (�)� Vff (�)

�i�1
= Vff (�)

� 1
2

h
Ik + Vff (�)

� 1
2

�
V̂ff (�)� Vff (�)

�
Vff (�)

� 1
2

i�1
Vff (�)

� 1
2

= Vff (�)
�1 � Vff (�)

�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1 + Vff (�)
�1�

V̂ff (�)� Vff (�)
�
Vff (�)

�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1 + op(N
�1);

where the op(N�1) order of the remainder term results from the
p
N convergence

rate of the Eicker-White covariance matrix estimator.

Lemma 2. When Assumption 1 holds, the higher order speci�cation of
p
ND̂N(�; Y )

reads:
p
ND̂N(�; Y ) =

p
NDN(�; Y )� V̂�f (�)Vff (�0)

�1
�p

NfN(�; Y )
�
+

V̂�f (�)Vff (�0)
�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1
�p

NfN(�; Y )
�
+ op(N

�1);

where V̂�f (�) = V̂qf (�)�Vqf (�)Vff (�)�1V̂ff (�) = 1
N

PN
i=1 di(�)fi(�)

0�DN(�; Y )fN(�; Y )
0;

V̂�f (�)!
p
0;
p
NV̂�f (�) = Op(1) and � is the true value of �:

Proof. To obtain the higher order speci�cation, we specify D̂N(�; Y ) as
p
ND̂N(�; Y ) =

p
NqN(�; Y )�

p
NV̂qf (�)V̂ff (�)

�1fN(�; Y )

=
p
NDN(�; Y )�

h
V̂qf (�)� Vqf (�)Vff (�)

�1V̂ff (�)
i
V̂ff (�)

�1
�p

NfN(�; Y )
�

=
p
NDN(�; Y )�

h
V̂qf (�)� Vqf (�)Vff (�)

�1V̂ff (�)
i
[Vff (�)

�1�

Vff (�)
�1
�
V̂ff (�)� Vff (�)

�
Vff (�)

�1 + Vff (�)
�1
�
V̂ff (�)� Vff (�)

�
Vff (�)
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�
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�
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33



where we used Lemma 1 for the fourth equation and note that
p
NDN(�; Y ) is at

least Op(1): The order of the remainder terms results from the
p
N convergence

rate of the Eicker-White covariance matrix estimators V̂�f (�) and V̂ff (�):

Lemma 3. When Assumption 1 holds, the higher order speci�cation of the score
vector sN(�; Y ) = D̂N(�; Y )

0V̂ff (�0)
�1fN(�; Y ) reads

NsN(�; Y ) = s0 +
1p
N
s1 +

1
N
s2 + op(N

�1);
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s0 =
hp
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� the true value of � and s0; s1 and s2 are all at most Op(1):
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Proof. Using Lemmas 1 and 2, the decomposition of the score vector reads
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where the order of the remainder term results from the convergence speed of the
covariance matrix estimator.

Lemma 4. When Assumption 1 holds, the higher order speci�cation ofh
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with
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� the true value of � and D0; D1 and D2 are all at most Op(1):

Proof. In order to construct the higher order expression of
h
D̂N(�; Y )
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;
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we �rst use Lemmas 1 and 2 to construct that of D̂N(�; Y )
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�1V̂�f (�)
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so�
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�1)

where we used that (A0 + 1p
N
A1 +

1
N
A2 + op(N

�1))�1 = A�10 � 1p
N
A�10 A1A

�1
0 +

1
N
A�10 (A1A

�1
0 A1 � A2) + op(N

�1):

Using the higher order decomposition of V̂ff (�)�1 from Lemma 1, the higher

order expression for
h
ND̂N(�; Y )

0V̂ff (�)
�1D̂N(�; Y )

i�1
results.

Lemma 5. When Assumption 1 holds, the higher order speci�cation of

NfN(�; Y )
0V̂ff (�)

�1qN(�; Y )

reads:

NfN(�; Y )
0V̂ff (�)

�1qN(�; Y )
= NfN(�; Y )

0Vff (�)
�1DN(�; Y ) +NfN(�; Y )
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�1fN(�; Y )�
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�1
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i
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�1DN(�; Y ) +Op(
1
N
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with � the true value of �:

Proof. The higher order decomposition results from the speci�cation ofDN(�; Y )
and V̂ff (�)�1 :

NfN(�; Y )
0V̂ff (�)

�1qN(�; Y )

= NfN(�; Y )
0V̂ff (�)
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i
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1
N
):

Lemma 6. When Assumption 1 holds, the higher order speci�cation ofh
NqN(�; Y )

0V̂ff (�)
�1qN(�; Y )

i�1
reads:h
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V̂ff (�)� Vff (�)
i
Vff (�)
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1
N
);

with � the true value of �:

Proof. We obtain the higher order speci�cation of
h
NqN(�; Y )

0V̂ff (�)
�1qN(�; Y )

i�1
from that of NqN(�; Y )0V̂ff (�)�1qN(�; Y ) :
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Lemma 7. When Assumption 1 holds, the higher order speci�cation ofh
V̂qq(�)� V̂qf (�)V̂ff (�)

�1V̂fq(�)
i�1

reads
Vdd(�)
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�1
h
V̂dd(�)� Vdd(�)

i
Vdd(�)

�1 +Op(
1
N
):

Proof. We obtain the higher order speci�cation of
h
V̂qq(�)� V̂qf (�)V̂ff (�)

�1V̂fq(�)
i�1

from that of V̂qq(�)� V̂qf (�)V̂ff (�)
�1V̂fq(�) :

V̂qq(�)� V̂qf (�)V̂ff (�)
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i
�
�
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h
V̂qf (�)� Vqf (�)

i�
�
Vff (�) +

h
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i��1 �
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h
V̂fq(�)� Vfq(�)
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i
�
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i
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�1
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i
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)

with V��:f (�0) = Vqq(�0)�Vqf (�0)Vff (�0)�1Vfq(�0); V̂dd(�0) = 1
N
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i=1

�di(�0) �di(�0)
0 =

V̂qq(�0)�V̂qf (�0)Vff (�0)�1Vfq(�0)�Vqf (�0)Vff (�0)�1V̂fq(�0)+Vqf (�0)Vff (�0)�1V̂ff (�0)�1
Vff (�0)Vfq(�0):

B. Proof of Theorem 1.
a. GMM�AR statistic: We use the decomposition of V̂ff (�)�1 from Lemma

1 to obtain the higher order components of the GMM-AR statistic:

GMM-AR(�) = NfN(�; Y )
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To determine the order of remainder term and of the di¤erent components, we con-
struct their expectations. It is obvious that the expectation ofNfN(�; Y )0Vff (�)�1fN(�; Y )
is equal to k since E(fi(�)fj(�)0) = Vff (�) when i = j and equals zero when i 6= j:
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We next construct the expectations of the two additional components in the above
expression:
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where fi = fi(�); �fi = fi(�) � fN(�; Y ); Vff = Vff (�) and
P

i1
=
PN

i1=1
: The

above expression consists of second and fourth order moments of fi: It uses the
independence of fi1 and fi2 for i1 6= i2 and that E(fi) = 0 which explains why no
third order moments are present in the expressions.
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We next isolate the components that are of order 1=N for each of the nine elements
in the above expression:
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We combine this with the results from the �rst expression so:
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To determine the order of the remaining components, we analyze the next higher
order element
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It�s highest order will be O(N�2) which results from combining two fourth order
products with identical indices. The resulting double sum is proportional to N2

so after dividing by N4 a O(N�2) component remains. Other components of
order O(N�2) result when combining two third order products and a second order
product in deviation of the variance. Despite that this is a triple sum, its order
is O(N�2) since the deviation of the second order product from the variance is
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b. KLM-statistic: Using the higher order components of [D̂N(�; Y )
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and ��s may depend on D: Note when E(fif 0i jdi) = Vff ; � and � are zero.
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The combined e¤ect of the four components is such that
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KLM2 : We obtain the conditional expectation of KLM2 for each one of its four
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We next construct the conditional expectation of each of these three components:
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We next construct the conditional expectation of each of these nine components:
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Combining, we get:
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We combine this with the results from the �rst expression so:
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To determine the order of the remaining components, we analyze the next higher
order element
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We determine the order of the four di¤erent components of KLM0; KLM1 and
KLM2 using their conditional expectations given DN(�; Y ). To construct these
conditional expectations, we use Lemma 7.
KLM0 : Corollary 1 shows that
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p
N(DN(�0; Y )�J�(�0)) are in-

dependent in large samples. Hence, in large samples E(NfN(�0; Y )fN(�0; Y )0jDN) =
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KLM1 : KLM1 consists of two components and we construct the expectation
of each one separately. Assumption 1 implies that E(V̂ff (�0)jDN) = Vff (�0) +
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O(N� 1
2 ); which we use to construct the expectations of both elements of KLM1 :
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which implies that only the 1
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term of KLM2 remains.
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and the conditional expectation of KLM2 under Assumption 2 is of order 1
N
:

c. GMM-MLR statistic. To expand the expression of the GMM-MLR statistic,
we use a Taylor approximation of GMM-AR(�) around GMM -AR0 and KLM(�0)
around KLM0 :
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d. LM statistic. We just show that the higher order components of LM(�)
depend on DN(�; Y ): We therefore only construct a higher order decomposition
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We use the analog of Lemma 7 to obtain the conditional expectation of LM(�)
given DN(�; Y ): We therefore �rst construct the conditional expectation of the
�rst �ve elements of the approximation of LM(�) given DN :
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where Vqf = Vqf (�):
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Proof of Theorem 2.
Using Lemmas 2 and 7, we obtain the higher order speci�cation of r(�0) :
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which can be shown to be of order O(1):

Proof of Theorem 4.
a. GMM-AR�-statistic: The higher order components of the bootstrapped
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b. KLM�-statistic: The bootstrapped KLM statistic, KLM�(�); from Bootstrap
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We determine the order of the these components using their conditional expected
values given D̂N(�0; Y ) with respect to the resampling distribution.
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The conditional expected values of the two components of KLM�
1 given D̂N(�0; Y )
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KLM-statistic: The KLM statistic that results from Bootstrap Algorithm 2 has
the following higher order components:

KLM��(�0) = KLM�
0 +

1
B
(KLM�

1 +KLM��
2 ) +Op(

1
B2
);

with

KLM��
2 = �2B2f �B(�0; Y )

0V̂ff (�0)
� 1
2M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2V �

�f (�0)

V̂ff (�0)
�1f �B(�0; Y )

h
D̂N(�0; Y )

0V̂ff (�0)
�1D̂N(�0; Y )

i�1
D̂N(�0; Y )

0V̂ff (�0)
�1f �B(�0; Y )

with V �
�f (�0) =

1
B

PB
i=1

�d�i (�0)i
�f �i (�0)

0; �d�i (�0) = d�i (�0) � D�
B(�0; Y ); d

�
i (�0) =

q�i (�0)�V̂qf (�0)�1V̂ff (�0)�1f �i (�0); D�
B(�0; Y ) =

1
B

PB
i=1 d

�
i (�0) = q�B(�0; Y )�V̂qf (�0)

V̂ff (�0)
�1f �B(�0; Y ): We construct the conditional expectation of KLM

��
2 given

D̂N(�0; Y ):
KLM��

2 :

�1
2
E�[KLM��

2 jD̂N(�; Y )] = E
�
h
B2f �B(�; Y )

0V̂ff (�)
� 1
2M

V̂ff (�)
� 1
2 D̂N (�;Y )

V̂ff (�)
� 1
2

V �
�f (�)V̂ff (�)

�1f �B(�; Y )
h
D̂N(�; Y )

0V̂ff (�)
�1D̂N(�; Y )

i�1
D̂N(�; Y )

0V̂ff (�)
�1f �B(�; Y )jD̂N(�; Y )

i
= E�

�
1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V
� 1
2

ff

P
i2
�d�i2
�f �0i2 V̂

�1
ff

P
i3
f �i3

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff

P
i4
f �i4jD̂N

o
= E�

�
1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff

P
i2
d�i2f

�0
i2
V̂ �1
ff

P
i3
f �i3

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff

P
i4
f �i4 �

1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff

P
i2
d�i2P

i5
f �0i5 V̂

�1
ff

P
i3
f �i3

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff

P
i4
f �i4 jD̂N

�
74



= E�
�

1
B2

P
i1

P
i2 6=i1 f

�0
i1
V̂
� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i2

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i2
+

1
B2

P
i1

P
i2 6=i1 f

�0
i2
V̂
� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i1

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i2
+

1
B2

P
i1

P
i2 6=i1 f

�0
i2
V̂
� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i2

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i1
+

1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i1

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i1
jD̂N

�
= E�

�
B�1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
+

B�1
B2

P
i1
D̂0
N V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i1

h
D̂0
N V̂

�1
ff D̂N

i�1
+

B�1
B2

P
i1
D̂0
N V̂

�1
ff f

�
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d̂i1

h
D̂0
N V̂

�1
ff D̂N

i�1
+

1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i1

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i1
jD̂N

�
= E�

�
2(B�1)
B2

P
i1
d�0i1V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff f
�
i1
f �0i1 V̂

�1
ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
+

1
B2

P
i1
f �0i1 V̂

� 1
2

ff M
V̂
� 1
2

ff D̂N
V̂
� 1
2

ff d
�
i1
f �0i1 V̂

�1
ff f

�
i1

h
D̂0
N V̂

�1
ff D̂N

i�1
D̂0
N V̂

�1
ff f

�
i1
jD̂N

�
= 2(B�1)

B
vec(M

V̂
� 1
2

ff D̂N
)0E�( 1

B

PB
i=1 V̂

� 1
2

ff f
�
i f

�0
i V̂

� 1
2

ff 
 V̂
� 1
2

ff d
�
i jD̂N)V̂

� 1
2

ff D̂Nh
D̂0
N V̂

�1
ff D̂N

i�1
+ 1

B
vec(M

V̂
� 1
2

ff D̂N
)0E�( 1

B

PB
i=1 V̂

� 1
2

ff f
�
i f

�0
i V̂

�1
ff f

�
i f

�0
i V̂

� 1
2

ff 


V̂
� 1
2

ff d
�
i jD̂N)vec(V̂

� 1
2

ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
)

= 2(B�1)
B

vec(M
V̂
� 1
2

ff D̂N
)0(V̂

� 1
2

ff 
 V̂
� 1
2

ff )
1
B

PB
i=1 E

�(f �i f
�0
i 
 d�i jD̂N)V̂

�1
ff D̂Nh

D̂0
N V̂

�1
ff D̂N

i�1
+ 1

B
vec(M

V̂
� 1
2

ff D̂N
)0(V̂

� 1
2

ff 
 V̂
� 1
2

ff )

1
B

PB
i=1 E

�(f �i f
�0
i V̂

�1
ff f

�
i f

�0
i 
 d�i jD̂N)V̂

�1
ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
= 2(B�1)

B
vec(M

V̂
� 1
2

ff D̂N
)0(V̂

� 1
2

ff 
 V̂
� 1
2

ff )
h
1
N

PN
i=1(

�fi �f
0
i 
 d̂i)

i
V̂ �1
ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
+

1
B
vec(M

V̂
� 1
2

ff D̂N
)0(V̂

� 1
2

ff 
 V̂
� 1
2

ff )
h
1
N

PN
i=1(

�fi �f
0
i V̂

�1
ff
�fi �f

0
i 
 d̂i)

i
V̂ �1
ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
:

Given D̂N(�0; Y ); the conditional expectation of KLM�
2 reads

E
h
KLM�

2 jD̂N(�0; Y )
i
= �4(B�1)

B
vec(M

V̂
� 1
2

ff D̂N
)0

E�( 1
B

PB
i=1 V̂

� 1
2

ff f
�
i f

�0
i V̂

� 1
2

ff 
 V̂
� 1
2

ff
�d�i jD̂N)V̂

� 1
2

ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
� 2

B
vec(M

V̂
� 1
2

ff D̂N
)0

E�( 1
B

PB
i=1 V̂

� 1
2

ff f
�
i f

�0
i V̂

�1
ff f

�
i f

�0
i V̂

� 1
2

ff 
 V̂
� 1
2

ff
�d�i jD̂N)vec(V̂

� 1
2

ff D̂N

h
D̂0
N V̂

�1
ff D̂N

i�1
):

75



and the expectation of KLM�
2 under Assumption 2 is such that the conditional

expectation of KLM�
2 is of order

1
B
:

Proof of Theorem 5.
A.1. For the Edgeworth approximation of the distribution of the GMM-AR

statistic, we construct the characteristic function of GMM-AR(�0) for which we
use the joint large sample density of its�two components, fN(�0; Y ) and V̂ff (�0) :
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(vj 1p
1�2itu)dv

i
pp

N(1�2it)fN (�;Y )
(u)du+O(N�2);
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where the density function of
p
N(1� 2it)fN(�; Y ) is a normal one with mean

zero and covariance matrix Vff (�0): If we now specify

GMM -AR1 = � N
1�2it

hp
N(1� 2it)fN(�; Y )

i0
Vff (�)

�1
h
V̂ff (�)� Vff (�)

i
Vff (�)

�1
hp

N(1� 2it)fN(�; Y )
i
;

we can use the elements of the expression for E(GMM -AR1) in Theorem 1 to
obtain the characteristic function since the transformation from

p
NfN(�; Y ) top

N(1� 2it)fN(�; Y ) is such that

�
R �R hp

N(1� 2it)fN(�; Y )
i0
Vff (�)

�1
h
V̂ff (�)� Vff (�)

i
Vff (�)

�1hp
N(1� 2it)fN(�; Y )

i
pV̂ff (�)j

p
NfN (�;Y )

(vj 1p
1�2itu)dv

o
pp

N(1�2it)fN (�;Y )
(u)du

= E(GMM -AR1):

Hence,

cfGMM-AR(�)(t)

= (1� 2it)� 1
2
k
R h
1 + it

N

R
GMM -AR1pV̂ff (�)j

p
N(1�2it)fN (�;Y )

(vju)dv
i

pp
N(1�2it)fN (�;Y )

(u)du+O(N�2)

= (1� 2it)� 1
2
k
h
1 + it

N(1�2it)E(GMM -AR1)
i
+O(N�2);

which is such that (�i� @cfGMM-AR (�)(0)

@t
) = k+ 1

N
E(GMM -AR1). This characteristic

function results from the density function:

pGMM-AR(�)(u) = p�2(k)(u)� E(GMM -AR1)
N

�
@
@u
p�2(k+2)(u)

�
;

where p�2(k)(u) is the density function of a �2(k) distributed random variable, since
cfGMM-AR(�)(t) =

R
exp(itu)pGMM-AR(�)(u)du; such that the Edgeworth approxima-

tion of the distribution function of the GMM-AR statistic reads

Pr [GMM-AR (�0) � x] = Pr�2(k)(x)� E(GMM -AR1)
Nk

xp�2(k)(x) +O(N�2)

= Pr�2(k)

�
x(1� E(GMM -AR1)

Nk
)
�
+O(N�2);

which uses that p�2(k+2)(u) = p�2(k)(u)
u
k
: Thus the Edgeworth approximation

amounts to multiplying a standard �2(k) critical value x by 1 + E(GMM -AR1)
Nk

:
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A.2. For the Edgeworth approximation of the distribution of KLM(�); we con-
struct the conditional characteristic function of KLM(�) given DN(�; Y ) :

cfKLM(�)(tjDN(�; Y ))
=

RRR
exp (itKLM(�)) p(pNfN (�;Y );V̂ff (�);V̂�f (�)jDN (�;Y ))(u; v; wjDN(�; Y ))dudvdw

=
RRR

exp
�
it
�
KLM0 +

1
N
(KLM1 +KLM2)

��
p(
p
NfN (�;Y );V̂ff (�);V̂�f (�)jDN (�;Y ))(u; v; wjDN(�; Y ))dudvdw + o( 1

N
)

=
RRR

exp (itKLM0) exp
�
it
N
(KLM1 +KLM2)

�
p(
p
NfN (�;Y );V̂ff (�);V̂�f (�)jDN (�;Y ))(u; v; wjDN(�; Y ))dudvdw + o( 1

N
)

=
RRR �

1 + it
N
(KLM1 +KLM2)

�
exp (itKLM0)

p(
p
NfN (�;Y );V̂ff (�);V̂�f (�)jDN (�;Y ))(u; v; wjDN(�; Y ))dudvdw + o( 1

N
);

=
R h
1 + it

N

RR
[KLM1 +KLM2] pV̂ff (�);V̂�f (�)j

p
NfN (�;Y );DN (�;Y )

(v; wju;DN(�; Y ))dvdw
i

exp (itKLM0) ppNfN (�;Y )jDN (�;Y )(ujDN(�; Y ))du+ o( 1
N
);

where

p(fN (�;Y );V̂ff (�);V̂�f (�)jDN (�;Y ))(u; v; wjDN(�; Y )) =

pV̂ff (�);V̂�f (�)j
p
NfN (�;Y );DN (�;Y ))

(u; v; wjDN(�; Y ))ppNfN (�;Y )jDN (�;Y )(ujDN(�; Y ))

is the conditional density of (fN(�; Y ); V̂ff (�); V̂�f (�)) given DN(�; Y ) and
pV̂ff (�);V̂�f (�)jfN (�;Y );DN (�;Y ))(v; wju;DN(�; Y )) and ppNfN (�;Y )jDN (�;Y )(ujDN(�; Y )) are

the conditional densities of (V̂ff (�); V̂�f (�)) given (fN(�; Y ); DN(�; Y )) and of
p
NfN(�; Y )

given DN(�; Y ):
We use the limiting distributions to construct the expectations. Because of the

independence of fN(�; Y ) and DN(�; Y ) in large samples, the conditional limiting
distribution of

p
NfN(�; Y ) given DN(�; Y ) is N(0; Vff (�0):We combine the expo-

nent term of the density function of this limiting distribution with exp(itKLM0) :

exp
�
itKLM0 � 1

2
NfN(�; Y )

0Vff (�)
�1fN(�; Y )

�
= exp

h
itNfN(�; Y )

0Vff (�)
� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )�

1
2
NfN(�; Y )

0Vff (�)
� 1
2

�
P
Vff (�)

� 1
2DN (�;Y )

+M
Vff (�)

� 1
2DN (�;Y )

�
Vff (�)

� 1
2fN(�; Y )

i
= exp

h
�1
2
(1� 2it)NfN(�; Y )0Vff (�)�

1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )�

1
2
NfN(�; Y )

0Vff (�)
� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )

i
= exp

�
�1
2
(1� 2it)KLM0�

1
2
NfN(�; Y )

0Vff (�)
� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )

i
:

We now conduct a transformation of random variables from Vff (�)
� 1
2

p
NfN(�; Y )
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to �
(1�2it)�1DN (�;Y )0Vff (�)�1DN (�;Y )

0
0

DN (�;Y )
0
?Vff (�)DN (�;Y )?

�� 1
2

�DN (�;Y )0Vff (�)� 1
2

DN (�;Y )
0
?Vff (�)

1
2

�
Vff (�)

� 1
2

p
NfN(�; Y );

with DN(�; Y )? : (k � 1) � k; DN(�; Y )
0
?DN(�; Y ) � 0 and which uses that

Vff (�)
� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2 = P

Vff (�)
1
2DN (�;Y )?

: The Jacobian of this trans-

formation is equal to (1�2it)� 1
2 : The KLM1 and KLM2 higher order components

of KLM(�) contain both elements that result from the transformation and we
therefore specify them as:

KLM1 = � N
1�2it

hp
N(1� 2it)fN(�; Y )

i0
Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2h

V̂ff (�)� Vff (�)
i
Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

hp
N(1� 2it)fN(�; Y )

i
�

2 Np
(1�2it)

hp
N(1� 2it)fN(�; Y )

i0
Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

h
V̂ff (�)� Vff (�)

i
Vff (�)

� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

hp
NfN(�; Y )

i
KLM2 = �2 Np

(1�2it)

hp
NfN(�; Y )

i0
Vff (�)

� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2 V̂�f (�)Vff (�)

�1

fN(�; Y ) [DN(�; Y )
0Vff (�)

�1DN(�; Y )]
�1
DN(�; Y )

0Vff (�)
�1
hp

N(1� 2it)fN(�; Y )
i
:

We now use the results from Theorem 1 that:

a = E
h
N2fN(�; Y )

0Vff (�)
� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

h
V̂ff (�)� Vff (�)

i
Vff (�)

� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )jDN

i
= N�1

N

�
vec(P

V
� 1
2

ff DN
)0E
�
V
� 1
2

ff fif
0
iV

� 1
2

ff 
 V
� 1
2

ff fif
0
iV

� 1
2

ff

�
vec(P

V
� 1
2

ff DN
)� 4

�
� 1

N

b = E
h
N2fN(�; Y )

0Vff (�)
� 1
2P

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2

h
V̂ff (�)� Vff (�)

i
Vff (�)

� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2fN(�; Y )jDN

i
= N�1

N

�
vec(M

V
� 1
2

ff DN
)0E
�
V
� 1
2

ff fif
0
iV

� 1
2

ff 
 V
� 1
2

ff fif
0
iV

� 1
2

ff

�
vec(P

V
� 1
2

ff DN
)� (k � 1)

�
c = E

h
N2fN(�; Y )

0Vff (�)
� 1
2M

Vff (�)
� 1
2DN (�;Y )

Vff (�)
� 1
2 V̂�f (�)Vff (�)

�1fN(�; Y )

[DN(�; Y )
0Vff (�)

�1DN(�; Y )]
�1
DN(�; Y )

0Vff (�)
�1fN(�; Y )jDN

i
= 2(N�1)

N
vec(M

V
� 1
2

ff DN
)0E( 1

N

PN
i=1 V

� 1
2

ff fif
0
iV

� 1
2

ff 
 V
� 1
2

ff dijDN)V
� 1
2

ff DN

�
D0
NV

�1
ff DN

��1
+

1
N
vec(M

V
� 1
2

ff DN
)0E( 1

N

PN
i=1 V

� 1
2

ff fif
0
iV

�1
ff fif

0
iV

� 1
2

ff 
 V
� 1
2

ff dijDN)

vec(V
� 1
2

ff DN

�
D0
NV

�1
ff DN

��1
);
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to obtain the characteristic function:

cfKLM(�)(tjDN(�0; Y )) =
R �
1 + it

N
KLM1 +

it
N
KLM2

�
exp (itKLM0)

p(fN (�;Y );V̂ff (�);V̂�f (�))(u; v; wjDN(�; Y ))dudvdw + o( 1
N
)

= (1� 2it)� 1
2

h
1� 1

N
it

(1�2it)a�
2
N

itp
1�2it(b+ c) + o( 1

N
)
i
;

where (1 � 2it)� 1
2 results from the Jacobian of the transformation from KLM0

to (1 � 2it)KLM0: The density function that leads to the above characteristic
function reads

pKLM(�)(u) = p�2(1)(u) +
1
N

�
(b+ c)

�
@
@u
p�2(2)(u)

�
+ a

�
@
@u
p�2(3)(u)

��
+ o( 1

N
);

so the resulting Edgeworth approximation reads:

Pr [KLM (�0) � xjDN(�0; Y )] = Pr�2(1)(x)+
1
N

�
(b+ c)p�2(2)(x) + ap�2(3)(x)

�
+ o(N�1)

= Pr�2(1)(x) +
1
N

�
ax+

p
2�(b+ c)x

1
2

�
p�2(1)(x) + o(N�1)

= Pr�2(1)

�
x+ 1

N

�
ax+

p
2�(b+ c)x

1
2

��
+ o(N�1);

which uses that p�2(2)(x) =
p
2�
p
xp�2(1)(x) and p�2(3)(x) = xp�2(1)(x): Thus the

Edgeworth approximation alters a �2(1) critical value x towards x� 1
N

�
ax+

p
2�(b+ c)

p
x
�
:

B.1. For the Edgeworth approximation of the distribution of GMM-AR�(�); we
construct the characteristic function of GMM-AR�(�0) :

cfGMM-AR�(�)(t) =
R
exp (itGMM-AR�(�)) p(f�B(�;Y );V �ff (�))(u; v)dudv

=
R
exp

�
it
�
GMM -AR�0 +

1
B
GMM -AR�1

��
p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1)

=
R �
1 + it

B
GMM -AR�1

�
exp (itGMM -AR�0) p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1);

where p(f�B(�;Y );V �ff (�))(u; v) is the joint density of f
�
B(�; Y ) and V

�
ff (�) for a bootstrap

sample of size B: The order of the error term results from the Mean Value Theorem
and the convergence rates of

�
it
B
GMM -AR�1

�2
: The addition of exp(itGMM -AR�0)

alters the variance of the limiting distribution of
p
Bf �B(�; Y ) so it becomesN(0;

1
1�2it V̂ff (�)):

The characteristic function then becomes

cfGMM-AR�(�)(t) = (1� 2it)� 1
2
k
h
1 + 1

B
it

(1�2it)E(GMM -AR�1) + o(B�1)
i
;

where E(GMM -AR�1) results from the higher order speci�cation of GMM-AR�(�)
in Theorem 2, such that the Edgeworth approximation reads:

Pr [GMM -AR� (�0) � x] = Pr�2(k)

�
x� 1

B

E(GMM -AR�1)
k

x
�
+ o(B�1):
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B.2. For the Edgeworth approximation of the distribution of KLM�(�); we con-
struct the characteristic function of KLM�(�0) given D̂N(�0; Y ) :

cfKLM�(�)(tjD̂N(�0; Y ))
=

R
exp (itKLM�(�)) p(f�B(�;Y );V �ff (�))(u; v)dudv

=
R
exp

�
it
�
KLM�

0 +
1
B
KLM�

1

��
p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1)

=
R �
1 + it

B
KLM�

1

�
exp (itKLM�

0 ) p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1):

Identical to KLM(�); the exponent term exp(itKLM�
0 ) alters the exponent term

of the density function of the limiting distribution such that the characteristic
function of KLM�(�) reads

cfKLM�(�)(tjD̂N(�0; Y ))
=

R �
1 + it

B
KLM�

1

�
exp (itKLM�

0 ) p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1)

= (1� 2it)� 1
2

h
1� 1

B
it

(1�2it)E(a
�)� 2

B
itp
1�2itE(b

�) + o(B�1)
i
;

where

a� = B�1
B

�
1
N

PN
i=1

h
�f(�0)

0
iV̂ff (�0)

� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �f(�0)

i2
� 4
�
� 1

B
;

b� = B�1
B

n
1
N

PN
i=1

h
�f(�0)

0
iV̂ff (�0)

� 1
2P

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �f(�0)

�f(�0)
0
iV̂ff (�0)

� 1
2M

V̂ff (�0)
� 1
2 D̂N (�0;Y )

V̂ff (�0)
� 1
2 �f(�0)

i
� (k � 1)

o
:

The Edgeworth approximation of KLM�(�0) then reads

Pr
h
KLM� (�0) � xjD̂N(�0; Y )

i
= Pr�2(1)(x)+

1
B

�
a�x+

p
2�b�x

1
2

�
p�2(1)(x) + o(B�1)

= Pr�2(1)

�
x+ 1

B

�
a�x+

p
2�b�x

1
2

��
+ o(B�1):

B.3. For the Edgeworth approximation of the distribution of KLM��(�); we con-
struct the characteristic function of KLM��(�0) given D̂N(�0; Y ) :

cfKLM��(�)(tjD̂N(�; Y ))

=
RRR

exp (itKLM��(�)) p(pBf�B(�;Y );V �ff (�);V ��f (�)jD̂N (�;Y ))(u; v; wjD̂N(�; Y ))dudvdw

=
RRR

exp
�
it
�
KLM�

0 +
1
B
(KLM�

1 +KLM��
2 )
��

p(
p
BfN (�;Y );V

�
ff (�);V

�
�f (�)jD̂N (�;Y ))

(u; v; wjD̂N(�; Y ))dudvdw + o( 1
B
)

=
R h
1 + it

B

RR
[KLM�

1 +KLM��
2 ] pV �ff (�);V ��f (�)j

p
Bf�B(�;Y );D̂N (�;Y )

(v; wju; D̂N(�; Y ))dvdw
i

exp (itKLM0) ppBf�B(�;Y )jD̂N (�;Y )
(ujDN(�; Y ))du+ o( 1

B
);
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The characteristic function of KLM��(�) reads

cfKLM��(�)(tjD̂N(�0; Y ))
=

R �
1 + it

B
KLM�

1

�
exp (itKLM�

0 ) p(f�B(�;Y );V �ff (�))(u; v)dudv + o(B�1)

= (1� 2it)� 1
2

h
1� 1

B
it

(1�2it)E(a
�)� 2

B
itp
1�2it (E(b

�) + E(c�)) + o(B�1)
i
;

where a� and b� are de�ned in B.2 and c� =E
h
KLM��

2 jD̂N(�0; Y )
i
which is stated

in (45).The Edgeworth approximation of KLM��(�0) then reads

Pr
h
KLM�� (�0) � xjD̂N(�0; Y )

i
= Pr�2(1)(x)+

1
B

�
a�x+

p
2�b�x

1
2

�
p�2(1)(x) + o(B�1)

= Pr�2(1)

�
x+ 1

B

�
a�x+

p
2�(b� + c�)x

1
2

��
+ o(B�1):
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