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Abstract

We construct higher order expressions of (weak instrument robust) gen-
eralized method of moment (GMM) test statistics for iid data. We use them
to obtain Edgeworth approximations and to reveal sensitivity to instrument
quality. The Edgeworth approximations show that usage of bootstrapped
critical values reduces the order of the approximation error of the finite
sample distribution of the weak instrument robust statistics compared to
usage of asymptotic critical values. These results remain to hold when the
instruments are weak and extend previous results on the bootstrap and the
Edgeworth approximation. We illustrate the resulting reduction of size dis-
tortions and conduct a power comparison using a panel autoregressive model
of order one.

JEL classification: C11, C20, C30

1 Introduction

Two common approaches for reducing size distortions of test statistics are to
Edgeworth-correct asymptotic critical values, see e.g. Rothenberg (1984), and us-
age of bootstrapped critical values, see e.g. Horowitz (2001). In many cases, these
two approaches remove the approximation error of the finite sample distribution
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of the statistics up to a higher order in the sample size than the limiting distrib-
ution. The size distortions that result when we use such critical values are then
less than those that result from using the asymptotic ones. The regularity condi-
tions under which the Edgeworth approximation and the bootstrap improve the
approximation of the finite sample distribution request that the hypothesized pa-
rameters are well identified, see e.g. Bhattacharya and Ghosh (1978) and Horowitz
(2001). Parameters that are estimated using the generalized method of moments
(GMM) are not well identified when the instruments are weak, see e.g. Staiger
and Stock (1997) and Stock and Wright (2000). This seems to indicate that the
Edgeworth approximation and bootstrap do not improve the approximation of the
finite sample distribution of statistics in GMM with weak instruments.

To overcome size distortions in GMM with weak instruments, statistics have
been proposed whose limiting distributions are robust to the strength of the in-
struments, see e.g. Stock and Wright (2000), Kleibergen (2005) and Kleibergen
and Mavroeidis (2009). The limiting distributions of these statistics apply un-
der more general conditions than those of the traditional GMM statistics. They
therefore lead to a better approximation of the finite sample distribution than the
approximations that result from the limiting distribution for the traditional GMM
statistics. We can further improve upon the approximation of the finite sam-
ple distribution of the weak instrument robust GMM statistics by constructing
Edgeworth-corrections of the asymptotic critical values or by using bootstrapped
critical values. We show that usage of either the Edgeworth-corrected or boot-
strapped critical values reduces the order of the approximation error of the finite
sample distribution compared to using asymptotic critical values. These improve-
ments remain to hold when the instruments are weak which shows that Edgeworth
approximations can be constructed even when the parameters are weakly identi-
fied. This is a new result and provides an extension to Bhattacharya and Ghosh
(1978).

In a related article Moreira et. al. (2009) show the validity of the bootstrap for
the weak instrument robust Lagrange multiplier statistic in the linear instrumental
variables regression model with one endogenous variable. The bootstrap that they
employ resamples the residuals that result after estimating the model. Because of
the dependence of these residuals on the involved estimator, the approximation of
the finite sample distribution of the Lagrange multiplier statistic by the bootstrap
is as accurate as the approximation by the limiting distribution. Hence, there
are no higher order improvements that result from the bootstrap. The bootstrap
that we employ just resamples the residuals under the null hypothesis so it differs
from the one used by Moreira et. al. (2010). The higher order improvements that
we obtain from our bootstrap do therefore not contradict the results obtained in
Moreira et. al. (2010).



The paper is organized as follows. In the second section, we introduce GMM
and define our GMM statistics of interest: the GMM extension of the Anderson-
Rubin statistic (GMM-AR) from Stock and Wright (2000), the GMM Lagrange
multiplier (KLM) statistic of Kleibergen (2005), a GMM extension of Moreira’s
(2003) conditional likelihood ratio (GMM-MLR) statistic and the GMM LM sta-
tistic of Newey and West (1987). The second section also states the assumptions
under which we derive our results. In the third section, we decompose the statistics
in several components that are of a different order in the sample size. The fourth
section provides algorithms to bootstrap our statistics of interest and decomposes
the bootstrapped statistics into several components that are of a different order in
the bootstrap sample size. The fifth section discusses Edgeworth approximations
of the finite sample distributions of the orginal statistics and their bootstrapped
counterparts. The Edgeworth approximations show the higher order improvement
that results from the bootstrap. The sixth section illustrates the theoretical re-
sults by conducting a simulation experiment using a panel autoregressive model
of order one with Arellano and Bond (1991) moment conditions. It shows that
usage of bootstrapped or Edgeworth-corrected critical values reduces size distor-
tion compared to usage of critical values that stem from the limiting distribution.
The sixth section also conducts a power comparison. The seventh section briefly
discusses further extensions. The eighth section concludes.

Throughout the paper we use the notation: [, is the m x m identity matrix,
Py = A(A’A) 1A’ for a full rank n x m matrix A and M, = I,, — P4. Furthermore,

“—” stands for convergence in probability, “7” for convergence in distribution, E
p

is the expectation operator and vec(A) is the column vectorization of the matrix

A.

2 Generalized Method of Moments

We consider the estimation of a scalar parameter § whose parameter region is R
and for which the k x 1 dimensional moment equation

E(f(0,Y:)) =0, i=1,...,N, (1)

holds. We use a scalar parameter instead of a vector of parameters to simplify the
analysis. We later show how the results extend to the multiple parameter case. The
data vector Y; is observed for individual /time i. The number of equations k exceeds
or is equal to the number of parameters. The k x 1 dimensional vector function f
of # is finite for finite values of 6, continuous and twice continuous differentiable.
The unique value of #, at which (1) holds, is equal to 6. To estimate 6 in (1), we
use Hansen’s (1982) GMM.



For a sample of observations (Y;, i = 1,..., N), the objective function for the
continuous updating estimator (CUE) of Hansen et. al. (1996) reads

Q(0) = N fx(0,Y) Vi (0) " fx(0,Y), (2)

with fx(0,Y) = %Zf\; fi(0), f:(0) = f(0,Y;). The covariance matrix estimator
Vi¢(A) that we use in (2) is the Eicker-White covariance matrix estimator, see
Eicker (1967) and White (1980). Usage of the Eicker-White covariance matrix
estimator implies that we do not allow for dependence between the moments.
This is done for expository purposes and we discuss how to deal with dependence
between the moments later. We make extensive use of the derivative of the moment
functions

QN(9> Y) = % Zz]il Qi(9)> (3)

with ¢;(8) = -2 fi(#). We use the Eicker-White covariance matrix estimator as well
to estimate the covariance between the moments and their derivatives. Thus we
employ the covariance matrix estimators:

Vir(0) = % iy £i(0) £i(6) — fx(6,Y) (6, Y,
Vor(0) = % 25, ai(0) fi(0) — an(0,Y) fx(0,Y ), (4)
Vag(0) = % 2l ail Y)qw(0,YY),

=E(:(0)g:(0)'), where f;(0) = fi(0) — fn(0,Y) and ¢;(0) = ¢;(0) — qn(0,Y).

We determine the validity of the bootstrap and whether it leads to higher order
improvements for four different GMM statistics not all of which are robust to weak
instruments.

Definition 1. Four different statistics that test Hy : 6 = 0, are:

1. The GMM-AR statistic, see Stock and Wright (2000), which is the gener-
alization of the Anderson-Rubin statistic, see Anderson and Rubin (1949),
towards GMM,

GMM-AR(0p) = N fn (00, Y)'Vys(00) " fn (00, Y). (5)

2. The KLM-statistic which is a GMM-Lagrange multiplier (LM) statistic based
on the CUE, see Kleibergen (2005):

KLM(6) = N fx (00, Y ) Vi(60) ' Dy (6o,Y)

Do (00, VY V31(60) Dov(60.Y)| " Db, Y)YV (00) i (00, Y, )
with Dy(fo, Y) = av(6,Y) — Uy (0)737(6) " f (00, V).
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3. The GMM-MLR statistic which is Moreira’s (2003) conditional likelihood
ratio (LR) statistic applied in a GMM-setting, see Kleibergen (2005):

GMM-MLR(0p) = 3 [GMM-AR(6) — r(f)+
\/ (GMM-AR(6)) + 1(6y))* — 4 [GMM-AR(6y) — KLM(6,)] 1"(90))] ,

(7)
with r(6g) = N D (60, Y)" |Vag(6o) — ‘sz(go)vff(eo)flqu(%)} Dy (6o,Y).

4. The GMM-LM statistic, see Newey and West (1987):

LM(B0) = N f (B, Y)'Vr(00) (8o, ¥) [an (60, Y ) VrsB0) (60, V)]

v (00, Y ) Vip(60) ™ f (60, V).
(8)

The above four statistics are used to test the parameters in models that are
estimated by GMM. The GMM-LM statistic is the only one of the above four
statistics whose limiting distribution is not robust to weak instruments. We use
it to show the issues involved with GMM statistics that are not robust to weak
instruments. Since these issues are identical for all non-robust statistics, we just
discuss them for the one for which they are the most straightforward to obtain.
This explains why we use the GMM-LM statistic instead of the more commonly
used Wald statistic.

The limiting distributions of the statistics in Definition 1 result after an as-
sumption on the moment vector and its derivative.

Assumption 1. Under Hq : 0 = 0y, the following assumptions hold jointly:

a. The vectors of moments and derivatives (f;(00) : qi(6o)") are independent
across individuals /time.

b. The eighth order moments of f;(0o) and q;(0y) are finite.

Assumption la has been mentioned before and justifies usage of the Eicker-
White covariance matrix estimator. Assumption 1b implies that the fourth order
moment estimator of f;(f) satisfies a central limit theorem. It is somewhat overly
restrictive when we just want to use the limiting distributions of the statistics in
Definition 1 but we need it for their higher order expansions that we construct
lateron.



Corollary 1. For Dy(00,Y) = £ 3N di(60), di(0o) : di(00) = q:(00) — Var(60)
Vir(00) 1 fi(6o), it holds that under Hg : 6 = 6y and Assumption 1, VN fn (6o, Y)
and VN [Dn(00,Y) — Jo(00)], with Jo(0y) =E[qi(00)], have independent normal

limiting distributions.
Proof. Results directly from Assumption 1 and E(f;(60)d;(6p)) =0. =

Corollary 1 shows that Dy(6,Y), which is an (infeasible) estimator of the
derivative of the average moment vector with respect to 6, is independent of the
average moment vector in large samples.

Corollary 2. Under Hy : 0 = 6y and Assumption 1, it holds in large samples
that

o 00 001D (0, ) = D] = Vy4(80) + O(J)
1 [(fi(60) fi(00)" @ fi(00) fi(00)'] | Dn (00, Y) = D %)
SBUL 00 ® F00500))+ O R,

where O(\/LN) indicates that the (non-stochastic) remainder term is of order \/LN

Proof. Because of Assumption 1, Dy(o,Y), V(o) and the fourth order
moment estimator of f;(6y) have a joint normal limiting distribution with a con-
vergence rate proportional to \/_ Hence, the order of covariance between these
estimators is proportional to f The conditional expectations of them given one

another are then equal to the unconditional expectations plus a term of order \/N‘
]

Corollary 2 implies that there is no zero-th order bias in the KLM and GMM-
MLR statistics so their (conditional) limiting distributions are valid. We need the
expressions of the conditional expectations given Dy (6y,Y) for the conditional
higher order expansions given Dy (fy,Y) that we construct lateron. Corollary
2 obviously holds as well when the conditional expectations of f;(6y)fi(fo)" and
(f:(00) f:(60) @ f:(00) f:(6)") given d;(0) are equal to the unconditional expectations
but Corollary 2 provides the same result under less restrictive assumptions. *

Corollary 1 shows that Dx(fp,Y") is an infeasible estimator of Jy(6y) which is
in large samples independent of the average moment vector fy(6y,Y"). The KLM
and GMM-MLR statistics in Definition 1 therefore use the feasible estimator of
Dn(6,Y), Dy(6,Y), that results in their (conditional) limiting distributions not
being affected by weak instruments.

Since f;() and d;(0) are uncorrelated, this conditional moment assumption is actually less
restrictive then perceived at first sight.



Corollary 3. Under Hy : 0 = 6y and Assumption 1, the limiting distributions of
the statistics in Definition 1 are characterized by:

GMM-AR (0) % ¥, + ¥y
KLM (f0) > 4,
GMM-MLR (6,)[r(6) = ) > L [y + ¢y — 1)+ (10)
\/(1/)1 + Yy + 7’)2 - 4¢k—17’)}
GMM-LM(6y) R Yy, when Jg(8,) does not equal zero,

with v, and 1,_; independent x*(1) and x*(k — 1) distributed random variables.

Proof. see Newey and West (1987), Stock and Wright (2000) and Kleibergen
(2005). m

Corollary 3 shows that the (conditional) limiting distributions of the GMM-
AR, KLM and GMM-MLR statistics do not depend on nuisance parameters. The
bootstrap then typically provides a more accurate approximation of the finite
sample distribution than the limiting distribution, see e.g. Horowitz (2001). This
holds since the bootstrap removes some of the higher order approximation errors
of the Edgeworth approximation of the finite sample distribution.

Alongside their usefullness for improving approximations of finite sample distri-
butions of estimators, see e.g. Sargan (1976), Edgeworth approximations are used
to approximate the finite sample distribution of Wald statistics. They then result
from a Taylor approximation of the Wald statistic around the true or expected
values of its different elements, see e.g. Bhattacharya and Ghosh (1978), Sargan
(1980) and Phillips and Park (1988). To construct such a Taylor approximation,
the derivatives of the statistic at these values have to be well defined. When we
construct such a Taylor approximation for the KLLM statistic, which is a function
of fn(6o,Y) and ﬁN(HO,Y), the Taylor approximation uses its derivatives with
respect to fy(6p,Y) and DN(GO, Y') evaluated at their expected values, zero and
Jo(60) resp.. The derivative of the KLM statistic with respect to Dy(fp,Y) is,
however, not well-defined for zero values of Dy (0o,Y") so we can not allow for zero
values of its expectation, Jy(fp). This implies that the resulting Edgeworth approx-
imation does not allow for weak or irrelevant instruments. Hence the Edgeworth
approximations in Bhattacharya and Ghosh (1978), Sargan (1980) and Phillips
and Park (1988) do not allow for weak or irrelevant instruments and can not be
used to show that the bootstrap uniformly improves the approximation of the finite
sample distributions of the KLM and GMM-MLR statistics.

The Edgeworth approximations from Bhattacharya and Ghosh (1978), Sargan
(1980) and Phillips and Park (1988) are all for Wald statistics and do not exploit
the independence between fy(0o,Y) and Dy(fp,Y) in large samples. Since the
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KLM and GMM-MLR statistics are Lagrange Multiplier and (quasi) likelihood-
ratio statistics, we construct an alternative Edgeworth approximation that uses
the independence between fy(6o,Y) and Dy(6p,Y) in large samples. We use it to
show that the bootstrap uniformly improves the approximation of the finite sample
distribution of the KLM and GMM-MLR statistics compared to the (conditional)
limiting distribution.

The bootstrap and Edgeworth approximations that we discuss lateron simplify
considerably when an additional assumption holds.

Assumption 2. Under Hqy: 0 = 0y, it holds that:

E(vec(fi(00)fi(00)")di(00)") = vec(Vis(00))E(di(6o))" = vec(Vis(6o))J (o).
(11)
Assumption 2 holds if any conditional heteroscedasticity of f;(fy) does not
depend on d;(fp). It also holds when the conditional moment of f;(6y) fi(6o)" given
d;(0y) equals the unconditional moment.

Coro}lary 4. When Assumptions 1 and 2 hold, the limiting distributions of
VN (Vi(00) — Vi£(00)) and VNDy(0o,Y) are independent and

E(% ity vee(fi(00) f:(00) )di(00)' | Dx (B0, Y) = D) = vec(Vif(60)) D' + O(F).
(12)
Proof. Assumption 2 implies that the covariance between Vi(6y) — Vif(6o)
and Dy (0o,Y) — Jp(6o) is equal to zero. Since both Vi¢(6y) and Dy(6y,Y) have
normal limiting distributions, the zero covariance implies that they are indepen-
dent. Equation (12) follows along the lines of the proof of Corollary 2. m

We construct the Edgeworth approximations, that indicate the higher order
improvements that result from the bootstrap, using the higher order expressions
of the statistics in Definition 1.

3 Higher order expressions

The higher order expressions of Wald statistics result from Taylor approximations.
For example, for the Wald statistic that tests the hypothesis H, : g(6) = 0, with
g(0) a continuous differentiable function of 6:

W(0) = g(8) (GOWsG(9)) 9 (0), (13)

with G(0) = 5%¢(f) and W, an estimator of the covariance matrix of the asymp-
totically normal estimator 6; these higher order approximations result from Taylor
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approximations of ¢() and G(0) around g(0y) and G(6p) resp., see e.g. Phillips
and Park (1988). The higher order derivatives of g(f) therefore have to be well
defined at 6y. The statistics in Definition 1 are not Wald statistics so we construct
their higher order expressions in a different manner. The resulting expressions do
not involve any higher order derivatives whose existence at the true value of the
parameters might be questionable.

The higher order expressions of the statistics in Definition 1 result from the
large sample behavior of the (covariance) estimators involved in them. We there-
fore express these estimators as equal to their true value plus an error term. For
the GMM-AR statistic, this implies that we use that

Vi(80) = Vi (80) + Vis(60) — Vis(6o), (14)
while for the KLM statistic, we use both (14) and

\/NEN(H’ Y) = \/NDN(ea Y) - \/N%f<0)vff(90)71f]\7(07 Y) + Op(%)v (15)

with Vj;(0) = % SN di(0) fi(0) which is an (infeasible) estimator of the (zero)
covariance between d;(f) and f;(0), d;(0) = d; (9) Dy(6,Y) and O,(+) shows
that the (random) remainder term is of order +. These expressions are Stated in
Lemmas 1-7 in Appendix A.

Theorem 1 states the higher order expressions of the statistics in Definition
1. The order of the different components results from the convergence rate of
the expectation of these components given Dy (6y,Y). We use these components
to construct the Edgeworth approximation of the conditional distribution of the
statistics given Dy (6o, Y). For the non-robust GMM-LM statistic, Theorem 1 just
states some of the elements of its higher order expression. These elements suffice
to show the dependence of the limiting distribution of the GMM-LM statistic on
the strength of the instruments.

Theorem 1. Under Hy and Assumption 1, the higher order expressions of the

statistics in Definition 1 read:
1. For the GMM-AR statistic (5):

GMM-AR(6y) = GMM-ARy + ~GMM-AR; 4+ Op(3), (16)
where
GMM-ARy = N fn(00,Y)'Vip(00)  fn(00,Y) — x*(k)

) d
GMM-ARy = —N?fn(00,Y) Vs (0 )I[fo(go) Vi (0 )} Vip(0o) ™ (00, Y)

E(GMM-AR,) = —NTvec(fo(Qo) VE [(fi(60) fi(00)" @ fi(00) fi(60)")]
vec(Vip(0o)™1) + NNl (k% + 2k] + k.

(17)



2. For the KLM-statistic (6):
KLM(#y) = KLMy + « [KLM; + KLM>] + Op(55), (18)
where
KLMy= Nfx(@.Y)Vis0) 3P, oy, 00 Vir) 2 fn(8.Y) — x2(1)
KLMy = —N?fxn(0,Y)V;s(0) 5P (9)—§DN(9,y)fo(9)_§ [fo(9) —fo(Q)}

\%
Vit0) 5P,y b V350 (0.
2N2fi(0,Y)Vis(0) "2 P Vis0) o0 Y)fo(Q)’% [fo(9) —fo(9)]
Vir(0)” 2MV L) Dy (ey)fo( )2 fn(0,Y)
KLM, = —2N2fy(0, Y) Vip(0) 2 M Vip(0)~2Vop (0) Vi (0) !

Vis(0)"2DN(6Y)
fN(va) [DN(97Y) fo<9)71DN(9’Y) - DN(07Y)/fo( ) fN(07Y)7
(19)

and the conditional expectations of these elements given Dy(6o,Y") read:

B (K LMo| Dy (6, V)] = 1
E[KLM|Dy(6o,Y)] = —%Vec(vff(%)_?Pvff(go)—%DN(e vy Vir(bo)=2)'

E(f(60) fi(00) @ fi(8o) fi(00) )vec(Vys(fo) '~

VisG0) M,y Vir0o) ) + 2 (k= 1) 4=
E[KLM;|Dy(6o,Y)] = _Mvec(Mfo(eo) T Y))/
E(ﬁzfillvffwo) fi(60) £:(80)' Vis(60)"= © Viy(60)~2di(600) | D (6, Y ))
Vi(00) 72D (00,Y) [Di (00, Y) Vi (60) = D (6, )]_1—%V€C(M

N Vig(0o)™ %D{V(Qo,y))l
E(x 21 Visr(00) 2 f; 90)fz(90) Vi(00) 2 £i(00) £:(00) Vis (00) "% ® Vyp(60) 2d;(0g

%
Y)
2 i
| D (80, Y))vec(Vyf(60) =2 D (6o, Y) [Dv (80, Y) Vi (60) " D (60, Y)] ).

(20)
When Assumption 2 holds, the first element of the conditional expectation of
KLM; in (20) is equal to zero such that the conditional expectation of K LM,
is of order %
3. For the GMM-MLR statistic (7) given r(fp):

GMM-MLR(g) = 1 [GMM-AR, — r(6p)+
\/ (GMM-ARy +1(6,))* — 4[GMM-ARy — K LM, r(@o))] +

E {1 + LT ARy viby) } GMM-AR;+
V (GMM-ARg+(60))?—4]GM M-ARo— K LMo]r(6o))
L 1(60) (KLM, + KLM,) + O,(5%).

N \/(GMM-ARo+r(60))>—4[GMM-ARo— K LMolr(6o))
(21)
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4. A part of the higher order expression of the GMM-LM statistic (8) reads:

LM (0) = K LMy + £ LM, + 5 LMp, (Dx (0, Y)fo(e)*lDN(H,Y))_l+

Lix (LMp, (Dy(0.Y Vg (0) Da(0,V)) " Da0. Y Vi0)1) .

where

LMy = =2N"[y(6,Y)Vy7(6) ™ [V35(6) = Vys(0)] Vis(6)*D(6,Y)

(
(D6, ) Vs(0) L Dx(0,Y))"* D(0,Y )V (8) £ (6,Y)
LMp, = 2N {fn(0.Y) fn(0.Y) Vi (0) Var(B)Vis(6) " (6, Y)—
Vis(0) = Vs (0)] Var(0) i (0.Y ) (0, Y Y Vig (0) Var (0)'Vis(8) i (6,Y) }
LMp, = N {fw(0,Y)'Vy(8) Vs (0)Vip(8) (0, Y)Y .

and the conditional expectations of these elements given Dy(6o,Y") read:

E(LM;|Dy(6o,Y)) =2 — 2tr {E [£:(00) £:(00)'Vi£(00) ™ £:(00) £:(00))'] Vi (6o) 2

By 00 Dy 00) V7 (90)7%}
E(LMD1|DN(907 ))_
2E [f;(60) f:(00)' Vf (00) " Var (B0) Vi (B0) " fi(00) Vis(00) D (00, V)] —
285 {tr(Vyr(60) Vs (60))E (fi(B0)' Vis(60) " fi(60) fi(60) | D (80, Y)) +
(fz(eo) Vi(00) " Var(00)' Vi(60) " fi(00) fi(00) | Dn (00, Y)) +
E (fi(00)' Vi (00) " Var (00)Vis(60) " fi(6o) fi(00)' | Dn (0o, Y)) } —
NE[fi(00)’fo(00)*11/}1f(QO)fo(HO)*le-(Go)f,-(90)’fo(00)*1f2-(Qo)fi(eo)’|DN(00,Y)]—
E (fi(00)' Vis(00) " Vor(0o)Vis(60) " fi(6o) fi(00) | Dn (60, Y))
E(LMp,| Dy (60, Y)) = (N = 1) { [tr(V(80) Vs (60)))" + +

tr(Vyp(00) ™ Vs (00)Vip(00) " Vir(80)') + tr(Vis(60) ™ Vo (Bo) Vis(60) ™ Var(6o))} +
E [£i(00)' Vi (00) Vs (00)Vir(00) ' £(00))?] -

(24)
Proof. see Appendix B. m

We determined the order of the different elements in the higher order expres-
sions in Theorem 1 using the conditional expectations given Dy (fy,Y). We use
these for the Edgeworth approximation of the conditional finite sample distribution
of the different statistics given Dy (6p,Y).

The higher order elements of KLM(#y) : KLM; and K LM, result from the
different covariance estimators that are involved in KLM(6y) : K LM, results
from V() while K LM, results from (the infeasible covariance matrix estimator)
Vy 7(00). KLM; is therefore comparable to the GM M-AR; higher order element
of GMM-AR(6,) which also results from V;(f). When Assumption 2 holds, the
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higher order element that results from V #(00), i.e. KLMs, is of a lower order than
the one which results from Vy;(6), i.e. KLM;. Assumption 2 namely implies that

E(§ i Vir(00) 2 £if{Vis(00) "2 @ Vi (0)2i(00) | D (0o, Y )
VeC(Mfo(ao)*%DN(eo,y))/ = (I, ® Vi¢(0o) 2D (0o, Y))/VeC(Mfo(Oo)*%DN(BO,Y))/ =0

(25)
so the first element of the conditional expectation of K LM, is equal to zero. Under
Assumption 2, the higher order elements that result from V #(0o) are therefore of
a lower order than those that result from Vf #(6o).

The higher order expression of the GMM-LM statistic, LM(6p), in Theorem 1
just states some of its higher order elements. We only want to show the dependence
of its higher order elements on Dy (6, Y") for which we do not need the full higher
order expression. The higher order elements of KLM(6y) also depend on Dy (6y,Y)
but that dependence is of order zero so KLM(fp) is invariant to the length of
D (6p,Y ) and only depends on its direction. The higher order elements of LM (6)
in Theorem 1 are such that both LMp, and LMp, are multiplied by a function
that is not invariant with respect to the length of Dy(6y,Y). The conditional
expectations show that LMp, is at most of order zero in the sample size, N.
Hence, when multiplied by (D (0,Y ) Vi£(0) "' Dy (0,Y)) ™ Dy (0,Y) and divided
by N, the full contribution of LMp, is at most of the order O(N _%). This occurs
when Jp(6) equals zero in which case (Dy(0,Y)V;4(0) "Dy /(6, Y)) ' Da(0,Y) is
of order O(N2). LMy, can therefore not alter the limiting distribution of LM(6,) .
The conditional expectation of LMp, is proportional N. When Jy(6y) equals zero,
(Dn(0,Y )V (0) Dy (6, v)) ™" is proportional to N as well. Thus LMp, alters the
limiting distribution of LM(#) when Jy() equals zero since it leads to an element
of zero-th order in N in the higher order expression of LM(6p). This explains why
the limiting distribution of LM(fy) depends on Jy(fp). The same result can be
shown for other GMM statistics that are not robust to weak instruments. For
reasons of brevity, we only did so for the statistic for which it is the least involved
to do so and we refrain from showing this for other statistics as well.

The higher order expressions in Theorem 1 also show the sensitivity to the
number of instruments. For example, both the GMM-AR statistic and the LM
statistics have higher order terms which are proportional to % while the higher
order terms of the KLM statistics are proportional to % This shows that the
approximation of the finite sample distribution by the limiting distribution is more
robust to the number of instruments for the KLM statistic compared to these other
two statistics.

The higher order expression of GMM-MLR(f,) stated in Theorem 1 is condi-
tional on r(fy). It is obtained using a Taylor expansion with respect to the other
two components of GMM-MLR(6y) : GMM-AR(6y) and KLM(6,). Since the lim-
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iting distribution of GMM-MLR(6,) is conditional on r(fy), it is important to
determine the highest order of the elements of the higher order expansion of r(6y)
that are not independent of GMM-AR(fy) and KLM(fy). We therefore construct
the higher order expansion of r(fy) which is stated in Theorem 2.

Theorem 2. Under Hy and Assumption 1, the higher order expression of the
conditioning statistic r(0y) of GMM-MLR(0y) (7) reads
r(0o) = 1o+ (11 +12) + 7273 + 0p(52), (26)

with

to=" NDx(0,Y) Va.;(60) " Dx(6s.Y)
2N v (00, Y)' Vy(00) " Vos (60) Voo (00) Dy (0o, Y)

12 = N2Dy (00, ) Vaor(00) " [Vaal0o) = Vao.r(00) | Vaos(096) D00, Y)  (27)

vy = N*fu (00, Y ) Vis(00) Vs (80) Vs (86) ™ |VaalB) — Vio. (o)

Voo.5(00) ™" Vaz (60) Vi (00) ™" fn (60, Y).

with Voo 1(00) = Vaq(00) = Vas(00)Vys(00) " Var(Bo)'s Vaa(0) = % 3., di(0)ds(0)

and

E [1‘0] = NJ(eo)/‘/:ggAf(eo)_lj(eo) +k

Efn] = 2(N —DE[fi(00)'Vi(00) =" (di(00) — Jo(00)) fi(00)'] Vao.r (00) " Jo(60)+
!

Iy

DNLE [£,(00)' V5 (60) " (ds(Bo) — Jo(00)) (6 ) Vi (80) 1 (Bo) — 6] +
25 160V (On)” (6000 Vi f(eo>—1<c)z3<( Jo(60))] — 231k
(

Elry] = 2(N —1)Jp(60) Vao.r(00) " E [(d; (90) Jo(0 ) Jo(60)) Vao.s (00)
(di(00) = Jo(0o))] — (K +3) + 5 (k* + 2k) E[(di(6o) — Jo(00))'
Vin.s(60)(di(60) — Jo(60))(e: (00) — Jo(00)) Vi, (60)~(d;(B0) — Jo(00))]

E [1'3] = 0O (1) ’
(28)
such that
O(E(r1)) = o(l)  when Assumption 2 holds.
O(E(ry)) = o(1)  when the third order moment of d;(0y) equals zero.
(29)

Proof. see Appendix B. m

The independence of the limiting distributions of r(6y) and the GMM-AR and
KLM statistics results from the independence of fy (6y,Y) and Dy (6o, Y) in large
samples. Theorem 2 shows that the independence of r(fy) and the GMM-AR and

KLM statistics is up to order % since the r; element of r(fy) is not independent of

fn(00,Y). When Assumption 2 holds, the independence of r(6y) and the GMM-AR,
and KLM statistics is up to including order % since r; is then of a lower order in
the sample size.

13



4 Bootstraping weak instrument robust statis-
tics

We construct one bootstrap algorithm to resample the GMM-AR and GMM-MLR
statistics and two bootstrap algorithms to resample the KLM statistic. One of
the bootstrap algorithms for the KLM statistic improves the approximation of its
finite sample distribution when both Assumptions 1 and 2 hold while the other
improves the approximation when just Assumption 1 holds.

Under Assumption 2, Theorem 2 shows that the independence between r(6y)
and the GMM-AR and KLM statistics is up to including the order % This allows us
to construct a bootstrap algorithm that resamples the GMM-MLR statistic given
(o). It improves the approximation of the conditional finite sample distribution of
the GMM-MLR statistic compared to using the conditional limiting distribution.

When Assumption 2 does not hold, the dependence between r(f) and the
GMM-AR and KLM statistics is of order % Unlike when Assumption 2 holds,
we then have to construct a formal Edgeworth approximation of the conditional
distribution of the GMM-MLR statistic given 7(6) to establish that the bootstrap
leads to higher order improvements. Since it is unclear how to construct such
an Edgeworth approximation, because of the non-standard conditional limiting
distribution of the GMM-MLR statistic, we refrain from constructing such an
Edgeworth approximation and an algorithm to bootstrap the GMM-MLR statistic
when just Assumption 1 holds. Assumption 2 is irrelevant for the GMM-AR
statistic so its bootstrap algorithm is straightforward.

The first bootstrap algorithm that we propose just resamples f;(6y),i =1,..., N,
with replacement.? It uses the resampled values of f;(6) for the bootstrapped mo-
ment vector f5(fo,Y’) and covariance matrix estimator V;;(6y) which are used to
construct GMM-AR*(6), KLM*(#) and GMM-MLR*(#). The resampled KLM* and
GMM-MLR* statistics are based on the realized sample values of ﬁN(HO, Y) and
r(6p). )

The second bootstrap algorithm resamples (f;(60)" ¢;(60)')', i =1,..., N, with
replacement. It uses the resampled values of (f;(fy)’ ¢:i(6p)’)’ for the bootstrapped
moment and derivative vectors f5 (6o, Y) and ¢5(6o,Y) and the bootstrapped co-
variance matrix estimators V;;(6p) and V() which are all used to construct
KLM**(0).

Theorem 1 shows that the limiting distribution of LM(#) depends on nuisance
parameters so we can not construct a bootstrap algorithm that resamples LM(#)
and that approximates the finite sample distribution of LM(6) for all values of
the nuisance parameters. We therefore do not construct a bootstrap algorithm for

2We resample f;(fy) instead of fi(fy) so the (empirical) moment condition holds for the

bootstrap population f;(6p), i =1,..., N, see e.g. Hall and Horowitz (1996).
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LM(0).
The bootstrap algorithms to approximate the finite sample distributions of the
GMM-AR, KLM and GMM-MLR statistics read:

Bootstrap Algorithm 1:

1. Compute Dy(6p,Y) and r(fy) and set bootstrap sample size B and number
of simulations S.

2. Form=1,...,5:
(a) Sample {f;(6b), j = 1,..., B} independently with replacement from
{fi(B), l=1,...,N}:
Pr [fj*(eo):ﬁ<90):| :%, lzl,,N (30)
(b) Compute:
Vi00)m = 5 2501 f5(00) f5 (60) = f5(00,Y) f5(00, Y,
from the bootstrap sample {f;(6o), j =1,..., B}.
(c) Compute:
GMM-AR"(60)m = B f5(bo, Y)invff(leo)?nlfé(em Y)m 1
KLM (00)m = B (00, Y )2 Vi (0)m I Vi, 00y} Dy(0or) I (0)n* /560 Y )m
GMM-MLR*(0p) = & [GMM-AR*(0p),m — r(00)+
\/(GMM—AR*(QO)m +1(6p))” — 4 [GMM-AR* (6, — KLM*(65),n.] r(@o))l
(32)

3. Construct the (conditional) bootstrap distributions of GMM-AR(6,), KLM(6y)
and GMM-MLR(fy) from the sample { GMM-AR*(6y),,, KLM*(6),, GMM-
MLR*(0o), m = 1,...,S}.

Bootstrap Algorithm 2:

1. Set bootstrap sample size B and number of simulations .S.

2. Form=1,...,5:
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ment from {(f;(00)" q(6o)),1=1,...,N}:

F500.Y ) = 5301 f£1(6o)

7300, )m = £ 311 4;(00)
Vi(0o)m = 5300 F1(00) F1(00) — (00, ) f5(00, Y ) (34)
Vi(Oo)m = % 35 @5(00)f5(00) — q5(00,Y ) f5(00. Y )1

Dy (00, Y )m = 500, Y ) = Vg5 (00)m Vs (00) £55(00, Y )i
from the bootstrap sample {(f;(0o)" ¢;(60)’)’, j =1,..., B}.
(¢) Compute:

KLM™(60)m = Bf#(00, V),V (00)m P _

1
fo(ao),,L%ﬁg(007y)mvff( 0)
fg (009 Y)m

(35)

3. Construct the bootstrap distribution of KLM(6) from the sample { KLM**(6y),,,

m=1,...,S}.

The bootstrap algorithms are such that E*(f5(00,Y)n) = 0, E*(Bf5(00, Y )m
f5(00,Y)5,) =E*(Vi(00)m) = Vir(0) and E*(Bqg (6o, Y )m f5(00, Y )7) =E* (V5 (6o)m)
= Aq #(0), where E* is the expectation operator with respect to the resampling dis-
tribution. The above algorithms just bootstrap sample means and covariances so
the bootstrap distributions converge to the large sample distributions.

Theorem 3. a. Under Hy, Assumption 1 and when B = N, the distribution
of [5(60,Y) that results from Bootstrap Algorithm 1 consistently estimates the
(normal) large sample distribution of fn(6o,Y).

b. Under Hy, Assumption 1 and when B = N, the distribution of (f;(00,Y)
q5(00,Y)") that results from Bootstrap Algorithm 2 consistently estimates the (nor-
mal) large sample distribution of (fn(6o,Y) qn(60,Y)’) .

Proof. The bootstrap distributions of g5 (6o, Y) and/or f};(6o,Y") that result
from Bootstrap algorithms 1 and 2 just bootstrap sample means whose bootstrap
distributions converge under Assumption 1 to their large sample (normal) distrib-
utions, see Horowitz (2001), Theorem 2.2, and Mammen (1992). m

Theorem 3 shows that the bootstrap distribution of f5(y, V) that results from
Bootstrap Algorithm 1 and that of (f5(0o,Y) ¢5(00,Y)") that results from Boot-
strap Algorithm 2 converge to normal distributions when B = N goes to infinity.
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Corollary 5. Under Hy, Assumption 1 and when B = N, the bootstrap distri-
butions of GMM-AR*(0y) and KLM**(0y) converge to the (conditional) limiting
distributions of GMM-AR(6y) and KLM (6,).

Proof. The result for GMM-AR*(6y) is a direct consequence of Theorem
3a. The covariance estimators V% (6); and V(o) that are used in Bootstrap
Algorithm 2 are consistent estimators of V,;(fy) and Vjs(6y). It therefore holds
that f3(00,Y); and D%(6y,Y); are independently distributed in large samples so
the bootstrap distribution of KLM**(6,) that results from Bootstrap Algorithm 2
converges to the limiting distribution of KLM(6y). m

Corollary 6. Under Hy, Assumptions 1, 2 and when B = N, the bootstrap dis-
tributions of KLM*(0y) and GMM-MLR*(0y) converge to the (conditional) limiting
distributions of KLM (0y) and GMM-MLR(6,).

Proof. Since Dy(fy,Y) is fixed in Bootstrap Algorithm 1 and Vii(0o) is a

consistent estimator of Vj;(6y), the bootstrap distributions KLM* () and GMM-
MLR*(6y) converge to the (conditional) limiting distributions of KLM(fy) and
GMM-MLR(0,). =

Corollaries 5 and 6 show the validity of the bootstraps proposed in Algorithms
1 and 2. In Moreira et. al. (2010), the validity of the bootstrap for the KLM
statistic in the linear instrumental variables regression model is shown. Assump-
tion 2 is satisfied for the linear instrumental variables regression model because
of the homoscedasticity of the disturbances. Hence bootstrap algorithms 1 and 2
are valid for the linear instrumental regression model. Moreira et. al. (2010) do,
however, not propose a bootstrap algorithm that resamples the moments under
the null hypothesis, like we do, but one that resamples the errors that result from
estimating the instrumental variables regression model. Their resampled errors
therefore depend on the involved estimator which precludes higher order efficiency
gains from the bootstrap. Because our resampled moments do not depend on an
estimator, the bootstrap algorithms that we use lead to higher order efficiency
gains.

Besides its validity, it is of interest to analyze if the bootstrap leads to a higher
order improvement of the approximation of the finite sample distribution of the
different statistics compared to the limiting distribution. We therefore construct
Edgeworth approximations of the distributions of the bootstrap statistics. These
Edgeworth approximations use the higher order expressions of the bootstrap sta-
tistics which are stated in Theorem 4.

Theorem 4. 1. Under Hg and Assumption 1, the higher order expression of the
bootstrap statistic GMM-AR*(6y) that results from Bootstrap Algorithm 1 reads:
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GMM-AR"(6y) = GMM-AR; + 5GMM-AR; + O,(3), (36)
where [5(60,Y) = % Zle [ (0o),
GMM-AR; = Bfj(00,Y ) Vi(00) 71 f5(00,Y)

GMM-AR; = —B2f5(60,Y) Vis(60) " [Vf}(%) - fo(eo)} Vis(00) ™ f5(60,Y)

(37)
and E(GMM-AR}) = k and

E*(GMM-AR}) = -5t {% S (R0 Trr (00 Fi00)) + K2 + 2k1} + k.

(38)
2. Under Hy and Assumptions 1 and 2, the higher order expression of the bootstrap
statistic KLM*(0y) that results from Bootstrap Algorithm 1 reads:

KLM*(6p) = KLM; + 5 KLM; + Oy(3), (39)
where

* * ¥ -1 ’ S
LM = B 00V P, 1o Va0 1500, Y)
. : - 1 ’ _1 [y :
KLAM1 = _132fB(907Y)/fo(0A0) 2Pvfé(eo)*%DN(QO,Y)fo(Ho) 2 Vf{(eo) - ‘{ff(eo)
Vir(0o) "2 P Vip(0o) 72 f5(00,Y) — 2B2 f55(00,Y) Vi (6) 2

Vs (00) ™2 Dy (60.Y)
PV”(%)_%DN“’O’Y)fo(eo)iil [fo(eo) - fo(QO)] Vir(00)2
Mfo(Oo)*%f)N(eo,y)fo(eo)_§fg(eg, Y)

(40)
and E* [KLM(;*HA?N(GO,Y)] =1,
jox [KLM;mN(@O,y)] -
o ) ) R
—w {% T (f"(eo)lvffwo)jPvff(eo)*%ﬁN(eo,mef(@o)’?fi(@o)) + (41)

% Zf\il (fi(Ho)lvff(eo)_%P“/ff(eo)—%DN(eovy)fo(00>_%fi(eo)

ﬁ(Qo)’fo(QO)_%MA (60)_’12f)N(90,Y)fo<90)_%ﬁ(00)> — 2(]6 + 1)} + %

Vis

3. Under Hy and Assumptions 1 and 2, the higher order expression of the boot-
strap statistic GMM-MLR*(6y) given r(6y) that results from Bootstrap Algorithm
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1 reads:
GMM-MLR*(0y) =
% {GMM—ARS —1(fy) + \/(GMM—AR(’S + r(90))2 —4[GMM-ARy — KLMg|r(6y))| +

1

L GMM-AR}—r(00) GM M-AR:+

1+ 5
V (GMM-ARg+1(60) )" —A[GMM-AR(60)~ K LM (60)]x(80))

1 (o) KLM' 4 O.(L).
B \/(GMM-ARS+r(00))274[GMM-AR(’;fKLMg]r(OO)) ! b(52)

(42)
4. Under Hg and Assumption 1, the higher order expression of the bootstrap
statistic KLM*™*(0q) that results from Bootstrap Algorithm 2 reads:

KLM*™ (o) = KLM; + L(KLM; + KLM;*) + Oy(3), (43)

where

- 1o, ~ _
KLM3* = —2B2f5(60,Y) Vis(00)~ MV 100D (00 Vi1 (60)2 V55 (00) Vip (60)

f5(00,Y) [EN(Hov Y)'Vy(60) " D (6o, Y)] D (00,Y)'Vy(00) ™  f5(00,Y)
(44)
and

x| T 4(B-1 3 _1 3 _1
E [KLMz |DN(907Y)} - _%VGC(MVH(QO)*%[)N(@(MY))l(vff<90) 2 ® Vyp(fo)72)

_ _ . . . . . . ~1
|+ L (il00)Fi00)'  di(00))] Vy(60) Doy (00, Y) | D (00, YV (60) " D (00, V)] —
Fvec(My ot b ooy (Vir(00) ™= @ Vis(00)72) [N >y (fi(B0) fi(B0) Vs (6 )

Ji00) Ji60)' @ d;(00)) | Vs (60) " Doy (60, Y) | Dav(60, Y Vs (60)~* D (00, ¥ }
Proof. see Appendix B. The results for the GMM-MLR statistic follow from
Theorem 1 and Theorems 4.1 and 4.2. m

The higher order expressions of the bootstrap statistics in Theorem 4 are iden-
tical to those of the orginal statistics in Theorem 1. They are also such that the
expectations of the higher order elements converge to the same limits when B
equals N and N goes to infinity. This holds since

Dn(80,Y) = Dn(00,Y) = Vos(60)Vy;(80) ™ fv (6. Y) + Op(3), (46)

which is stated in Lemma 2 in Appendix A, and V() converges to zero at
rate LN such that Dy (0o,Y) and Dy(6p,Y") have the same convergence behavior.
It suggests that usage of the bootstrap distributions leads to a higher order of
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precision in terms of the order of the approximation error of the finite sample
distribution compared to the limiting distribution. To verify this statement we
construct the Edgeworth approximations of the finite sample distributions of the
original statistics and of their bootstrapped counterparts.

5 Edgeworth Approximations

Bhattacharya and Ghosh (1978) provide regularity conditions for Edgeworth ap-
proximations of finite sample distributions of Wald statistics. Since these Edge-
worth approximations are based on higher order expansions that result from Taylor
approximations, the regularity conditions request that the expected values of the
derivatives are non-zero, i.e. E(Dy(00,Y)) = Jp(6y) # 0. The Edgeworth approxi-
mation that results from Bhattacharya and Ghosh (1978) does therefore not allow
for weak instruments. Our Edgeworth approximations allow for a zero value of
the Jacobian, Jy(6y), since they are not marginal with respect to Dy (6o,Y’) but
condition on it. We can construct such Edgeworth approximations because the
large sample distributions of the weak instrument robust GMM-AR and KLM
statistics remain the same irrespective of whether we construct them marginal or
conditional with respect to Dy(6o,Y"). The (conditional) large sample distribution
of the GMM-MLR statistic depends on Dy (6o, Y") so we use a different argument
to show the higher order improvements that result from the bootstrap for it.

The Edgeworth approximations are obtained from the characteristic function
associated with the (conditional) limiting distribution of (fx (6o, Y), Vi#(60), Vas(60)).
For this characteristic function to exist, Crameér’s condition has to hold with re-
spect to the limiting distribution of fy(6o,Y).

Assumption 3. Cramér condition: for a k-dimensional vector t € R¥, it holds
that

lims| o0 sup |E [exp(it'y]| < 1, (47)
where

VN fx(60,Y) — (48)

We construct the Edgeworth expansions of the GMM-AR and KLM-statistics
and of their bootstrapped counterparts. The Edgeworth expansions are stated in
Theorem 5.

Theorem 5. A. Under Hy and Assumptions 1 and 3, the Edgeworth approx-
imations of the (conditional) finite sample distributions of GMM-AR(0,) and
KLM(6y) read:
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1. For GMM-AR(0,) :

Pr[GMM-AR (0y) < 2] = Pryegy(a) — LEEAR) 4, 20 (2) + O(N72)
— Proeg (x_ walﬂ) +O(N-2),
(49)
where Pr,z2p)(x) and py2(x) are the distribution and density function of a x*(k)
distributed random variable evaluated at x and E(GM M-AR;) is defined in The-
orem 1.
2. For KLM(0y) :

Pr[KLM (6p) < 2|Dn(6o,Y")]
=Prea)(z) + %+ (az + (b+ )V27z) pyoy(2) + o(N7) (50)
=Proqy (2 + % (az + (b+ c)V27z)) + o(N7Y),

where o(N~') indicates that the remaining terms are of a lower order than N1,
N-1 / _1 1 2 1

a= "5 B (fz‘(@o) Vir(00)72 P, 00 oy V11 (0) 2fi(90)> —dr -5
b= % E fi(QO),fo(e(])iEPfo(QO)*%DN(me)fo(90)7§f’i(90>

FiB0) Vis(B0) M,y Vis(B0) E£:00)] b = (k= 1)

(51)

and ¢ =E(KLM,|Dy(00,Y)) which is defined in (19).
3. Under Hy and Assumptions 1, 2 and 3, the Edgeworth approximation of the
conditional finite sample distributions of KLM(0y) reads:

Pr[KLM (6y) < z|Dy(60,Y)] = Pryeqy(z) + + (az 4 bv27z) p,, (:L‘) +o(N71)
= Pr2( (:B + % (aa: + b\/ﬁ)) ( -1,
(52)
B. Under Hy, the Edgeworth approzimations of the finite sample distributions
of bootstrapped GMM-AR(0y) and KLM(60y) : GMM-AR*(0y), KLM*(0y) and
KLM**(0y) read:
1. When Assumptions 1 and 8 hold for GMM-AR*(0y) :

Pr[GMM-AR* (6p) < 2] = Pryeg (a; — LECGMIEARD) , ) +0(B7?),  (53)

where E(GM M-ARY) is defined in Theorem 2.
2. When Assumption 1 and 3 hold for KLM**(6,) :

Pr [KLM** (6) < | Dy (6o, Y)]
= Pry2()(z) + 5 a:v+\/27r(b*+0)x% p2(1)( )+0(B Y) (54)
:PI‘ ()<$+§ a:l?—i—\/27rb*+c %>
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N r ¥ _1 ~ _1 = 2
le D im1 [ i(00)Vis(0o) 2Pvff(go)*%DN(HO,Y)fo(eo) 2 1(90>] - 4} -
1 ? -1 3 _1

N [li(Qo)'fo(Qo) By, oy f,Nl(eg,Y)fo(Ho) 2 fi(6o)

00) Vi 00) 5My, 0y o0 Vin(00) 3 fill)| = (k= 1)}

Vi
and c* :E[KLMQ*UA)N(HO,Y)} from (45).
3. When Assumptions 1, 2 and 3 hold for KLM*(0y) :

Pr [KLM* (60) < 2| D (6o, Y)]

=Proq (2) + 5 (a*z + b*V212) py2y () + o(B™Y) (56)
=Preq (z+ 5 (a2 + b*V2mz)) 4+ o(B™Y),

where a* and b* are defined in (55).
Proof. see Appendix B. m

Since E(GM M-ARY) converges to E(GM M-AR;) and a*, b* and ¢* converge to
a, b and ¢ when B equals N and N goes to infinity, the Edgeworth approximations
of the bootstrapped statistics converge to those of the orginal statistics when
B equals N. Thus usage of bootstrapped critical values leads to a higher order
efficiency gain, see e.g. Horowitz (2001).

Corollary 7. Under Hy, Assumptions 1, 3 and when B equals N, the bootstrap
critical values of GMM-AR*(6y) and KLM** (o) remove the approzimation error
of the (conditional) finite sample distribution of GMM-AR(0) and KLM(0) up
to/including the order +.

Under Hqy, Assumptions 1-3 and when B equals N, the bootstrap critical values
of KLM*(60y) remove the approximation error of the (conditional) finite sample
distribution of KLM(0) up to/including the order .

Corollary 7 shows that the bootstrap provides higher order efficiency gains even
in cases when the parameter of interest is not identified. Corollary 7 therefore
extends the previously known results for the bootstrap which only apply to well
identified cases.

Theorem 5 only states results for the GMM-AR and KLM statistics and not for
the GMM-MLR statistic. Given r(#), the GMM-MLR statistic is only a function
of the GMM-AR and KLM statistics. The GMM-AR and KLM statistic are not
asymptotically independent but the GMM-MLR statistic can as well be specified
as a function of

JKLM(f,) = GMM-AR(6,) — KLM(6,), (57)
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GMM-MLR(6p) = 1 [KLM(6p) + JKLM(d,) — r(6o)+ ,
\/ (KLM(6o) + JKLM(6,) + r(6))* — 4JKLM(90)r(90))] .

(58)
Under Hy and Assumption 1, the JKLM statistic converges to a x*(k—1) distributed
random variable which is independent of the x?(1) random variable where the KLM
statistic converges to, see Kleibergen (2005,2007). The JKLM statistic can easily
be incorporated in the bootstrap algorithm in Section 4 which using Theorem 5
can then also be shown to lead to a higher order efficiency gain for approximating
the conditional finite sample distribution of JKLM(fy). Theorem 2 shows that
when Assumption 2 holds that the independence between (KLM(6), JKLM(#))
and r(0) is up to including the order % The bootstrapped critical values of GMM-
MLR(#) that result from bootstrapping KLM(6) and JKLM(6) therefore also lead
to a higher order efficiency gain for the GMM-MLR statistic since this statistic is
just a function of KLM(6) and JKLM(0), as r(0) is fixed, and the bootstrap leads
to a higher order efficiency gain for both of these statistics.

Corollary 8. Under Hy, Assumptions 1-8 and when B equals N, the bootstrap
critical values of GMM-MLR*(0y) remove the approzimation error of the condi-
tional finite sample distribution of GMM-MLR(0y) given r(0y) up to/including the

1
order V-

We did not pursue constructing an Edgeworth approximation of the condi-
tional finite sample distribution of GMM-MLR(f) given r(f) since the analytical
expression of the conditional characteristic function of GMM-MLR/(6) given r(0)
is unknown. We can therefore not proof the higher order gains from the boot-
strap using the Edgeworth approximation for GMM-MLR(6). We therefore verify
the higher order improvement from usage of bootstrap critical values for GMM-
MLR/(#) using the argument that the bootstrap leads to a higher order improve-
ment for (KLM(#), JKLM(6)) and GMM-MLR(#) is, given r(f), just a function of
these two statistics.

Besides using the bootstrap to achieve higher order improvements for approx-
imating the (conditional) finite sample distributions of the GMM-AR and KLM
statistics, the Edgeworth approximations from Theorem 3 can be used for this
purpose as well. It is interesting to note that the Edgeworth corrections of the
critical values for the GMM-AR and KLM statistics are almost identical when the
fi(0)’s are normally distributed. In that case, E(GM M-AR;) = k and a = —1 and
b = 0 so the corrections of the critical value z is (1 + ) for both the GMM-AR
and the KLM statistic. We note though that x results from a x*(k) distribution
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for the GMM-AR statistic while it results from a x?(1) distribution for the KLM
statistic.

6 Power and size comparison for Panel AR(1)

We illustrate the size improvements from using bootstrap or Edgeworth-corrected
critical values for a panel autoregressive model of order one: panel AR(1). An
elaborate literature on panel autoregressive models exists, see e.g. Anderson and
Hsiao (1981), Arellano and Bond (1991) and Arellano and Honoré (2001). For
individual 7 at time ¢, the panel AR(1) model reads

yt,i:cz-—l—Hyt,l’i—l—st,i tzl,...,T,izl,...,N. (59)

A sufficient condition for Assumption 1 to hold is that the disturbances ¢;; are
independently distributed with mean zero and finite eighth order moments. We
take first differences to remove the individual specific fixed effects ¢;, 1 =1,..., N:

Ayt,izeAytfl,i_'_Agt,i t:27...,T, izl,...,N, (60)

with Ay, = y; — Y1, Estimation of the parameter 6 in (60) by means of least
squares leads to a biased estimator in samples with a finite value of T', see e.g.
Nickel (1981). We therefore estimate it using GMM. We specify the moment
equation (1) for the panel AR(1) using all two period and more lagged level values
of y;; as instruments, see Arellano and Bond (1991). The specification of the
moment vector f;(0) then reads

fi(0) = Xipi(0) : 3(T —1)(T —2) x 1 i=1,...,N, (61)

with ©;(0) = (Ays; — 0Aya; ... Ayr; — 0Ayr_1;) and

vi; 0...0 0
0 0
X; = Y1 5(T—1)(T —2) x (T —2). (62)
0 0...0 :
Yr—2,i

We use the Eicker-White covariance matrix estimator (4) with ¢;(6) = & f;(6) =
XiAyfl,i for Ayfl’l' = (Aygyi c. Anyl,i)/- Because

(fi(9)) _ (Xi(Ayi—9Ay71,i))
4:(9) XiAy_1,
= [(é 7)® f%(T—l)(T—m} (i)
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0o N GMM-AR KLM GMM-MLR | LM
A * E A * | kk E A * A
50 122611208 |15.1|24|24|149 18.8 1.2 18.0
0.5 |100|11.3|2.6|10.6| 80 |3.8(36]| 7.9 9.2 3.4 1105
250 | 86 | 6.1 | 85 | 6.3 | 5149 6.3 6.8 4.7 6.1
50 122912215 |16.1 2121|156 | 21.5 1.0 | 20.5
0.7 1100 | 11.3|3.0|11.0| 7.7 |3.7|3.7| 7.6 9.8 3.5 | 11.3
250 | 89 | 56| 89 | 6.1 |56 |5.7| 6.0 6.7 5.5 6.5
50 1228 11.01]21.6|153 (18|24 |150]| 26.0 1.1 37.0
09 [100|11.332|106| 9.6 |45 |3.7] 9.3 13.9 2.4 | 24.6
250 | 86 | 65| 86 | 6.7 49|62 6.7 9.6 7.3 | 134
50 | 22.2]1.0(21.3|146|1.6|2.1|143| 253 1.0 |44.1
0.95|100 | 11.0 | 3.5 | 10.8 | 10.5 | 4.3 | 5.5 | 10.2 | 15.2 3.5 |34.0
250 | 85 | 59| 85 | 71 |55162] 7.1 10.7 6.3 | 24.2

Table 1: Size of the different statistics in percentages that test Hy : 8 = 6y at
the 95% significance level. A: asymptotic critical values, * bootstrapped critical
values, 2 Edgeworth-corrected critical values, ** bootstrap critical values where
also the ¢;(6)’s are resampled.

with Ay; = (Ays, ... Ayr,)’, and X; (62) consists of lagged values of y;,

o T(0) V(o)
V(”(é;(e) V:f;<0>> (64

XiAy;
XiAy—1,:
obtain [V, (8)— V,;(8)V;;(8)'V;,()] 7", that is involved in r(f) and thus in GMM-
MLR(#), from a generalized inverse of V().

The derivative of the moments, ¢;(6) = X;Ay_1,, is a white noise series when
6 = 1. The parameter 6 is therefore not identified in the moment equations when it
is equal to one. Weakly identified values of # occur when 6 is close to one relative
to the sample size, i.e. when % is small. This implies that the LM(6y) statistic
from Definition 1 becomes size distorted when 6, is close to one relative to the
sample size.

is singular since some of the elements of ( ) are identical. We therefore

Size results We compute the size of the GMM-AR, KLM and GMM-MLR statis-
tics using asymptotic, bootstrapped and Edgeworth-corrected 95% critical values
in a simulation experiment that uses the previously discussed panel AR(1) model.
To illustrate the sensitivity of the size of the LM(0) statistic to the value of 6, we
also compute the size of LM(#) using its asymptotic critical value.

25



The panel AR(1) model has independent disturbances which are generated
from a standard normal distribution so Assumption 1 is satisfied. We use the
standard normal distribution since it leads to a straightforward expression for
the Edgeworth corrected critical values. The individual specific constants ¢; are
specified as ¢; = (1—60)p,; where the p,’s are independent realizations from a N (0, 2)
distribution. The initial observations y; are simulated such that yo; = p; + €9,
where the €y ;’s are independent realizations of standard normal random variables.
The number of simulated datasets equals one thousand.

We compute the bootstrap critical values that result from GMM-AR*(6), KLM*(0)
and KLM**(0) using one hundred simulations of bootstrap datasets of N observa-
tions. The bootstrap datasets are obtained using the algorithms in Section 4.

The Edgeworth-corrected critical values are computed using the Edgeworth
approximations from Theorem 5. Because the disturbances are standard normal,
E(GMM-AR,) = k, a = —1, b = 0 and ¢ = 0. Hence the Edgeworth corrected
critical values are (14-+) times the asymptotic critical values for both GMM-AR(6)
and KLM(6).

Table 1 shows the observed size of the statistics when we test at the 95%
significance level in a simulation experiment that uses four different values of 6 :
0.5, 0.7, 0.9 and 0.95 and three different values of N : 50, 100, 250. The number
of time series observations, 7T, is equal to 6 for all cases.

The observed sizes reported in Table 1 show that usage of the critical values
that stem from the asymptotic distributions leads to large size distortions in small
samples. Both the Edgeworth correction and the bootstrap decrease these size
distortions in all cases. The reduction of the size distortion that results from the
bootstraps is, however, much larger than the one that results from the Edgeworth
expansion. The reductions result from the higher order improvements that result
from using the bootstrap or the Edgeworth corrections of the critical values.

The observed size of KLM(#) reported in Table 1 that results from using critical
values that stem from the bootstrap that resamples the ¢;(6)’s (xx), Algorithm 2,
is almost identical to the size that results from using the critical values from the
bootstrap which uses Dy (6,Y) (%), Algorithm 1. This holds since resampling g;(6)
only effects size distortions which are of order (Nv/N)~' while resampling f;(6)
effects size distortions which are of order N~1'. The resampling of the ¢;(0)’s is
therefore of lesser importance and does not lead to any further size improvements.
Thus the size distortions that result from the estimation of the covariance matrix,
which is a 10x10 matrix in the simulation experiment, exceed those that result
from Dy (6,Y).

The size distortions of GMM-MLR(#) can exceed those of GMM-AR(f) and
KLM(#) when we use the critical values that stem from its conditional limit-
ing distribution. The bootstrap reduces these size distortions which, however,
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remain larger than those for KLM(f) and sometimes also larger than those for
GMM-AR(#). This results since for smaller values of #,, GMM-MLR(0) is close to
KLM(#), while it is close to GMM-AR(6) for values of 0 close to one. The size
distortions for KLM(#) are in general the smallest both when using asymptotic
and bootstrap critical values.

The size distortions of LM() show the sensitivity of its distribution to the
value of 6y. Table 1 clearly shows that the size distortions increase when 6, gets
closer to one. An increase of the sample size for the same value of #y decreases the
size distortion of LM(#). The same results can be shown for other statistics whose
distributions are sensitive to the value of ,, like, for example, the Wald t-statistic.
For reasons of brevity, we refrain from showing these results.

Insert Panel 1 around here.
Insert Panel 2 around here.

Insert Panel 3 around here.

Power comparison To further analyse the performance of the different statis-
tics, we compare the power of the different statistics for the three different values
of N : 50, 100 and 250, and three of the four different values of 6, : 0.5, 0.9 and
0.95, that were used in Table 1. Panels 1-3 in the Figures section show these power
curves. All Panels use a value of T equal to 6 while N = 50 in Panel 1, N = 100
in Panel 2 and N = 250 in Panel 3.

All power curves in Panel 1 reveal the large size distortions of the different sta-
tistics when we use the asymptotic critical values. Usage of Edgeworth-corrected
critical values shifs the power curve downwards but, as already shown in Table 1,
not enough to completely remove the size distortions. Usage of bootstrap critical
values makes the statistics too conservative but the size distortion is much smaller
than when using the Edgeworth-corrected critical values. The power curves show
that the statistics have power when using the bootstrap critical values.

The power curves of the KLM statistic in Panel 1 when using the bootstrap with
or without resampled ¢;(#)’s are almost indistinguisable. This is in line with Table
1 and shows that there is no need to resample ¢;(#) in our simulation experiment
since Assumption 2 is satisfied.

When 6 = 1, the moment conditions do not identify # and the power and size
of the different statistics should coincide. This explains the peculiar shape of the
power curves in Panel 1. It is interesting to see that the size distortions at 6§ = 6
are the same as at § = 1 of all statistics except LM(#) which is the only statistic
whose distribution depends on the value of 6.
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Panel 1 shows that the size distortions of all statistics except LM(0) just depend
on N and not on #,. For LM(6), Figures 1.7-1.9 nicely show the increase of the
size distortion when we increase 6.

In Panel 2, all size distortions have decreased compared to Panel 1. Besides
that most general findings from Panel 1 appear in Panel 2 as well: bootstrap
power curves lie below the power curves that result from using the asymptotic
critical value, resampling ¢;(#) for the bootstrapped power curve of KLM(#) does
not change it, power and size coincide and 6 = 6y and 6 = 1 except for LM(#),
size distortions of all statistics except LM(6) do not depend on 6.

Panel 3 shows that the power curves that result from using a different critical
value become almost indistinguishable when N = 250. Usage of bootstrap critical
values still leads to a smaller size distortion but the size distortion from using the
asymptotic critical value is now rather small as well. It is interesting to see that
the size distortion of LM(#) is now small for 6y = 0.5 but is still very large for
6y = 0.95 which shows the sensitivity of the distribution of LM(6) to the value of
90.

7 Extensions

Multiple parameters and subsets Sofar we have just been concerned with
testing a parameter vector that consists of only one element. This has been done
for expository purposes and the results extend to a vector of multiple parameters
as well. This holds true since one of the main results of the paper that the N=! ap-
proximation errors just result from the covariance matrix estimator extend towards
a multiple parameter setting when Assumption 1b is extended appropriately. We
refrain from showing this result since it involves a lot of additional notation as we
have to use vectorization results for matrices.

The extension to tests on subsets of the parameters is less straightforward
because the limiting distributions of the statistics only extend appropriately when
the partialled out parameters are well identified, see Kleibergen (2005). Recently,
Kleibergen and Mavroeidis (2010) have, however, shown for the linear instrumental
variables regression model that the limiting distributions that result under strong
identification assumptions on the partialled out parameters bound the limiting
distributions in all other cases. This suggest that the bootstrap might improve on
the approximation that results from the bounding limiting distribution.

Dependent observations If the moment equations are dependent, the Eicker-
White covariance matrix estimator (4) is not consistent so our results do not apply
to that case. It would therefore be of interest to analyze how to extend our results
to dependent data.
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8 Conclusions

We show that usage of Edgeworth-corrected critical values or bootstrapped criti-
cal values leads to a higher order improvement of the approximation of the finite
sample distribution of weak instrument robust GMM statistics compared to usage
of critical values that stem from their limiting distributions. These improvements
remain to hold when the instruments are weak. This extends previous work on
the Edgeworth approximation and bootstrap which does not allow for weak instru-
ments. When the moments are homoscedastic, we show that it suffices to resample
just the moments under the hypothesis of interest since the covariance matrix esti-
mator is then the sole contributor to the approximation error of the highest order.
It is then not necssary to resample anything but the sample moments.
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Figures

Panel 1: Power curves for T'= 6, N = 50.

Fig. 1.1-1.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.

Fig 1.1: 6 = 0.5 Fig. 1.2: 6y = 0.9 Fig. 1.3: 6, = 0.95

Fig. 1.4-1.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled ¢;(6) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.

Fig 1.4: = 0.5 Fig. 1.5: 0y = 0.9 Fig. 1.6: 6, = 0.95
Fig. 1.7-1.9: Power of GMM-MLR when using conditional asymptotic
(solid) and bootstrapped (dashed) critical values and LM (dashed-dotted).

Fig 1.7: 6 =0.5 Fig. 1.8: 6, =0.9 Fig. 1.9: 6, = 0.95
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Panel 2: Power curves for T'= 6, N = 100.

Fig. 2.1-2.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.

Fig 2.1: 0, = 0.5 Fig. 2.2: 0y = 0.9 Fig. 2.3: 0, = 0.95
Fig. 2.4-2.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled ¢;(6) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.

3

Fig 2.4: = 0.5 Fig. 2.5: 0y = 0.9 Fig. 2.6: 0y = 0.95
Fig. 2.7-2.9: Power of GMM-MLR when using conditional asymptotic (solid)
and bootstrapped (dashed) critical values and LM (dashed-dotted).

Fig 2.7: 6, =0.5 Fig. 2.8: 6, =0.9 Fig. 2.9: 6, = 0.95
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Panel 3: Power curves for T'= 6, N = 250.

Fig. 3.1-3.3: Power of GMM-AR when using asymptotic (solid), bootstrapped
(dashed) and Edgeworth-corrected (dashed-dotted) critical values.
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Fig 3.1: 0, = 0.5 Fig. 3.2: 6, =0.9 Fig. 3.3: 6, =0.95

Fig. 3.4-3.6: Power of KLM when using asymptotic (solid), bootstrapped (dashed),
with resampled ¢;(6) (dotted) and Edgeworth-corrected (dashed-dotted) critical values.

N
osF 03 o} N
A
)
o8- 0 0.5} 3\
D
N
L )
07 07} \
z 7 3
§ o H 3
£oq £oq \
g g A
H Y A\
< o5 < 03 \
3 3 \
g R\
ot g o4 I\
5\
2
03F 03 03 B
)
N
02f 02 0.2} 3
D
N
oaf 04 04 pS
b2 03 04 05 05 07 08 09 1 b2 03 04 05 05 07 08 09 1 02 03 04 05 05 07 08 09 1

Fig 3.4: 0 = 0.5 Fig. 3.5: 6 = 0.9 Fig. 3.6: 6 = 0.95

Fig. 3.7-3.9: Power of GMM-MLR when using conditional asymptotic (solid) and
bootstrapped (dashed) critical values and LM (dashed-dotted).
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Appendix

A. Lemma 1. When Assumption 1 holds, the higher order decomposition of
Vip(0)~! reads

Vip(0)™ = Vpp(0)™t = Vp(6) 7 <fo(9) - fo(9)> Vir(0)~'+
Vie(0)~ (fo(g) - fo(9)> Vip(0)~! <fo(9) - fo(@) Vip(0)~" 4+ 0p(N71)
with 0 equal to its true value.

Proof. To obtain the higher order specification of Vf £(0)71, we specify it as

Vip(0)7! = [fo(9) + (fo(e) - fo(e))} B
= Viy(0)7 [Ik + Vis(6) 72 (fo(9) - fo(9)> fo(9)_%] B Vip(0)2
= Vi)™ = Vpp(0)~ (fo(9) - fo(9)) Vip(0)™ + Vi(0)~
(fo(e) - fo(9)> Vi)~ (fo(e) - fo(9)> Vir(0)7! +0p(N7H),

where the 0,(N ') order of the remainder term results from the v/ N convergence
rate of the Eicker-White covariance matrix estimator. m

Lemma 2. When Assumption 1 holds, the higher order specification of \/NbN(H, Y)
reads:

VNDx(8,Y) = VND(0.Y) = Vs (6)Vys(60) " (VNS (6.Y)) +
Vo (0)Vys(60) ! (fo(9) = fo(9)> Vip(0)~ (\/NfN(Q»Y)> +0p(N71),

where Voy () = Vo (0)=Var(O)Vir(0) " Vi(60) = § 0L, dil0) fi(8) =D (6. Y) fu (6, Y,
Voy(0) ~ 0, V'NVp(0) = O,(1) and 0 is the true value of 6.

Proof. To obtain the higher order specification, we specify D N(0,Y) as
\/_DN(9 Y) = VNgn(0,Y) = VNV (0)Vi(0) 1 fx(0,Y)
= VNDx(0.Y) = [Vos(0) = Vo O)Vi 0 Vi50)| Vip(0) 7 (VNS (6,7))
= VNDN(0,Y) = |Vop(8) = Vo (O)Vi(0) 7 Vi (0) | [Vis(6) 7' =
Vip(0)~ 1< 7(0) — ( )) Vip(0)™ + Vip(0) 7 (fo(9) fo( ))
Vip(0)~ (‘7 (0) — )fo(9) } (\/fov 97Y)) + 0p(
— VNDy(0,Y) - V vff (6o) 1( N f (0 )
Vor(0)Vy7(60) ( — Vi (0 ) Vi(0)~ (\/_fzv(9 Y)) +0p(3)s
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where we used Lemma, 1 for the fourth equation and note that v/ NDy(6,Y) is at
least O,(1). The order of the remainder terms results from the v/N convergence
rate of the Eicker-White covariance matrix estimators Vp;(0) and Vs (0). =

Lemma 3. WhenAAssumptgon 1 holds, the higher order specification of the score
vector sy(0,Y) = Dn(0,Y)'Vi;(00) ' fn(6,Y) reads

Nsn(0,Y) = sg+ \/Lﬁsl + 52+ 0,(N71),
with
so= [VADxO.)] Vis(0) (VEx(0,))
VNs; = — [\/NDN(&Y)}/VH(@)’I (fo(e) - fo(Q)) Vip(0)™ (\/NfN(H,Y)) -
(VN0.Y)) Vis00) Vas @) Vi) (VI fu(0.7))
Ns; = [\/Nl9zv(97Y)},fo(@)’1 (fo( ) — fo(Q)) Vip(0)~ (fo(9) — fo(e))
Vis0) " (VESx(0,9)) + (VR (0,)) Vig(00) Vas (0 Vi (6)
(fo(Q) - fo(9)> V()™ (\/_fN (0.Y)) + (\/_fN (6,Y) )
Vip(0)~ (fo(e) —fo(9)> Vi (0)~ Vo (0) Vis(0) (\/_fN(9 Y))

6 the true value of 6 and so, s; and sy are all at most O,(1).
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Proof. Using Lemmas 1 and 2, the decomposition of the score vector reads

= (VNDN(O.Y)) Vis(00) (W Ix(6,))

=~ Var(O)Vis(00) ™ (VN (6,Y)) + Vg (6)Vis (0)
o)~ (\/NfN(Q, Y))]/ [Vis(0)™" = Vi (0)~
0)~ + Vip(0)~ (fo(9) - fo(G)) Vip(0)~

) = VipO) 7 (Vir(0) = Vi (0)) Vi (0) 4
fo(é’)’l (fo( ) — fo(9)> Vip(0)~ (fo(Q) - fo(9)> Vip ()~ 1] (\/_fzv 6, ) -
) Vir(00) " Var(0) |Vis(0) ™ = Vis(0) ! (fo(g) Vi )fo *]
(\/_fN(9 Y ) (\/_fN(9 Y)) Vip(0)~ (fo(é’) - fo(9)> Vip(0)~
g0/ Vig(0)™! (VNN (0.Y)) +0p(N )
- [\/NDN(G,Y)] [fo(9) = Vi(6)~ 1gif(Q)fo@)) Vip(0) ™'+
Vip(0)~ <fo(9) fo(9)> fo(9)’1] \/wa(97Y)> -
VN [ (0. Vi (0) Was(0)Vyr(0) ™ (VNS (0.)) +
(\/NfN(eaY))/fowO)_l%f(Q)lvff(‘g <fo — V(6 >fo(9
(\/WfN(QY)) + (\/WfN(Q,Y)>/fo(9 (fo = Vis(0) ) Vis (0
Var(0) Vi (0) ™ (VNS (8,Y)) + 0p(N ),

where the order of the remainder term results from the convergence speed of the
covariance matrix estimator. m

Lemma 4. When Assumption 1 holds, the higher order specification of
fal A A _1
[NDN(G, Y)' Vi (0) 1Dy (0, Y)] reads:

-1

(Nf)N(e, Y)'V;£(6)" Dy (6, Y)) = Do+ Dy + 1Dy + 0,(N7Y),
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with

VND,

N D,

N(8,Y)Vip(0)' Dy (6.Y)) "

— (ND
= (NDx(8,Y)'Vy;(6) "' Dn(6,Y))”

2 (VAL(6.1)) Vis(60) Vag 6V 0)* (VED(6.7)) +

(VED(0.1)) V30 (Vis0) = V3s(0)) Vis0)* (VED(6.7)

) —
(NDy(0,Y)Vy(0) ' Dn(0,Y)) ™"
— (NDx(0,Y)'Vy(0) " Dy (6,Y))™"

(V500,00 ¥ag 0) Vi (0 00V 00) (VR 16, 1) +
(f (o ¥)) Vi @) (V30(6) = Vis(0) Vis0) ™ (Vi(6) = Vi (6))
Vis0) (VA DN (8.Y)) +2 (VR £x(0.Y)) Vis(00)~Vas (6 Vir(6)

(vff< )= Vis(®) Vi)~ (VNDx(6,Y)) +2 (VN (6.Y)) Vis(B0)
<fo = Vi (0 >fo (B0) Vs (0) Vys(0) ™! (\/_DN(9>Y)) +4<\/NfN(9,Y)>/
V(0o (fo(9) Vir(0 )) Vi1 (00) " Vag (0) Vi (0) ! (\/NDN(va))
(NDx(0,YYVis(0) " Dy(0,Y)) " (VN D (8,Y)) Vis(60)

(fo(9) fo9>Vf (60) " Vos (0)Vs(6) \/_fN(eay))+

(\/WDN(Q Y)) Vip(0)~ (fo(9) — fo(9)) Vip(0)~ (\/NDN@Y))
(NDx(0, Yy Vis(6) " D(0,Y)) ™ (VEDw(8,Y)) Vis(0) ™ (Vis(6) = Vi (6))
Vis () (VNDN(0,Y)) | (NDx(6,Y)'Vy(6) Du(6,Y)) ™

)
(

6 the true value of 0 and Dy, Dy and Dy are all at most Op(1).

Proof. In order to construct the higher order expression of [D N (0, Y)YV (0) "Dy (8, Y)}

-1
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we first use Lemmas 1 and 2 to construct that of Dy (6, Y)V;(6) "' Dn(6,Y) :

NDN(0,Y) V() Dy(6,Y)

_ (\/NﬁN(e,Y))'fo(e)—l (VNDx(0,7))

= [VNDx(0,Y) = Vs (O)Vys(00)* (VN (6,Y)) + Vas (0)Vys(60) !
(V3(0) = Vis0)) Vis(0) (VE£x0.1)] [VesrO) = Vs (@) (V350) ~ V31(6))
Vip(0)~ + Vi (0)~ (fo(e) - fo(9)> Vip(0)~ (fo(Q) - fo(@) fo(9)’1]
[VNDN(0,Y) = Var(O)Vis(00) ™ (VN[ (6,Y)) + Vor(6)Vis (0)
<fo — Vis(0) ) Vip(0)~ (\/_fN(9 Y))] +0p(N7)

— (VNDy(, ) Vis(0) = Vg 0) (fo(e) Vig(0)) Vg (0)™ + Vig ()~
(V10) = Vi 0)) V30)7 (V35(0) = Vir(®) Vis 0 > (VEDx(0,Y)) -
2 (VNfw(0.Y)) Vip(8) Var(0) [fo Vi (0) ™ (Ves0) — Vig 0)) Vis 0) ]
(\/_DN (0,Y ) +2 (\/_fN 0,Y) > Vis(0o)™ (fo fo(9)> Vig(00) Vs (0)'
Vi (0 (VNDu(0,Y)) +
(VN F5(6.)) Vis(Oo) Vag 0) Vi 00) oy @)V 00) " (VN F5(6,) + 0p(N)

= (\/_DN (0 Y) Vs (0)7F = Vig(0) ™ (Vi (0) = Vig (0)) Vig (0) '+
Vip(0)~ (fo(9 Vi (9)> Vig(0)™ (fo(9) fo(Q)) Vip(0)~ ] (\/NDN(&Y)) -
2 (VN (0 Y)) £(60) Vo (0) Vi (6) "t (VNDn(0,Y)) +
<\/_fN(9 Y) Vi (00) 7 Var(0) Vis(60) Vs (6) Vi (60) (\/_fN(97Y)>+
2 (\/_fN (6,Y) ) Vi (B0) ™ Vas(6) Vs (6) ™ (fo(9) - fo(9)) Vip(0)~
(\/_DN(9 Y)) +2 (\/_fN(9 Y)) Vip(0o)™ (fo(9) - fo(Q)) Vip(0o)™
Vaor(0)'Vis(8)* (VN DN (0,Y)) + 0p(N )
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(N Dy (8.Y)Vis(0) Dy (0.7)) B
— (NDu(0,Y) Vi) Dx(8,Y))" + (NDy(0,Y Y Vs (8) *D(6,Y)) "
{2 (VI £3(68.Y)) Vi(00) Vs (0 Vis(6) (VI Dx(6,Y)) +

<\/NDN(9,Y)>IVH( )~ (fo(g) Vis(0 )) Vir(0)~ <\/_DN (0,Y) )]
(NDx(0,Y)Vys(6) D (6,Y)) ™" = (N D (6, Y Vis(6)~' Dx(6,Y))
(VEL(68.1)) Vi 00) a6V 60) Vg 00V 60) (VR w(6.7)) +
<\/NDN(9,Y)>/fo(9) (fo( ) = Vis(0 )) Vir(0)™ <fo ff(9>
Vir0) (VA DN (8.Y)) +2 (VI £x(0.Y)) Vis(00) " Vas (6 Vir(6)

<fo(9) fo(9)> Vip(0)~ (\/_DN(9 Y)) +2 (\/NfN(H,Y)) Vig(0o)™
<fo — Vi (0 )fo (80) Vs (6) Vi (6)™ (\/_DN(Q,YD +4<\/NfN(9,Y)>/
Vig(00) ™ (Vis(6) = Vis(6 )) Vis(00) 7 Vos (0)' Vi (6) (\/NDN(Q,Y))
(NDx(0,Y)'Vi5(0) " Dn(0,Y))” (mDm V) Vis(00)

(V15(0) = Vis(0)) Vs (00) Var (0)V3p(8) ™ (VNS (6,7)) +

(\/_DN(9 Y)>/fo(9) (fo(9) = fo(9)) Vi)~ (\/NDN(Q’Y))

(NDx(0, Yy Vis(6) " D(0,Y)) ™ (VN D (8,)) Vis(0) ™ (Vis(6) = Vi (6))
Vis(0) ™ (VNDN(0,Y)) | (NDx(0,Y)'Vyr(6) Dn(0,Y)) ™" + 0, (N Y)

N—

where we used that (Ag + \/LNAl + LAy o, (NIt = Ayt — \/LNAEIALA(;I n
%A61<A1A61A1 — Ag) +OP(N_1)' X
Using the higher order decomposition of V;;(6)~! from Lemma 1, the higher
-1

order expression for [Nf?N(H,Y)’fo(ﬁ)_lf?N(H,Y)] results. m

Lemma 5. When Assumption 1 holds, the higher order specification of
N fn(0,Y) Vir(0) an(0,Y)

reads:

N fn(0,Y ) Vg (8) " qn(6,Y)
= NfNO,Y)Vip(0) ' Dn(0,Y) + Nfn(0,Y) V() 'Vor(0) Vs (6
Vis

; ) (0,Y)-
NI (8, YVig(6) ™ [Vis(8) = Vig(8)] Vis(0) D(6,Y) + 0,(3).
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with 6 the true value of 6.
Proof. The higher order decomposition results from the specification of Dy (6,Y")
and fo(é’)_l
Nfn(0.Y)Vir(6) " an(6,Y)
NN (0,Y)Vip(0) " Dn(0,Y) + N fn(0,Y) Vg (0) Vo (0)Vir(0) 1 fa (6, Y)
N0, Y)Vis(0) D (0. Y) + N fw (0. Y) Vip(0) " Vas (0) Vi (0) 7 (6, V)~
NfN( )V (0)7! [fo( — V(0 ]fo 0)"'Dn(0,Y) — Nfn(0,Y ) Vys(0)
1OV (0) 7 [Vi(0) = Vig (0)] Vig (0) L (6.Y) + Op(F).

0, 0,
0, 0,
0,Y

Y

Lemma 6. When Assumption 1 holds, the higher order specification of
. ~1
[NqN(Q, Y)'Vir(0)tan (6, Y)} reads:

[Nax(6,YYV55(0) a0, 7)]
= (NDn(0,Y)Vi(6) ' Dn(6,Y)) " = (NDy(6,Y)'Vy;(0) Dy (6,Y)) "
{2NDN(0,Y) Vi (0) " Vor(O)Vis(0) f (0, Y )+
N (0, Y ) Vip(0) " Vag (0) Vig(6) " Vas (0)Vys(0) 7 fn(8,Y) — NDn(8,Y ) Vi (6)™
Vi(0) = Vig(0)| Vip(0) " Dn(0,Y) — 2N Dn(0,Y ) Vi(0) Vs (0) Vi (0)
Vip(0) = Vig(0)| Vip(0) 7 fn(0,Y) = N fn(0,Y) V3 p(0) " Vs (0) Vi (6) 7
Vir(0) — Vip(0)| Vip(0) " Vop (0)Vip(0) L £ (0, Y)}
(NDx(0,Y)Vi;(0) ' D (0.Y)) ™ + Op(5),
with 0 the true value of 6.
Proof. We obtain the higher order specification of [NqN(Q, Y)'fo (0) g (0, Y)}
from that of Nqy(0,Y)V;(0) " qn(0,Y) :
Nan(0,Y)' Vi (0)'qn(0,Y)
= [VEDN(B,Y) + VNV 0V (0) 10, Y)] {V3r(6)" = Vys(6)
<fo(9) V(0 >fo (6) 1} [\/_DN (0,Y) + VN Vys (0 )fo(e)_lfN(@Y)] +0p(3)
= NDn(0,Y)Vi(0) ' Dn(0,Y) +2NDn(0,Y) Vi(0) Vs (0)Vip(0) ' fn(0,Y)+
NIN(O.Y) Vip(0) Vs (0) Vi (0) " Vap(O)Vip(0) ' fn(0.Y) — NDn(0,Y) Vi (0) 1
Vip(0) = Vip(0)| Vip(0) "Dy (0,Y) — 2N Dy (0, Y ) Vi (8) ™ Vs (6) Vi (6)
Vip(0) = Vip(0) | Vip(0) ™ fn(0,Y) — N fn(0,Y ) Vi (0) 7 Vyp (0) Vi (6)
Vir(0) = Vip(0)| Vis(0) " Var (0)Vis(0) 7 fn (60, Y) + Opl3)-

-1
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Lemma 7. When Assumption 1 holds, the higher order specification of

[‘7qq(9) - ‘sz(Q)fo(@’lqu(@)] -

reads
Vaa() ™ = Vaa(0) ™ [Vaa(9) = Vaa(8)| Vaa(6) ™ + Op().

Proof. We obtain the higher order specification of [f/qq(Q) — Vo (0)Vr(0) V5, (6)
from that of V,(8) — Vo (0)Vi(0) Vp,(6) -

+ [ Vial0) = Vaul0)] = (Var(6) + | Vs (6) = Vs 0)])
Vis(0) + [fo(9) - fo(e)Di Viq(0) + [qu(H) - qu(H)D
Vaa(0) = Var (O)Vir(0) Vi (0) + | Vig(0) = Vig (0)| — [‘sz@) - qu(H)]
Vi (0) ' Vig(0) = Vag (O)Vir(0) ™ |Vi(0) = Vig(0)] + Vas (0) Vi (60) ™
[fo(g) - fo(é’)] Vs (0) Vo (0) + Op(5)
= Vao.r(0) + Vaa() = Voo £(60) + O(57)

+
with Voo, (60) = Vig(60)—Var (60)Vr(80) ™ Vig(60), Vaa(Bo) = 3 32121 di(0o)di(bo)' =

Vaa(00)= Vs (00) Vi £(00) ™ Vig(00) = Vs (00) Vi £ (00) " Vg (00)+ Vs (00) Vi (00) " V4 (0p)
Vi (00)Viq(bo). m

B. Proof of Theorem 1. )
a. GMM-AR statistic: We use the decomposition of V()™ from Lemma
1 to obtain the higher order components of the GMM-AR statistic:

GMM-AR(6) = N fn (0, Y)Y V;(0) 2 fn(8,Y) — N fn(6,Y ) Vyp(0) [fo<e> - fo(0>]

Vip(0) N (0,Y) + Nfn(0,Y) Vip(0)~ <fo(9) - fo(9)> Vir(0)~ (fo(9) - fo(9)>
Vir(0) " fn(0,Y) + Op(52)-

To determine the order of remainder term and of the different components, we con-
struct their expectations. It is obvious that the expectation of N fx (0, Y)'V;;(8) ' fn(6,Y)
is equal to k since E(fi(0)f;(0)") = V;;(0) when ¢ = j and equals zero when i # j.
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We next construct the expectations of the two additional components in the above
expression:

B [NAw(0,Y)Vi(0) [V77(6) = Visl0)] V3s(0) £v(6.Y)

= E ? ZZ vf_f Z12 (ﬁ2 f; fo) Vf_ Zz@ lea] .

- ? ZZ ZD fl? le fl?j - [ﬁ Zil i,1 Vf} Zig fls} -
N3 ZZ fo 222 f’2 224 iq ff 213 fl3]

= B 5 20 X fVis BB Vig fin | T B (52 X L Vs Fu £ Vg fin] =

— -1
v X S Vi ] - [thz'z#n i ff firfi, fflfh} B i
i szl quf FinfiiVig fio | = B |5 20, Xy T Vi Fi fL Vs fir| =

>

¥ ZZ foif“ foif“} N—1-N 1 r -1

| N2 Zil ff fu ff fu} N E [ﬁ Zzl ilvff fu} -
>
>

i Zm&n fo FifuVig Fia| =B |55 X X FiVis Fadi Vg fia | =
i1 2227%1 i1 fflfZ2 fflfZl - B [NL ZH fflfZl fflfil]
= VeC(fo VE[(fifi ® flfz)] Vec(vff ) — % ~ N2 [k2 + 2k],

where f; = fi(0), fi = fi(0) — fn(0,Y), Vip = Vis(0) and >, = Z“ - The
above expression consists of second and fourth order moments of f;. It uses the
independence of f;, and f;, for i; # iy and that E(f;) = 0 which explains why no
third order moments are present in the expressions.

f(9)_1 (fo(9) - fo(9)) Vir(0)™! (fo(9) fo(9)> Vir(0) ' fn(0,Y)

g
=
=

el o NeNo ol Nololelo)

fo >, (firfh, fo) Vi 3o (fis £l fo) Vi Y20, fia
Vf 212 fw fo 213 (f13fz3 fo) fo 214 fm] -
Zw flz Zz5 213 (fzs i3 fo) 214 fl4}
V}f 27,3 ( 23f3 fo) fo 214 f24]
= V Zzg fw fo 213 fza fo ZM fu} -
Zz2 flz 214 14} -
le f’2 Zl:«; f’3 le Z5 ff ZM f“] o

i ff 2, fia Z’Ls fo >y fisfi Vi 2, fiul +
11 ff 212 fl2 215 24 24]
1 ff Z’LQ fl2 215 15 ff 213 f13 216 i6 ff 214 f24} -
fo 213 f13 fo 214 f“J
214 f14} +E [N3 Zzl 213 fla 215 f}l 21'4 fi4]

MMMMMMMMMM:MS\

z|~'z|;'2|;'z|;'z|;'2|;'z|;'z|;'2|;'z|g'z|;'2|; =

]
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We next isolate the components that are of order 1/N for each of the nine elements

in the above expression:

L E % Zil fo 212 f’tz fo 213 fzg fo ZM fu} =
B35 X St Siinin S Vi Fu Vi Vi fa| +
B[ S S Vi T LV Tl Vi F] +
E |5 2 L o Vig il Vi fa FVig fia | +
E NLZ Zigyéil i fflfw fflfil 2 Vi fil_ +
ENLZ D vy 11y fflfll f}lfig "Vﬁlfu +O(N7?)

= (Nl—k‘JF?’E [Ni" Yoi Vi fi Vi fin i fo Fin Vg Fin| +
B |5 20 Xiarn Jh fflf“ Vi Fufi, Vi fia| + O(N72)

= OO 4 3B [N S fu Vi fud L Vi ) +
E _N3 Doy 2inzi Jn fflfn fflfm fflfl2 +O(N7?)

2. B 5 X fiVi) 2 fu 10V 2, fuJ = {m Dois Diain Vi fa Vg fia | +

[Nz i FLVis fufi folfzJJrO(
= GHE+E [Nz X Vi fu £ Vig fu] + O(NT2)
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3. E :# Z’L / 71 Zzg fi2 ; 71 Zlg fis ZZ5 4 71 214 fi4] =
E NLZ le#h Z137@1 iz fo fz? fo f23 fo fu| + O( )
E _Lél Z Zzg#zl 2137&11 i2 11 fflfl2 fflfll ff1f13
E _NL Z 2127521 2137521 2 Z1 ffleQ fflf'LS fflfiS + O(N_2)
= AU (k2 +2k) + O(N)
4 B Lye S S Vi S fio S Vi i fuiVir' S Sl =
(N2 (k2 +2k) + O(N™ 2)
5' E _% Z’L ’61 ff ZZQ le 27,5 i5 ff 214 f’b4:| -
E |5 20 X o Vig 1 Vs fio| + B [N3 Yoiy g I Vi fu L Vg fin | +
E NL 221 2127&@1 i1 ffleQ fflfi1
= T—(k +2k:)+0( —2)
6' E 1 Zzl 21 ff 222 fl2 225 213 f’Ls 216 i6 ff 214 fl4] - < 2)
4 EN 1\1[2 Z“ fo Zm fis i fo Zu ch -
: 1\7 )k+E[N2 Zzl Tflf” folfn] +O(N?)
E N Zu Z1 ff 214 f“l 71
E N3 Zzl i1 ff 223 f13 225 214 f’L4:| =
E _N3 Zz’l Ziz;éil zlvff fll fo f12 + E [N3 Zu Z127'511 llvff f” fo fl?
E %Zzl Zig#il Zlvff fi2 szff fil + O( )

= NSk +2k) + O(N72).

Combining, we get:

1-2-3—-44+54+6—-74+84+9 =
(]V—k+3E [(N2 - N3) Zzz fiz fflﬁ2 fflflz]

E[Nl?» Yo Yinin T Vi Fin £ Vs 1 B Vi f@z]_(N Lk~

B[y, fi fo [l Vg i —QMU&QﬂL?k) B (k2 + 2k)—
(Nﬁl)k’ E[m Zn fo fuli fo ] vz (K + 2K) =
-~ +~E [V flflvff fz}+ ~E [fiViy flf]vfflE [V fi] + O(N72).

We combine this with the results from the first expression so:

E(GMM- AR(@))
k+ kzj\r/% + VeC(Vf YE(fifl © fi)l folE [(fifi @ f7)] VeC(fo )+ O(N7?).
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To determine the order of the remaining components, we analyze the next higher
order element

Nfn(0,Y ) Vig(6)7 (fo(9) - fo(9)) Vip(0)~ (fo(9) - fo(9)> Vip(0)~!
<fo(9) - fo(9)> Vig(0) 1 fn(0.Y) o
B §e 3 FoVes 2y (i = Vir) Vig sy (il = Vir) Vi
Zu (fi4fz'4 - fo) fo Zis fi5} :
It’s highest order will be O(N~2) which results from combining two fourth order
products with identical indices. The resulting double sum is proportional to N2
so after dividing by N* a O(N~2) component remains. Other components of
order O(N~2) result when combining two third order products and a second order

product in deviation of the variance. Despite that this is a triple sum, its order

is O(N~2) since the deviation of the second order product from the variance is
O(N™1).
The above shows that we can specify GMM-AR(6) as

GMM-AR(0) = GMM-ARy + +GMM-AR; + O,(+),
with GMM-ARg = N fu (00, V) Vis(00) " f (60, Y) = x3(k), s0 B(GM M-ARy) =
B, and GMM-ARy = =N fx (00, Y ) Vy(60) ™ | Vis(60) = Vrr(60)] Vir(B0) ™ (00, Y)+

N2 (60, YY Vis(80) ™ [Vrr(80) = Vis(60)| Vir(80) " fv(60, Y ), BGMM-AR;) =
K2+ 2ktvee(Vi Y E [(fif! © L Vi E((fifl © f)vece(Vi7).
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b. KLM-statistic: Using the higher order components of [Dy(6,Y)'Vj;(6)~!
Dyn(0,Y)]7! and sy(,Y) from Lemmas 3 and 4, the KLM statistic has the higher
order specification:

KLM(0y) = KLMy+  (KLM; + KLM,) + 0,(N™1),
with
KLMO = 56D050
KLM, = /N (25, Dgsq + sD15s0)
KLM2 = \/N (2(8/2D080 + SI1D180) + S6D280 + SllDoSl) .
We next determine the conditional expectations given Dy (6o, Y) of each of these

components.
KLMj :

K LM,
86 D() S0

= (\/NfN(ev Y)) Vip(0)2P

1
fo(@)iiDN(GQ,Y)

Vis(0)7 (VNx(0.Y)).

Since VN fx (0o, Y) and v N(Dy (0o, Y) —Jyg(o)) are independent in large samples,
E(Nfn(00,Y)fn(00,Y)|Dn(60,Y) = D) =E(Nfn(0o,Y)fn(00,Y)) = Vi(0o),
with DN = DN(QQ,Y>, SO E(KLM()'DN(H(),Y) = D) =1.
KLM, :
K LM,
= /N (28 Doso + sy D150)
= 2N (\/Nf n (B, Y)> Vis (9)_%Pvff<e>—%(WDNwo,Y))Vf (0
(fo(9) - fo(9)) Vip(0)~ (\/Nfzv(ﬁ Y)) -
2N (VN (0,Y)) Vis(00) Vas (0 Vis (0) (VN f(6,7))
(NDx(0,YYVis(0) Dy (0.Y) ™ [VNDx(0,Y)] Vyr(0) ™ (VN fu(6,7)) +
N (\/NfN(Q,Y)) fo(9)_%Pfo(9)f%(mDN(gmy))fo(@)_% (fo(Q) - fo(9)>
fo(e)_%Pfowr%(\/NDNwo,Y))fo(e)_% (‘/NfN(Q’ Y>) *
2N (VN fw(0,Y)) Vis(0)™F [VNDx(0,Y)| (NDx(0,Y)'Vyp(0) " D(6,7))
(VN (0.7)) Vis(0) Var(0)Vis(0) (VN Dy (0,Y))

(NDx(0,Y)'Vis(0)~ D (6,Y)) ™ [VEDu(0,Y)] Vis(0) (VN fw(6.7))
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KLM, = —2N (mfN( )> Vis(0 >_§vaf(9)—*[fDNgy]vff(e)_%v (0)Vis ()~ (\/Nfzv

(NDn(6,Y)Vip(6)~ 1DN(9 Y)) [\/_DN(@Y] Vs (0 (\/_fN (¢ Y)
<\/_fN (0,Y) ) Vi 0wy V(072 (fo(e) fo(9)) Vir(6)~
fo(a)*é(\/WDN(OO,Y))VfA )2 <\/_fN(9’Y)) -N (WfN(97Y)> Vip(0) 2P

Vir(0)™
Vi (0 (Vis(8) = Vs (0)) Vis (0 (VN £(6,Y))

/ 1
First component results from higher order dependence between (\/N fn(0, Y)) Vip(0)"2M

Vi)~
and K LM, which are first order independent.
next construct the conditional expectations of each of these four components
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given Dy (6p,Y) :

1.

1

2

fo (0)~2 (VN D (00, Y))Vf 7(0)”

(N (Wﬂv(ﬂﬂ) Vi (0)7z
(‘7 (0) — Vis(0 )) Vig(0)~
Vi’ P

1 _
B (3 50 S0 S SV P, 1 Virt [udly = Vid
fflfis‘\/_DN<907 )_
( Doin Dy 2y Ji foQP f% fo frFi, Vs fia
—%Zh Zig Zig Eu i1 ff 1 ffzj322 fflflS
f

— 2 2 Ji fo -5, Vf?fi3|\/NDN(90aY) = D)
ff
1 —1

E(ﬁzil Zm#l W Vs Pf% fo fo £ Vip fin +
1

N i fi fo -3 Vit fufi fo fin—

ff 1

N7 iy Diatia anf Py fo il
ff

%Zil Zig;ﬁil ’lllv P % ff fiZ i1
ff

_1
N2 Zzl Z:223&11 /V P fif% foin2 2'/2

Vig fio—
Vi fia—

Vir fi—

N2 Zzl fo _% fo le fo le
f
Zzl 21 %D f_fifily\/NDN(eo’ Y) - D)
f 1 1
(N - 1> - <1 - %>E<f;vfﬁpvf;%DVfﬁfz-fzvf?f» — Nk
2E-N
(U= BV Py Vir BV 1) = k(= 5) =3
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E <N <\/wa(9vy)>/fo(90)’1%f(9)'vff(9)*1 (\/Nfzv(&y)) (NDn(0,Y ) Vi ()~

D(0,Y) " [VN D0, Y)}'vffw)-l (VI £5(6.1)) IDx(6.7) = D)
= E(y X, 222 > iy i Vi Fadl, Vi i (D'Vi D) D'V iy

= E(3=: 2, Zw 213 > i Vf‘Jc firdi, Vi fls(D’folD) ID/fo fial
DN( 7Y>_D> (N3 211 Zzzzzszmvff wafo fz?’

(D’Vﬁ D) 1DV 1f14‘DN(9 Y) D)

i1 Zu 213 224 fo fl? folf’?’ D/Vf{(lD 1D/fo1fl4|
)=D)~ 1 E (5% 211 Zzzz > LV fufi Vi D
(D/Vf} D) 1D/V7 fM‘DN(@ Y) = D)

(0
Zi Zzg;&zl fo fu foldz1<D folD) 1D fo fz1|DN(Q
#Z@ Zz#ll fflf’u d (D folD) ‘D’ folfi2|DN(97 ):
Zi Zzg;ézl fo fn fo P 7%va}§fi2|DN(0>Y) = D) -
ff
_1
E<% Yo Yiarin £ Vis Fiufi Vi Pf—f% Vi fia| D (0, Y) :D)
_1
Zu 21275@1 i1 fflf22 2P -3 fozfilyDN(aY) = D) +0(1)
f
o (D folD) Zd/' fo (Vi + (fi £}, fo)vfle(D folD)_7|DN(9 Y)=>, d =
E(NQ z (D'V;' D)3, Vi D(D'Vi D)5 £ Vi fiu Da (6, Y):D) Lk +2)
oW (D'V D)2 d, Vi (Vi + (fi £l = Vip)) Vi D(D'V, 1D)"|DN(9 Y)y=>%.d
E( -1 z (D'vfle)—ad;lvf}lp(D’Vf;lD)—%(k+( (Vi f — k) Dw(6,Y) ) N1k

va;D)—%d’ Vit (fu £y = Vi)V D(D'V;; D) 2|DN(0 V)=, d D)
) 1d, V D( fflle )‘DN(H,Y) —D) = N (20&1+012),

M

M

Il
?/-\

_1 _l _1 _1 _1
_1 _1 _1
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and ’s may depend on D. Note when E(f;f!|d;) = Vs, a and (3 are zero.

E (N <\/NfN(07Y)> Vir(0)” ZPH( o)} (VR Dx (00.Y)) fo(Q)_% (fo(9) - fo(9))

Vit P, b moanan 110 s (VNfw(0,Y)) IDx(6,Y) = D)
J

= E<NZ“ZZQZ% |V, P fDVf‘f%( S = Vi) Vig? Pf_lef}ifi3|
Dn(0,Y) = D)

= E(%Zil Din s élVf}éPvf;; fZZ Vit P v‘% fiSIDN(Q,Y):D)
B (5 S S SV, Vi
DA(0,Y) = D) - (z“ WA _y foin3|DN(9,Y)=D>

LS S LV Pff% Vi Fufl Vi P = Vf};fil|DN(6,Y):D>+
L VPP Vo Vif L Vig P};f% Vist fi1|DN(‘9’Y):D)—

3B (#Z“ 2127@'1 iIVf_fEP —% fo2fu fo P —%va_féfiJDN(Q,Y):D)_

Z’il lev P _1 f’Ll /V P l ff f“‘DN((g,Y) = D> —
f

= E

E

/\/\

E

2
B(S, £V, V%Dfo2fi1|DN(0,Y):D)
Ir
= (N-1)=-3(*F 1) N
I ES I Al Vo Vil FafL V) Pf}% foinllDN(&Y):D)

/\/\

_1
= —4+%+E< S fAVif P VAo Vi, foP—%vafzfi1|DN(07Y):D)
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E (N <\/NfN(9, Y)) Vi (6)! [\/NDN(H, Y)] (NDy(0,Y)V;(8) Dy (6,7)) "
/ ~ _
(VNFx(0,Y)) Vis(00) as (0 V2s(0) (VN Dx(6,Y)) (NDx(0, Y Y Vig (0) Dy (6,7))
[\/WDN(H,Y)] Vi (60)! (\/N fN(e,Y)> IDx(0,Y) = D)
<N2 le 27,2 Zzg 214 1D<D/folD) 1f, fflfzgd, Vf_fEPVf}%DVf_fEfl‘ll
DN<0 Y) = D)
<N2 Zzl Zzg 213 224 lD(D/V_le)_ fflfl3 2P fl Vf}EfMl
DN(GJ Y) = D) -
% Zz‘l Ziz Zig Zu Zis i Vf}lD(D/Vf_ler1 i Vf}lfisdgsvf? P‘/*%va}5 fiul
ff
DN(ea Y) = D)
E <% Yoi Yinpin i Vip DDV DY f Vi find fo P Vo fo fu|Dn(0,Y) = D) +
N7 iy Sy S0 Vg DDV D)L, fflfud'lvff Pvf—f%DVf?fzleN(aY) = D)

= (3
<ﬁ S i Yiis LV DDV D) LV i di Vy ?Pvf}%DVf?fhyDN(e,Y) = D) —

+

=

E (52 2 Zw > i, ZM Vf DDV D) LV i D'V £ Dy (0,Y) = D)
E(XZEY, fl fflf“ 1D(DV 1D) 1|DN(9 Y)=D)+
oF ( M5L S, iV, P 4 fo fufl Vi D(D'V D) Dy (0,Y) = D) — D (k4 2)
E( 12 (k+f;1fo ;{1— )d;lvfflp(D Vi D) Dn(0,Y) = D) +
S ALV P 1 vff (Vi + fifl = Vi)V D(D'V;* D)"Y D (6,Y) :D) — &=
E( N—; > (L fflf” —ff k)d., V‘lD(D’Vf‘le) 1Dn(6,Y) = D)+

S Vi Py Vi f vff>vf;1D<D'vfng>1|DN<0,Y>=D>
f

)
=
/\/"\

NS di Vi P 3 vf?(filf“ Vi)V D(D'V; ;D) 1|DN(9,Y):D> +

i1 1 3
f

20



The combined effect of the four components is such that

E(NKLM)
_ 1 -3 -3 1 _ 1
= <2 (= DGRy VARV HDN0.Y) = D) = k1 - 1) - 3)

—2%(2@1+a2)+2—4+ 34+

_1 _1
%Zil lllv P fl fo fll ,V P f% fo2fi1|DN(07Y):D)+

2 <2E (fjvgl
= B (f,-’foQM ~ip fo fzf’fo viip Vi fil Dn(6,Y) = D) —2(k+2)—

E(f{Vf;EPV,% fo2fzf fo filDn(6,Y) = D)—

f

S Vi P,y Vi (dl, = ViV DIDVD) |Dx(0,Y) = D) 40
f
AE (dgvfy vaﬁ vff Ju b Vi DDV D) Dy (0,Y) = D)
_1
We can specify D’ Vf}l fifiVss? va}%Ddi as

1 1
—1 -3 3
D’fo fifi’fo MV_%Dfo d; =
7

|=

1

= D'V (d; @ [ fiV;2 M _f%D)Vec(fo )
= Yo dim D'V fzf'fo Vo (Vi I

=S¢ D'V ngZfoDL(D VD) D VA (V)
_Zm 1d va gzglV DJ_(D foDJ_) DLem,k

with (Vf}g)m the m-th column of Vf}i and d; ,,, the m-th element of d;, g; = Vf;? fi,

M _y =P, D) thekx (k—1) dimensional orthogonal complement of D,
i VirPL

D' D =0, ey, the m-th column of I;. To take the conditional expectation of the
above expression given Dy (60, Y), we use that we can specify E(d; mg:9;|Dn(0,Y) =
D) = E((dim — Dm)(9:9; — Ix)|Dn(6,Y) = D) + DI,

/ o i3 Avim Aram ] 1
E(d;mgig;|Dn(0,Y) = D) = (fo D : V DL) oA (fo D : Vi DJ_)
12,m “122,;m

SO
1 -1
E ((D'vf;lp)—lp'vf;l fi f{fo“‘MVf_f%Dfo"’dﬂDN(@,Y) = D) =
= anzl A12,leem,k'

51



KLM, : We obtain the conditional expectation of K LM, for each one of its four
components:

KLM, = /N (2(syDoso + 5, D150) + sh D350 + § Dos1) .
2v/Ns,Dys :

2v/N'sh Dysg

= N (\/Nfzv(@Y))/fo(@)_l <fo(9) — Vys(0 >fo o (fo — Vs (0 )
Vis () [VNDy(8,Y)] (NDx (6, Y Vis(6)"' Dx(6,Y))
[\/WDN(Q»Y)]Ifo( )~ (\/_fN(9 Y)) +N<\/_fN Y) Vig(00) " Vor () Vi (6)
(V10) = V1)) Vi) (VI (0.1)) (ND(0,Y Y Vig(0) D 0,1))
[VEDy(0.7)] Vi) (VN (0.7)) + N (\F Ix(0.)
Vip(0)~ (fo(9) - fo(9)> Vi (0) " Vo (0) Vi (6 < fn(0,Y)
(NDx(0,Y)Vi(0)" Dy (6,Y)) ™ [VEDx(0,Y)] Vis(0) (VI f(6,7))
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We next construct the conditional expectation of each of these three components:

E (N (\/NfN(QaY)>/fo(9)_l (fo(9) - fo(9)> Vip(0)™! (fo(Q) - fo(9))
Vir(0) [VNDy(0.Y)| (NDx(0.Y)Vy(0) ' D(0.Y))
[\/NDN(Q,Y)]'fo(e)—l (W fN<9,Y)) IDn(6,Y) = D)

= B (5, S0 S0 S AV Fally = ViVit Gy = Vin)Vig?

P /o fo filDn(6,Y) = D)

— B S Vi S FaflVi S ofiVi Py Vit S fulDwl6Y) = D -
B\ 20 Ve i, fali fo —f%DVf?ZufiJDN(@vY):D}_
B | X LV S Fudh Vi S fo X 12V Pff;vajé £ fulDy(6.Y) = D -
B |3 S V7 S S Vi S b Vi P, 3 Vi S £l (0.) = D]+
B | T V7 S fa B -5vf}§PV;%va? > fi4|DN<e,Y>:D} n
B {3 S £V oo S SV Sy o Do FuVig By 1, Vit S D 6.7) = D)
E % S FLVit S f fo2Pf,f%vaf S fi4|DN(0,Y):D} +
E|Y, fLV,2P }%vaf ) fz-4|DN(0,Y):D] +

I _1
E N2 Z’Ll i1 ff Z’Lg f'LS Z’Ls 25 }%va‘fz Z’i4 f24‘DN<07 Y) = D}
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We next construct the conditional expectation of each of these nine components:

L B|L S PV Fu FLVA i fLV 2 P = Vi fia D (0,Y) = D} _
E % Zil Zig;ﬁil Zig;éil,ig i1 fflfl2 fflfls ,V P fl Vf}%fn’DN(an) = D} +
B | S S SV S Vi faf LV P }%vaf £.1Dn(0,Y) = D| +
E |52 20 D LV fn FL Vi finff fo P ;%va_,c;fi2|DN(97Y) =D|+
B | 3 X S S5 fiauVi SV P,y Vi Sl D(@.Y) = D+
E _ﬁ S S SV FA Vi i LV P, Vi, falDx(0,Y) = D| + O(N-2)
_

E

E % Zil Zig;ﬁil i1 fflfll
% Zh Ezg fZQ ; V P —
L f

I %Zh Zmﬁn ‘,Vf} fiafi fo P
(N_ 1) +E|: Zzl i1 fflfil

E

AL P -}
f

2p

Zi fu| Dn(0,Y) = D}

vl b D0, ) —

o4

3p fo2f11|DN(0 V)=

1
)( +3E |:N2 211 Zzz;ﬁzl fflfm fflfll 4 V P % foin1|DN(0,Y) = D} —+
% Zil Zig;ﬁil fz,lvf_flfh ffle2 ! V P l ff2f7'2:| —+ O(N_l)
ff

L _1
(N— )(N 2) +3E |: Zzz fzzvff fZ2 fo ,% foZfi2|DN(97Y) = D:| +

Vf_f%f22|DN(9,Y) = D:| +O<N_2)

D} +E[%Zi1 fo fll fo fu

D] +O(N72)



B | S SV o FaftVig' S S SV P,y Vi S FulDw(6,Y) = | =

B |k S Yose S o PV i fL Vi fia PV 2 P - V2 fu|Dn(0,Y) = D| + O(N-2)
B 55 200 Yot Liainia 10 Vs FafisVig i FisViy P “ip Vf?fis|DN(97Y):D +

B LS S S PV FafLVi fu FL VAP f;vaff@,rDNw,Y):D' L o)
(WZDNZ2) (4 2) + O(NY) ]

ARSI AT NS AT WAL IR/ ) FulDx(0,¥) = |

E

E

E

E

N-1
N

E

E

(N
E

E

=

e

E

W=DV (4 2) + O(N )
mZil fo 212f12215 fo 1vafzzi4fi4|DN(07Y):D:|:

L . -
%Zilzm#il fflfll /v P % foinleN<‘97Y):D +

Nz iy iy JoVif F £V, 2P 3 Vi ful Dn(0.Y) = D +
L f J

ﬁ Zil Zmﬁil ‘/ Vf_flfz‘g z’IQfo Pvf}%DVf;‘thlDN(ea Y) =D
(k: +2)+O(N?) )

N4 Zzl i1 ff ZZQ Jis 215 is ff ZZ?) fls ZZG (GVf}EPVf}%DVf}Q Zu fi4|DN(9a Y) =D|=C
E LS BV S FafViE P ) Vi Rl DN(0.Y) = D] -
ff

1
_1>+E Nzu i1 fflfll /V P %vafoilyDN(97Y):D:| +O<N_1)
Vi

> Ji fo JDVf? > i Jul Dn(0,Y) = D} =N
[ _1

b S Vi b S FuVir Py Vit SaFulDA6.Y) - D} _
% > i Ziﬁéil fflle 2P - f_fﬁfiQ|DN(9, Y)=D|+
L f i

ﬁzh Ziﬁéil fo fifi fo P ’%va}nglDN(e’Y) =D|+
L rf d

N 2ty Liain T Vs Fia Vi P 3 Vi ful Dn(0,Y) = D| + O(N7?)
f i

NT;l(kJrZ)—IrO( ).
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Combining, we get:

1-2-3-4+5+6-7T+8+9
1
w{-SE |:(__N2)lefl2‘/ff fz? fo %vaf2fi2|DN:D:|+
Vir
1

E [% Doy Diarin Ju Vi f B Vs fia Vi ‘P v o Vi fio| D :Dl —(N—-1)—

{N > Fi Vi fu FVyy P 3, Vss * ful Dy = D} — 20 (k4 2) + AFA (k +2)—

Vis®
1 ~3 ~3 _ N-1
_1 _1

—1+E {fi’vfflfifilvfﬁPvf_fépvfofi‘DN - D} +
B RV L A1Dx = DIV RV P,y Vit 1Dy = D] + OV
We combine this with the results from the first expression so:

E(GMM-AR(A)) =
ko B2 Lyeo(VYE[(ff, © IV E(ffl © f)] vee(Vi) + O(N72).

To determine the order of the remaining components, we analyze the next higher
order element

Nfn(0,Y)Vip(0)7! (fo(e) - fo(9)) Vir(0)~! (fo(9) - fo(9)> Vip(0)~
(V14(6) = Vis(0)) Vs (0) (0, Y) B

E [ﬁ _Zi_l z'/l Vf_fl Ziz (fizfilz - fo) Vf_f1 Zig (fi:%fi/s - fo) vf_fl

S (Fufiy = Vi) Vi 30 fis] -

Nfn(0,Y) Vi (0)7 (\fo(Q) - fo(9)> Vie(0)~ <fo(9) - fo(9)> Vi (@) fn(6,Y)
= B % ZZ ‘/ff ZZ2 (f” fo) Vﬁ 213 (fl?r ‘/ff) Vf_f Zi4 fz'J
= E % Zz 212 fw Z’Lg (flii i3 fo) 214 fl4] -

E |5 2 fo >, fia Z% Vir Xy Fiafly = Vi) Vi 3, fua) =
E % Zz Vf Zzg ( i3 fo) fo ZM fM]
= E % Zz 212 flz 213 fm f}l ZM fu} -
E NL Zz V}f 212 fiz fo 214 fu} -
I NL ZZ V f ZZ2 f7’2 fo le Jis le fo 214 fl4] o
E =# Zz 212 fm 215 213 fZS 214 fl4]
E NL ZZ vaf le fis le fo ZZ4 f“]
E NL Zz V f 212 f12 215 fo 213 fza ZZG {6vf_fl Zu fiAJ -
E (52 20 FVi 2 FisFL Vi 2o, ful +
By, fi fo >, fil ¥ E [m o FhVis Xy fis 2y £ Vg 2, fid]

o6



ii. E (N (\/Nfzv(é’,Y)>/fo(9)_1‘76]0(@'fo(@)_1 (fo(9) - fo(9)> Vip(0)™ <\/NfN(97Y)>

(NDx (0, Y)Y Vyp(0) " Dx(6,Y)) ™" [\/NDN(Q,Y)]'fo(e)—l <\/NfN(9,Y)> IDx(0,Y) = D)
= FE (% Zil Ziz Zi‘g, 214 Zi5 lel Vf}lfizjgz Vf}l(ﬁ3ﬁ3 - fo)vf}lfu

(D'V D) D'V, fis|Dx(0,Y) = D)
= of1)

ii. B (N (\/NfN(H,Y)>/fo(9)‘1 (fo(9) - fo(9)> Vir(0) " Var(0) Vip(6) (\/NfN(QY))

(NDx(0,Y)Vip(0) " Dx(6,Y)) " [JNDN((J,Y)}'vff(e)—1 (WfN(e,Y)) Dx(0.Y) = D

/
= B3 20 Y i i i So Vi (Ffy = Vi) Vi Fidi, Vi fia
(D'vf;lp)*lp'vf;l fis|Dn(6,Y) = D)
= o(1)

1

KLMO - NfN(e[), Y),fo(eo)iﬁPfo(90)7%DN(GO,Y)fo(e)iifN(e(]’ Y)

KLM, = —N2fN(907Y)’fo(90)5PV”(90);DT(QO,Y)fo(Qo)2 [fo(%) - fo(9o)]
Vir(00)2 fn (00, V)~

Vis(00) 2 P
2N fv (00, Y)Y Vir(00) 3Py o dpy s Vir (o) 2 [fo(%) - fo(eo)}

fo(90)_%DN(90,Y
_1 o1
Vir00) "2 My, oy -3 ooy Vi1 (0) "2 fn (B0, Y)

KLM, = —QNQfN(Qo’Y)'fo(90)_%vaf(go)—%DN(gojy)fo(eo)_%%f(go)vff(@o)_l

Fn(00,Y) [Dn(00,Y ) Vi£(06) "D (00, Y)] ™" Di(00,Y) Vy(80)~* f (6o, Y)

o7



(NDN(G, Y)YV} r(0) Dy (6, Y)) -
= (NDy(0, Y)’vff(el)—lDN(e, V) 4 (NDy(0,Y) Vi(0) ' Dy (0,Y))
2 (VAL(6.1)) Vis(60) Vag 6V 0)* (VED(6.7)) +

(VED(0.1)) V30 (Vis0) = V3s(0)) Vis0)* (VD (6.7) |
(NDy(6,Y)'Vy;(6) " Dn(6,Y)) " — (NDy(6,Y)'Vy;(6)" D (6,Y)) "
(VI(6.9)) Vi 60)Tag(6) Vi) Var 01V 600) (VR A(6.7)
(\/_DN( )),fo(ﬁ)_ (fo(ﬁ) Vis (0 )) Vi ()~ <fo Vi 9)
Vi) (VNDN(0.Y)) +2 (VN fu (0 Y) Vir(00) Vs (0)'Vis(6
(fo( ) = Vis(0 )) Vis ()~ (\/_DN(9 Y)) +2 (\/NfN(QY)) Vig(0o)™

(fo — Vs (0 )fo (B0) Vs (0)' Vi (0)™ (\/NDN@’Y)) +4<\/NfN(9,Y))/
V(o)™ (fo(9) Vs (6 )) Vis(00) " Var(0) Vi ()™ <\/NDN(9,Y)>

(NDx(0,Y Y Vis(6) " Dv(0,Y)) ™ (VN D (8,Y)) Vis(60)

(V3s(0) = Vis(0 )fo 00) Vs (O)Vrr(0) " (VN [(6,)) +

(\/_DN(9 Y)) Vi ()~ (fo(e) fo(9)) Vir(0) <\/WDN(9,Y)>
(NDx(0,Y)'V5(0) Da(6,Y) ™ (VI D (8,)) Vis(0) ™ (V3(6) ~ Vis(0))
Vi) (VND(0,Y)) ] (NDx(0,Y YV (0) Dav(0,7)) " 4 0,(N 1)

)

(
)~

Nsy(0,Y) =
[\/_DN (6 Y} [fo — Vi (0)” (fo(9)—fo(9)> Vip(0)"'+
Vi (0)~ < 17(0) = Vis (0 )) Vip(0)™ (fo(9) - fo(9)> fo(e)’l] (\/Nfzv(&Y)) -

(VN £x(0.7)) Vig(bo) Vas 0 Vi (0) " (VI fu(6.7)) + (VN (6,Y))
Vir(00) Vs (0Y Vi) (V35(0) = Vi (0)) Vig(0) (VN Sw(0.7)) + (VN Sx(0.7))
Vip(0)~ (fo(9) V(6 )) Vig(0) 7 Vos (0)' Vi (6) (\/NfN(Q,Y)) +op(N7)

o8



VNKLM,
= (VNx(0,Y)) Vi(60) ™ [VND (8. Y)] (NDw(6,Y)'Vy1(6) ' Dx(6,Y)) "

2 (VI f(8,Y)) Vi(00) Vas (0 Vis(6) (VN Dy (8,Y)) +

(\/NDN(@ Y)>, Vip(0)~ (fo(Q) = fo(9)> Vip(0)~ (\/WDN(Q, Y))}
(NDx(0,Y)'V5(0)" D (6,Y) ™ [VEDx(0,Y)] Vis(80) ™ (VN fw(6,7)) -
2 (VN (0. Y)) Vis(80) ™ [VND(8,Y)] (NDy(8,Y)'Vy(6) " D(6,Y)) ™
{ \/NDN 0, Y fo(9) (fo — Vis(0 )

(\/WfN ) Vi (60)~ Vs (6) }fo i (\/ijv )

DO + \/LNDl + %DQ + OP(Nil)
So + \/Lﬁsl + %82
KLM1 = 86D180 -+ 28’1D080

KLMO = 86D080
KLM1 = 28’1D080 + 86D180
KLMy = 2(8’2D080 -+ 3,1D150) + 86D280 + 8/1D081

We determine the order of the four different components of K LMy, K LM, and
K LM; using their conditional expectations given Dy (6,Y"). To construct these
conditional expectations, we use Lemma 7.
KLM, : Corollary 1 shows that v/N fx (o, Y) and \/N(DN(QQ, Y)—Jy(0p)) are in-
dependent in large samples. Hence, in large samples E(N fn(6o,Y) fn (60, Y ) |Dy) =

29



E(NfN(QO,Y)fN(Qo, Y)I) = fo<00), Wlth DN = DN(Q(), Y), SO

E(KLM,) =E [NfN(H,Y)'fo(Q)_%PVf -} Du (o ,Y)fo(e)_%fN(Q,YHDN]

i O O L
= tT{fo(Q)_;PVH(G) S D0y fo (\/_fN 0,Y) ) (WfN(G,Y))/ |DN)}
= tr{fo(H)’%Pvff(g)f%DN(g,Y)fo() 2fo(9)}

KLM,; : KLM; consists of two components and we construct the expectation
of each one separately. Assumption 1 implies that E(V;(6o)|Dy) = Vi(6o) +
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O(N _%), which we use to construct the expectations of both elements of K LM, :

(—)E [NQfN(H,Y)’fo(9)_%Pvff(g)—%DN(&y)fo(@)_% [fo(9) - fo@)}

fo(9)*5pvff(9)7§DN(9 y Vir(@) 2 fn (0, Y)|DN]

= B[E SV, Vi Sl Vi) Vit B, Vi S 1D
f N ff N
1 _1 _1 _1 N/
= B N Zh ZiQ Zi3 VeC(PVf_f%DN)/ <fo2fi2 ® foth) (fo2 fis ® fozfi2>
] 1 _1 _1
Vo )lDN —E |:le >, vee(P _%DN), (fo2 fis ® foZfzd) |DN]

1f Vis
_1 _1 _1 _1 /
= E|+>. > ZZB VeC(PfoQDN) <fo2 fi, @V, f“) (foz fis @V, fm) _
_1 _1
VeC(PVf_f%DNﬂDN B | i i X S veelP ) (Vir fa® Vif 1)
_1
(Vi o 9 Vit 1) veet, rDN] B[S, velP, )
<fo fis ® fo fu) ‘DN]
E

vec(P _ .
N

ini1 rf
vec(PVf_f%DN) + ¥ 2 VeC(PVf_f%DN)’E [(Vf_fé fi, ® Vf_f% fh) (Vf_f% fi, ® Vf_f% fh), \DN]
Vec(PVf}% N B Eﬁiivec(PVf;% o JE [(vff% £, ® vf*f% f) (v}:f% fi ® vf}% f)
Dfvec(P, 3, )= 5 %, Sy vec(F y , JE (Viifu o Vi h)
<Vf}% fin ® Vf;% fh)/ |DN} vec(PVf,f%DN) -+ > i g&izlveC(Pfo%DN)l

VA _1 _1 _1 !
E <fo2f7,1 ® fo2f11> <fo2 fiQ ® fo2 flz) ‘DN:| VeC(PVi%DN) - % Zil VeC(PV,% )l

7 11 DN

o1 _1 _1 _1 !
E (fo2f“ ® foZf“) (‘/ffzf“ ® fo2 f“) |DN:| VeC(PV_% )_

1 1
E1> VeC(Pvf}%DN), (fo fi ®V; fil) |DN]

= 2 Zwvec(PV_%D )E [(fo2 fufi fo ® fo fir Vi ) ]DN] vec(Pv_%D )+
ioFi1 N ffoN
1 . P 1 B [( _5 i ,’ y i - ) D ] P _
% Zil 2?2V€C(P\/f_f%DN) E [(fo fll fo & fo2 f12 fo2> |_DNi| VeC(PVf_f%DN>_
12711

ini1 7 11 PN

5 T TyveelP g VE[(Vif fu © Vi fi ) D] vee(P ;)
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m

(Vf §fz2 ®fo fzz) |DN] - ﬁzl vec(P _% )I

Vg™ Dn
<‘/ff2f21 fo ®fo f’bl fo ) |DN] VeC(PVf;%DN)_
Zil VeC(P %DN)/ <Vf_f7f7,1 X Vf}§le> |DN:|

7
= -1 1- 2 1 P - N P ! —
(N-1)[ N]vec b ) vec( Vf_ffDN) vec( Vf_ijN)vec(fo)

tlj

es

2
N-1 Ly
N [VGC(PV2DN)VeC(fo)} +
1

1

(1= %) vec(P 4 VE (Vi Vi @ Vi Vi ) [ vee(P_y )
B B _jf_ N =L (1 - 1) veo(P y 15 DN
= (N-1) [1 + vec .

E [(Vf?fif{vf? ® Vf}ﬁfiffvf?)] VeC(PV—f%DN)

= At F (1 g)vee(P_y VE (Vi 11V @ ViR RV )| veePy ),

iy Viy" DN

!
since vec(A)'vec(B) =tr(AB) and (Vf_f%fi1 ® Vf}%fQ) vec(P 1 ) = ’fo

Vig” Dn
_1 _1 /
Pvf % fo fll - (fo2 fi2 X fo2 fll) VeC(PVf_f%DN).

(=2X) B [N2 (0. YYViO0) 3P, gy 0 Vir®)7F [Vin(6) = Vis(0)]

Vit 03y, - o VirO) 2w 6 >|DN}
= |:N Zzl fo 1 fo Ziz (ﬁéfz‘lg_vff) fo%vaf%DNfoé Zi;; fi3|DN:|
= E{%Zil z'/lfo Fbp fo X Fafl Vi M v by Vi S firm

~ i Ji fo1 -3 Nfo i fo o Vi M voh NVf_fé >y fis—

1
! V P M Vo2 S filD
Zzl 71 f_f% DN Vf_f% DN ff Z’Lg f743| N}

1 1
= Ve V.2 i fE Ve M V.2 fi
{ 2 Ji ff }%DN ff Z’Lg;ﬁzlf2 rf f}lDN o fat

1
%Zil ’Lllv P *% fZl /V M % f’i1_
ff f
1
1 _1
N2 Zil Zig;ﬁil lev P % fo f’Ll ! V M % fo2 fiz_
f
1 1
1 _1
N iy 2oinrin Jo Vi P -3, fo fufi fo Moy, Vis' fa=
ff f

1 1 1
X 1
N7 2y Qi Jin Vgt P vibo fo Fufi Vif My Vi fu—
ff
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e 2o Vi & VA Dy fof“ Vs ‘M viED Nvf_fthlDN}
_1 B B
= E {—W Zil Zz‘z#il tr(fo2 Pvf}%DNfoz filfill)tr(vfo va}%DNfoz fiz {2)_'_

N-1 -3 -3 -3 -3
Tvec(Pvf_f%DN)’E(fo JifiVi? @ Vi fifiVes )Vec(MVf_f%DN”DN}

N1 _1 _1 _1 _1
= &1 {vec(Pfo%DN)'E(foz fifiVi? @ V2 fi fi’fo2)veC(va}%D ) — (k — 1)}

N

KLM, : K LM, consists of one component whose conditional expectation given
Dy (6,Y) we construct using that E(V;;(6)|Dn) = Vis(0) + O(N~2) :

(—2x) E [NZfN(G,Y)'fo(Q) QMV ((,)_gDN((,Y)fo(9)‘5‘A/ef(H)fo(@_1

F(8,Y) [D(8, Y V30 Da 6.V LD (0, Y Y Vis(0) S (0. Y) Dy (6,Y)]

- {le WA “ip, Vi o dafuVid S s [V DN] ™
DNV 3, fz4|DN}

= {W Zil illvff va}% V_% 212 d;, ilzvf}l Zig Jis [D&Vf}lDN}
DAV S fis = 1 S FLVi M o Vit S, d,
S Vi Sy fi DNV DN] ™ DAV S, ful Dy

_ E{NL S S ;1vf‘f§Mff% vf‘f%dil Vi [DNVi DN DAV f+
N7 Doty Dointin szfflef% fo diy f1,Vi7 fu [DNVi7 D] DV g
D DD DI i (o Mff; Vi 2, Vi fin [DNViDn] T DV it

—1 _
o X SV M ;1 Vi i fL Vi T DV D] D?vaflfth}

:E{ 1

IZHvavfsz “Ap, foan Vi fu [DVVDN] T+
+

-1

-1

NI ;1vff M - V) Qd ! Vi Dy [D\V Dy +

N2

N2

1 -1
=5 DNV d Vi M v, Dy Vi di, DV D]

= S FVi M fo diy f1, V77 i [PV D] D%Vf}lfiJDN}

V.2D
f
= E{Q(

-1 _
X LV M i fo di fi,Vys fir [DnVi Dn] DNfolfiJDN}
ff

_1 _
Vi M 4 Vist Fufi Vi Dy [DyVi D] ™

i1 11 3
ff
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= W Ajee(M 1 YE(L SN V_%f»f»’V_% Q V_%d~|D )V_%D
N Vf}EDN N =1 " ff JUiVff ff Wil N) Vg N
_ 2 _1 _ 1 1
(DN Vi D]+ gvee(M, g VE(5 S Vi Vi FifiVyy? @ Vi dil Dy)
. M
vee(V;? Dy [Dy Vi Dy] ).
Under Assumption 2, E(% Zé\ilvec(fi(HO)fi(‘90)/)di<90)/|DN(90, Y)) =vec(Vi(6y))
Dy (00,Y) so

By S Vi SV @ VitdiDy)
= (Vf_ff ® Vf_ff)E(% S @1) di|Dn) (V> @ 1)
= (V;;? @V ) (Vip @ Dn) (V2 @1)

which implies that only the % term of K LM, remains.

Given Dy(0o,Y), the conditional expectation of the different higher order ele-
ments of KLM(fy) read

E [KLMo|Dn(6o,Y)] =1
~E[KLM|Dy(00,Y)] = ¥tvec(V, 2Py V2 YE(fif] @ fif})

-2
fo Dn

_1 _1

Vi 2Dy
_1 _1 _1 _1
28t vec(fo2PVf_f%DNfo2)’E( fifi ® fifi/)VeC(VfﬁMv}%DNVf )= (k—1)
_1 _1 _1 _1
N1 g EN frEN
WD (k—1) -4+ 2
_1 _1 _1
E[KLMy| Dy (05, Y)] = =07 vec(M 3 YE(§ 00, Vi fil Ve © Vi di| D)
ffEN
_1 _ 1 _1 _ _1
V, 2Dy [D\V' Dy — %vec(va}%DN)'E(% SN VRSV LV ®

V;2di| Dy)vec(Vy Dy [Diy Vi D] ),
and the conditional expectation of K LM, under Assumption 2 is of order %
c. GMM-MLR statistic. To expand the expression of the GMM-MLR statistic,
we use a Taylor approximation of GMM-AR(#) around GM M-AR, and KLM(f,)

around K LM, :
GMM-MLR(0y) =
% |:GMM-ARU — r(90) + \/(GMM—ARO + I'(eg))Q —4 [GMM—ARO — KLM()] I‘(Qo)) +

ﬁ 1 + GiWM—ARo—r(Q(]) GMM_AR1+
V/ (GMM-ARy+(60))?—4[GMM-AR(6o)— K LM (60)]r(60))

1 t(60) 1 1
N \/(GMM-ARo+r(60))>—4[GMM-AR(60)— K LM (60)]r(60)) (KLM; + JNKLM?) + OP(NQ)'
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d. LM statistic. We just show that the higher order components of LM(0)
depend on Dy (6,Y). We therefore only construct a higher order decomposition
for which we uses just the (Dy(0,Y)V;(0)*Dy(6,Y))” ' -element from the higher

R ~1
order specification of [qN(é’, Y)'Vir(0) tgn (6, Y)] in Lemma 6.

LM(0) = Nfy(O.Y) Vs (0) 2Py ooy o Vir(0) 2 f(0.Y)
~ N[fn(0,Y) Vi (0) ' Dn(0,Y) + (0, Y) Vi (0) " Vor(0) Vi (0) ™ fn(6,Y)—
fn(0,Y)Vip(0)~ {fo(9) - fo(@} Vip(0)"' D (6,Y) }
(Dn(0,Y)'Vyp(0) ' Dn(0,Y)) " [fn(0,Y) fo(9) "Dy (0,Y)+
fn(0,Y ) Vi (0)  WVar(0) Vi (0) " fn(0,Y) — fn(0,Y ) Vip(0)~ [fo(e) — Vi(0)
Vi (0) ' Dn(0,Y)]
= KLMo+2Nfn(0,Y)Vyp(0)~ Vor(0)Vyr(0) 7 (6,Y)
(DN (0, Y ) Vis(0)* D (6,Y) ™ Dx(6,Y)Vip(6) 7 fn(6,Y)+
NI (0, Y)Y Vip(0) " Vor(0)Vi4(0) ™ fa(6,Y) (Dn (6, V) Vip(6) " Dy (6,Y)) ™
In(0,Y ) Vip(0) " Vor(0) Vip(0) 7 i (0,Y) — 2N fn(0,Y) Vip(0) "
[V4(6) = Vis(8)] Vis(8) "D (8,Y) (Dn (6, Y Y Vis (6) ' D (6,Y))
[Dn(0,Y)Vig () (0, Y )+ (0, Y ) Vi (0) " Vor(0) Vi (0) fn(6,Y)] +
NFx(0,YYVis(0)7 [Vip(8) = Vis(0)] Vis(0) D (6,Y)
(D (8, Y ) Vis(6)~ D(8,Y)) ™" Dyv(8, Y Vis(6) ™" [Vis(6) = Vs (6)
Vir(0) = fn(0,Y)
We use the analog of Lemma 7 to obtain the conditional expectation of LM(#)

given Dy(6,Y). We therefore first construct the conditional expectation of the
first five elements of the approximation of LM(f) given Dy.

1. E[KLM,|Dy] = 1.

2. (2x) B[N Sy (0, Y Vis(6) Var (B)Vis (6) " f(6,Y)
<DN<9 Y)'Vir(0) 7 Dx(0,Y)) ™ Da(0,Y)'Vyp(0) " (0,Y)| Dx ]

N2 2 Vi Var Vi 2 fa [DNfolDN] "DV T, il Da
= NZ“ i1 fflvqf 1f2'1[ leN} D?\f fflthN%
= %U{ [fu Vi VasVig Fa [DNVi DN] Dﬁvvf}”DN}
where Vo = Vgr(6).
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3 E [N S 0, Y YV35(6) Vs (6)V3s(0) £ 6, V) (D (6, Y YV 5(6) Do (0, Y)) "
fN(9 Y)'Vip(0) 7 Vo (0) V()71 (6, Y)| D]

B | 5s 20, Vi Var Vg S, fin [DVi D)™ 305, £V Vg Vi 2, fiul Dy

E_N3 i S Vi VarVig i [DNVEF DN ™ i, £V Vi Vg ol Dy | +

2 _N3 i FL Vi VasVig i fin [PV D) izvfflvqlf Vis ful D | +

E _N3 2 fuvfflvqfvff Yiyiy fio [Div Vf}lDer W Vi VasViy fiu| Dy | +

B | o, £ Vi, VarVis fu [DNVE DN] T FLVVE ff1f21|DN}

= (]jv . {[tr<vfflv<zf>]2 + (Vi Var Vi Vip) + tr(‘@flvéfvfflvqf)

T B (Vi VarVis £)2] ) [DA Vi D)™

4. (2x) E [J\ffzv(&Y)'fo(@)’1 [fo(9) - fo(ﬁ)} Vir(0)" Dy (0,Y)

Dy (8,Y)'Vy5(6) ' Dx(6,Y))™" D (6,Y)'Vy1(6) " f(6,Y)| D

-1

(
(
= [% Zil i,lvf}l Zzg (fzz iz fo) V IDN [ngvf}lDN}
DNV S5, il Dy
= B[ X Vi S, (fufl = Vis) Vi Dy [Di Vi, Dy]
Dy Vi ful DN] + B [52 X0, fL Vs (Fufly = Vig) Vi Dy
[DNVi' D]~ DV i |DN]
= B #Zil WV fu £ Vs Dy [Dﬁvvf}lDN}_lD%Vf}lfh'DN] -
B |3 50, f4Vi/' Dy [DiVi Da] ™ DiVi fal D |
— LlulB(f fgvff [:f\Dx) Vi Dy [Dy Vi D] ™ DV =
Ltr [E(ff/|Dx) Vi Dy [DiV;' Dy] ' D) vfﬂ
— Lt |E(fifiVi A ff]) Vi Dy [DyViDx] ' D ]—%.
5. (25) B [N fi(6,Y ) Vis(0) 7 [ Vs(6) = Vis(6)| Vis(0) D (6,Y)
(DN (0, Y)Y V() D (8,Y) " fn(0,Y) Vi (0) 7 Vas (0)' Vip(6) ™ (6, Y )| Dy
= [N:a > FLVif 2, (fafly = Vig) Vi D [DN Vi D] -
Zi;), fig fol Vf]fvf_fl Zu fia |dl]
= Bl X SV S, il — Vi) Vf‘leN [Dy Vi Dy]
Fi Vi VarVig il Dy] + B 55 X0, £ Vi (Fufly = Vir) Vg
Dy [vavfleN] - D intin fizvffl‘/;lf‘/ff fz2|DN} +

-1

-1
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B[ S Vi S (Fifi = Vi) Vi D D4V D]
fz‘lgvf_flvqfvf}lfiJDN} +E [% Zil illvf_fl Ziﬁéz‘l (fZsz,g - fo) vf_fl
Duy [DiVi D)™ FL Vi ViV ful D | +
E [ﬁ S SV (fifl = Vig) Vif Dy [DNVf_leN]il
F Vi VarVis fu | D)

= N {E (Vi FiJ1DN) Vi Dy [Dy Vi Dn) ™ B(fIV Vag Vi fi] D)+
tr Vi Dy [DiVi Du] ™ E (J,Vi7 Vag Vi fua £ | D) | +
tr | V7 Dy [DyVi Dn] B (Vi VigVis fu £ | D) }+
E %Zzl 'L'/lvf}lf’il i,lvf}lDN [vavf}lDN]_l {1Vf}1‘/flfvf}1fi1’DN:| -
B | X, £V Dy [DNVE D] ™ FL Vi Var Vi £l Do

= 5 { (Vi Vi) B (FVi £ifi) + B (FLVi Vi Vs Fiufy) +
E (fLVrs VasVis fiu )] Vi Dy [DﬁvvfleN}‘li *
L A 0N D (P o]
N2 iV fp VetV JiJil N Vg YN PNV PN

The five elements of the approximation of LM(f) are then such that we can specify
it as
LM () = KLMy+ LM, + 25 LMp, (Dn(8,Y)V;(0) ' Dn(6,Y)) " +
tr (£ LMp, (Dy(0,Y)Vis(0) Dy (6,Y)) ™ Dy(0,YYV31(0) ).

where

E(K LMo|Dy) = 1
E(LMi|Dy) = 2 = 26r [E (fif Vi fuf!) Vi D [Dy Vi Dx] ™ Dy V7|

E(LMp,|Dy) = 2E [fif{Vi; Vo Vi fi] = 255 {te (Vi Vo E (FVi fif]) +
E (Vi ViV if)) + E (Vi Vi Vi fifl) } =
%E [filvfil‘/vaf}lfifilvf}lfif” - %E ffz’lvf}lvtlfvf}lfifi/]
E(LMp,|Dy) = (N = 1) { [tx(V;'Vap)]” + (Vi Vi Vi Vi) + (Vi Vi Vi Vg )+
(Vi Ve Vit Van) } + B [(FVigVasVis £2)°] -
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Proof of Theorem 2.
Using Lemmas 2 and 7, we obtain the higher order specification of r(fy) :

r(fo)

with

To
I

Iy

]

NDn (0o, Y) [%q(eo) - ‘Z;f(90)‘7ff(90)71‘7fq(90)] B Dy (60,Y)
N [Diy(60,Y) = Vag(00)Vss(00)~ (60, V)] [Vis(00) ™" = Vi 5(00)
Vdd(eo) - Vee.f(eo)} Vee.f(@o)_l]
Dyv(00, Y) = Vg (60) Vi1 (06) ™ (00, Y) | + Op()
N Dy (0o, Y'Y Vaa(60) " D (00, Y) = N {2 (00, Y )V (60) Vi (60)
Vao.(096) " Div(80,Y) + D (00, Y) Va1 (60) ™" [ Va(0) — Vao.1(65)| +
Voo.;(80) " D (80, Y)} + N fv (60, Y ) Vi p(80) Vi (B) Vao.s (60) ™!
Vos(00)Vys(00) ™ fn (00, Y) + N (00, Y ) Vy(00) ™ Vas(0o) Voe.r (00) ™
[VaaB0) = Vao.1(60) | Vao.1(00) Vo (60)Vis (0) " i (6o, Y)
o+ +(r1 + I2) + 7273 + 0p(5 ),

N Dy (6o, Y)/Vee.f(‘go)_ll?N(‘goa Y)

2N fx (00, Y ) Vi (60) =" Vor(00) Vao.r (60) ~ Dy (6o, Y')

NDiy(0, Y Y Vao.1(06) ™" |Vaal0) = Vaa(80)| Vao.1(06) D (05, )
N (00, Y ) Vi1(06) ™ Vay (B0 Vo1 (60) " |VialBo) = Vie.1 (60)
Vao.(60) ™ Var(B0) Vi (60) ™ f (60, Y).

The order of the different elements results from their expected values:

Ig -

Efro) = E[NDy(60,Y) Voo.r(60) " Dn(6o,Y)]

so O(rp)

= BV (0600 + 4 S @460 - T60D) Voo 60)

(
(J00) + % L (i 00) = T (60)) ]

= NJ(0) Vio.;(60) T J(00)+

(
Lir [Vbef( 0)~'E (vaﬂz 1(di(fo) — J<90))(dﬂ‘(90)_°}<90)),>]
(

= NJ(00) Vio.r(00) 72T (0p) + k.

= N when J(6) # 0 and 1 otherwise.
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2B | N2 (60, V) vffwo)*%f(eoyveefwo)*lDN(eo,Y)}

2E %Z D Qi foldw Voo, dis

28 [ 2 Xy X SV S Vi -

2E ]I[_ Z Z 213 224 fo dl2 ‘/99 fdl4]

2E NZZ' f fo (J—i—d“—(]) Vaef di, — J)] +

2 |3 55, B £V (T o = D)1 Vi 0 = e

2E le 12 ff (J ‘I’ dllz - J) ‘/99 fJ]

2K N2 2111 Zzg Zz fo d’LQ ‘/99 fd13:| L

2B [fiVi, T f{Veo s (di J)] 2k LfiVip (di = J) fiVio y(di — J)] +

2J’V99fJ +2NE[f! fo (d; )f’Veng]
2K [N2 Zzl ZZQ Z’Lg fo (J+ dm - ‘]) ‘/99 (J+ d13 - ‘])]
2N TVt J + 2E [fV Hds = J) [V e (ds J)} +2E [fIV T f{Vagle(di — J)] +
2NE [fV '(d; )f’Vee fJ]
2N<]/V99 fJ 2E [Nz Zzl ZZQ 213 fo ( - J) z',lvbg.lf(dis - Jﬂ -
2E [§2 25, 2o 2 [ 1Jf’ azf - ]
2E [NQ Zn le le ( - V6’9 f‘]]
2NE [V, (d; )f’vaefJ] +2E [f Vi (d; )f'vegf< — )]+
2 [f{V} I fiVig y(di = J)] — 2E [Nz i, Ciugis Vi (U =)

’V@(d — )] = 2B [§= 20, fL Vi (di, = J) ’Vezf - J)] -

[ Z fz’lvfflszllveef( 11_J)] _QE[ Zzl fo( _J) Veafj]

2(N — DE [f]Vi (di = ) J]] Vi lp T + 2552 1E[f’ ff( )f’ 96f< - )]+
2F [f' ffljf’ W( —J)] — 28k

with J = J(0y) =E(d;(0,)).

Iy :

E [1'2] =

E | N2 Diy (B0, ) Vi (60) ™ Via(Bo) ~ Via(8)| Vo1 (60) ™ Div (60, Y)]

E % Zil 21;2 zig(J + di1 - J) V [dz2d22 V99-f} Veg.lf(‘] + dis - J)]

E [% Z’il Zig ZZg(J+ d'Ll - J) ‘/YQG f(J+ dZZ - J)(J+ d12 - J)/ -
Vooh (J +diy — J)] — E 7= Z“ D iy 2ot i T+ diy — J) Vil
(J+diy — J)(J +diy — )V, (J+dz4 - J)| -

E [% Z’il Z'LQ ZZg(J + dll J) ‘/YOG (J + d23 - )]

N2J' Vg s J (T Vg J +1) + N{J’V;)e LI (44 2k) + Mk

28HE [J/V;ae f(d I)(di — J) Vg f(d )
m Veef (d; — J)(di — J) Vaolo(di = J)] —

N2(J'V,, { ) NJ'VQQ J(4+2k) — 2822 (k% + 2k)—

A [ Vo0~ ) ~ T Viah(d )] - 1

N [( i Veef(d J)(d J)Veef(d J)}_N2J/%5.fj_Nk
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:2Mf EL”%Ad T)(di = T Vig's(di = T)] +
[d — J) Vgl (di = J)(di = J)' Vg s (ds = J)] —
( 3) + ~ (k* + 2k)

where we used that

QM%PMM%%MMﬁ

=

E (% 20 i i (4 diy = ) Vgt (T diy = D) + diy = T) Vi s (J + diy — J)]
[12Z@JWQHJ+¢51QU+dQ—JW%HJ+¢5—QN+
EPI Zm( i = D) Vg (J 4 diy = I)(J + diy = J) Vg s (J + diyy — J)]
Yis IVaplg(J +diy = I 4 diy = T Vigly ] +

in i JVeer"‘dzz =N +di, = J) Veef(dw, —J)] +

iy Din (diy — )‘/Oef(J+d22_J>(J+d12_J) Vbefﬂ

Zu Dy 2o (diy = )V o (J + dzz — (T +diy = ) Veg's(diy — J)]

Vi, IfJ) N?J'V% J+ NJ'VglJ+

i I Voot (J + di, — J)(J+d12 = J) Vool (diy — J)] +

12( 12 J)%Gf(‘]—i—dw_J)(J_’_dw_‘])‘/&&f‘]]

Do Doigtis (diy = ) Vg s (T + diy = T)(J +diy — ) Vg (diy — J)}

i, ( - )Veef(efﬂlu J)(J+d“ J) Veelf(d —J)]

= (NJ'Vy, J) N2J’V99 J+3NJVgh J + 2Nk Vyg' o J+

2N [J' gaf (di — J)'V@;f(d J)} + (N — )J’VWJJr (N — 1)k+
E[(d; Vaelf I)di = ) Vgl (di = T)] + 'Vl T+

B [(d: - ﬂ%e(d T) Vog.y(ds — Jﬂ+EW Jﬂ%ﬂd D) Voo (di = J)
= N2J'Vyls J(J’V% J+1)+N{J'V(,9 J(4 4 2k) + Xtk

NHE[‘]I%(; (di = I)(d; = J) Vg s (d D+

E[(di—J) Veef(d J)(di = J) V99f<d J)]

Z E S (T +diy — J) V! (J+d12_J)(‘]“’dm_‘])vbef(*]‘{'du_J)]
o Din I Voot (J +diy — I)(J + diy — J) Vo s (J + diy — J)] +
Zz( - )Vean"‘dzz_J)(J+d13_J>‘/90.f<J+di4_J)]
o 2in 90f(J+d22 J)(J+di3_‘])veé)f‘]}+
Zz J%ef(J+dZ2 J)(J+di3_J) Veef(dm_‘])}"i_
o iy iy — ) 99{(J+d12—J)(J+d13— J) 99{]
Z( J) Vg ¢ J+d12—J)(J+d23—J) bo.p(diy — J)]
J 00.f J+2NkJ’V99 J+2NJ’V99 J+

— J)’V;)gl (d; — J)j + NJ’V%.fJ + A=L(k2 4 2k)+
A%MdJﬂ
Vo J(4+2k) L (k2 + 2k)+
i—J)"/é;f(d J)| +
i —J)(di — @manm
(T J)%Of(‘]—i_dlz’,_‘])]

W

E[Y
E
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Irs:

Blrg) = B {Nfx(00,Y)Vrs(60) " Vas (60) Vao.s(00) ™ | VaalBo) = Vaa.s (80)]
Vio,1(80) Vs (00) Vi (60)~ fv (60, Y) |
= E {NZ Zzl Zzg Zzg ZM Zzs '1Vf_f1gi2 fwveglf [Cii:%dis

— Vao.f]
96ff24 ff1f15}>

which can be shown to be of order O(1).

Proof of Theorem 4.
a. GMM-AR*-statistic: The higher order components of the bootstrapped
GMM-AR statistic from Bootstrap Algorithm 1, GMM-AR*(#), read:

GMM-AR"(6) = Bf5(0,Y ) Vi(6) 7' f5(6,Y)—
B3(0,Y Y Vi (0) ™ [Vi(0) = Vg (0)] Vir(0) 5(6,Y) + Oyl ).

The expectation of the first component with respect to the resampling distribution
of f7, E*, results from

g [BfB< Y)YV <> o) =B R (Vi S 15 S

5t ( S it ) |+ B [ (V! S S S8
é (11 f) + % (A‘lzh B () L B (1))
Vi Eiia v X 1fzfl>

*

UUIH Udl'—'

since E*(f}) = « Z f; =0 and E<(fifi) =~ Zﬁzl fifl = fo. The expecta-
tion of Bf(0,Y) Vi (6)! [vff(e) - fo(e)] Vi (0)~1f5(6,Y) results from

B [Bfié(e YYVir(0)7 |V (0) = V3 (6)] Vis0) 7 £5(0. )]
= E 32 le zlvff 212 (fu fo Vf_fl 213 f{;] -
E =B3 2 fi fo 20 I 214 Vir 2 Ji)
= E _Bz Zil *,V 2127&21 (fmfu fo) fflfil] +
E* 32 Zzl fo <fi1fi1 - fo) Vf_flf‘*l] -
B | 55 i i FAVi T fo — B |55 Xy Lo VI T T ,Vf;‘lﬁz} -
B | o T BV BV | — B |0 S FVE B £V 13

IUU|HI
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BoL k2 + 2k] —

= E'| LY, (fﬁ’vf}l 51)2} - [Bz X fiVsr ]
Er é(fi*’\?f?f-*)z}

_ g {(f*'v f)] g—Ble [k* + 2k]

= BTN (79575) -

Hence,

— B [k? + 2K].

GMM-AR*(0) = GMM-AR; + tGMM-AR; + O,(2),
where GMM-AR; = Bf5(0,Y) Vi (0) " f5(0,Y), E(GMM-ARZ) = k, and GM M-
ARy = —Bfé(H Y)’fo(9)‘1 Vi (0)= Vi (0)] Vi ()71 f5(0,Y), E(GMM-ARy) =
SBAL S (FVAR) ko B 24
b. KLM*-statistic: The bootstrapped KLM statistic, KLM*(#), from Bootstrap
Algorithm 1 has the following higher order components:
KLM*(0) = KLM{ + £ KLM; + Oy(2),

where

KLM§ = B0, Y)Y Vir(O) 2Py 45wy Vir () 2 150,Y)

KLM; = =250,V Vis0) Py o V0 Vi) = 0,1(6)]
fo(e)iiPfo(G)i%bN(Q,Y)fo( ) 2fB(0 Y) B2fB(0 Y) ( )75

. S o A s
Px‘/ff(e)*%ﬁN(e,y)fo(e) : [fo(e)_vff(e) Vi1 (6) 2Mfo(0)*%DN(9,Y)fo(9) 2f5(0,Y).

w\»—-

We determine the order of the these components using their conditional expected
values given Dy (6o, Y) with respect to the resampling distribution.

B* [KLMg] = E° [Bf;w VYVirO 3Ry - o V10 2 F5(0.Y)1 Dy
= [ Zzl i1 ff Pf—fl vff 212 f12|DN:|
= {fo Fobp fo 2y B (fifi'lDN)}Jr

tr {fo P‘yf}%ﬁNVf}§% D iy Digziy B {if{;/mN)} =L

The conditional expected values of the two components of K LM given Dy (6,Y)
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are:

L E [32]%(9,Y)’fo(@)’?P‘A,ffwr%DN(eyy)‘A/ﬁ(9)*5 [Vf*f(e) - fo(@}

Vi(0)

= E*
E*
= E*
E*
E*

E*

|H'm|~' e

CYIC

?PV L0 2 Do) V11OV 50, Y)|DN}

5 X [V AV [DQ ( il — fo)} Vit AV S, fZ;IDN} -
e i SV AV [0, 1 2 T Vi AV S, fZZ|DN]

St {0 S Vi AV [ (s = Vis) | Vi AV i 1D ] +
Hr {2 Vi AV [(filfh _foﬂ foAfo . i1}|DN} _

s o i S S SV AV FV i AV 1 D

~ ~ 2 “
{Zil (fi*lvflAvfl z*) } |DN:| —
{Z VAV AV } |DN] -
- zl */V lAV llef*,v IAV lfz1|DNi| _
le le#’tl ,V 1AV 1f22f*/v 1AV 1f7,2’DN -
s i Dy T Vi AV F Vi AV fa Dy | =
B Doiy L T Vi AV i FVi AVE f | D

1 ~ 1 _ 2
= 21 V..2P 2 ) gl =L
[N Zl ' <f Aff%DN(QO’Y)fo fl) ] .

with A = ¥, diy [, d Vi S dir| S0, iy ds = 0000)~Vag (00) Vg (60) ™ i(60).

* 2 f£x ¥ -1 ¥ -1 * ’
2.(2X) B (B0 YYVigO) 3Py Vs (0)72 (Vi) = Vis(0)]
VO M -1y 11030 V)|Dx |

— E

E*

:E*

E*

E*

E*

A1 A1 A
Zn i fo 35 fo2 2 [fw fo] fo2M 15 Virt 2y f£§|DN] -
ff

AL ~
32 211 1 ff 1 Zlg fZQ 214 *,V 2 M —% fo2 Z’L'g fZ); |DN:|
f

Vis? Dy
A1 ~ a1 a1 X
B Zzl 212;&“ i1 fo2P -3 ANfo2 [f;; 5;’ - fo] fozMfoéDNfoQmeN} +

~ ~—1 A1 A
an SV P 35 fo [fifii'—vff] foZMA—lﬁNvffzf;|DN:| —
Vis

A1 A1 A

B2 iy 2uizti z*llv P 4, Vi itV 2M 15 fo2fi\DN] -
ff Dy f Dy

A1 A1 .

B2 Zzl Zzg;ﬁzl i1 fo2PVf}%DNfo2 i2fi1 fo2M\7f}%DNfo2 fz’2|DN:| -
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221 2127521 71*1,V 2P fl Nvf_fEfllfl*,V 2M -3 7 Vf;zflz‘ﬁN:| -

B2
*|:BL211 fo by fo Wi fo Vi 31|DN}

N | 1
- B sz 1 (f/ ff2P 1D Vf fz Z/fo M\A/f_fQDNVf z) - (k— 1):|
so E¥ [KLM;] =1 and
2
. S PDy] = Bzt ) LN mps foch
E [KLMHDN} - B {Nzizl (fivff pvffanwOY)Vf f) +

SO (ﬁvffépvff%m(emy)vff FifiVit 07 Do Y)fo2fi) —2(k+ 1)} + 5
KLM-statistic: The KLM statistic that results from Bootstrap Algorithm 2 has
the following higher order components:

KLM*™ () = KLM; + + (KLM; + KLM3*) + O,(3:),
with

kok * 9 ¥ —l *
KLM; = <2800 V) Vig(0o) 5My o s Vrr(00) 505500

Vi#(00) 71 £5(00,Y) | D (00, Y ) Vip (00) DN(QoaY)]l Dy (00,Y)Vy(00) ™" f5(00,Y)

with Vir(00) = %2002 4 (00)ifi (00)', di(60) = d;(60) — Dp(6o,Y), d;(0o) =
65 (00)=Var(80) " Vi1 (60) 7 7 (60), D60, Y) = § 312, di (60) = a(00, Y )= Vis (60)
Vip(00) 1 f5(60,Y). We construct the conditional expectation of K LM3* given

Dy (6y,Y).
KLM;*

(SIS

B [KLM;* [ Dn(0, Y )] = B | B2f3(0,Y Y Vis(6) My b 10O

Vi (O)055(0) " f50.Y) [Dx(0.YYV5(0) D(6.Y)]

Dyv(8,Y)Vy5(0)~" £5(6,Y) [ D (6, Y)}

= E{% > fz'tlvfféMfo%* Vit S fiVi S 1 ﬁNVf?IDN:
DV S, f rDN}

- { S FVi M o S 1V S £ [ DV Dy ]
DNV S F — e z“ ;z'v 2M Y

S SV Y b [D folDN} D;va;l S I |DN}
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A1 ~
* T2 g% Ry —1
= {32 Z’Ll 212#21 Zl’v M l ANfoz dllflllvff
f

A1 ~ A A ~ -1 . .
* 2 g% LIy —1 px -1 —1 px
B i S [V M, oty Vet SV £ [DEVVf DN} DyVig fi+
Vig

! ~ A~ A ~ -1 . .
* T2 gk iy —1 p£x -1 —1 px
S S JiVi M, f;ANvf;dilfi;vff 5 [PV D] DRV

-1 . . A
S SV M —flA Vi fV [DI Viy' Dy } vavf}lfiﬂDN}
1 . R
= { DI QM;f%DNV A [V Dy | DV Dy |+

. . . Y 11
%Zil vavfﬁMﬂ—flA V Zd*lfiﬁlvfifl i [D, Vis DN] +

—Z D;vv*lf“f:'v My Vf?dil [ﬁwglm +

ff2D
1 L s

-1
= {2(3 1) Z“ d;kllvff2M 1 foz lef folDN [DﬁvvfleN} +

2D

A ~

1 ) a1 A
B X BV My Vi di FVE [ D V”DN} vavfflf;ilDN}
ff N

~ A _1 ~ S SN
= Mvee(M_, VE(5 XL, ViR 2d’f|DN)vff2DN
7 0N
[D;vvf}IDN} +§V€C<MV—%EN> Grh Vi BV I

L Zz ) E*(f f*/vfflf f*/ ® d*|DN)

i
= A lvee(M_y, V(Vy F @ Vi) [E SN (FF @ do| Vi D [ DAV Dy

rf

bvecM, g, YVt © Vi) [§ SRRV A d)] V57D [DivVi

Given Dy(fy,Y), the conditional expectation of K LM reads

E[KLM;|DN(90,Y) = 4B Dvec(M__, )
Vis? D .

E' (520, ‘A/fff?kf-*/vf? ® ‘A/f?JﬂZADN)folA)N [ZA)EV‘A/JC?ZA)N] — Zvec(M__

t\J\»—A

f

B (5 S0, Vi fr Vi o2V @ Vi ds | Dyvee( V) D [D folDN} )-
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and the expectation of K LMJ under Assumption 2 is such that the conditional
expectation of K LMj is of order +.

Proof of Theorem 5.

A.1. For the Edgeworth approximation of the distribution of the GMM-AR
statistic, we construct the characteristic function of GMM-AR(6,) for which we
use the joint large sample density of its’ two components, fy(6o,Y) and Vj; () :

CfGMM AR(0 ffexp ZtGMM AR(@)) fN(9 Y), fo(H)) ('LL v)dudv
= [[exp (zt [GMM ARy + ¥GMM-AR; + 5zGMM-ARy))
Pita 0,758y (s U)d@dv +o(N7%)
= [[exp (itGMM—ARO) exp (LGMM-AR, + 5GMM-AR,)
= [[ [1+ L£GMM-AR,| exp (itGM M-ARy)
p(fN(e ¥4 50y (W v)dudv + O(N —2)
.y [1 + 1 [ GMM-ARpy, (¥ ]u)dv} exp (itGMM-ARy)

pffNey( u)du + O(N~?)

where we used that

P(fN(e,Y),fo(e))( v) = pvff(e)|ffN9y( ’U)p\ﬁfzv(w)( u)

is the joint density of fy (6, Y) and V}(6) for a sample of size N and Piy 0N fx (6,Y) (v]u),
Py fn(oy)(v|u) are the conditional density of Vi¢(0) given VN fn(6,Y) and the

marginal density of VN fx(6,Y). The second last equation results from a Tay-
lor approximation of exp(” GMM-AR; + G MM- ARQ) The order of the er-
ror term results from the Mean Value Theorem and the convergence rates of
(%GMM—ARl) and 5 GMM-AR,.

We use the hmltlng distribution of VN fx(6,Y), which is N(0, Vy;(6,)), to con-
struct the expression of the characteristic function. To account for exp(itGM M-
ARy), we conduct a transformation of random variables from /N fx(0,Y) to
VN1 = 2it) fx(6,Y). The Jacobian of this transformation equals (1 — 2it)~z*

cfaMm-AR (0 )(t)
=[ [1 + 2 [GMM- ARlprf(b")lfN 60.v) (¥ |u)dv] exp (itGM M-ARy)

Prvo)(wdu+ O(N™ )
= (1—2it)” kf [1 + 2 [GMM- ARlpvff(e)thN 0.v)(V |\/ﬁ u)dv

P, /N(172it)fN(0,Y)( u)du + O(N~?),
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where the density function of /N (1 — 2it)fx(0,Y) is a normal one with mean
zero and covariance matrix Vs (6p). If we now specify

— o [\/ N(1—2it) fn (8, Y)]/fo(@_l [fo(9) = Vi (0)
Vi (0)7 [ VNI =200 (0. Y)] .

we can use the elements of the expression for E(GMM-AR;) in Theorem 1 to
obtain the characteristic function since the transformation from v N fy(0,Y) to

VN (1 —2it)fy(6,Y) is such that

-/ {f [\/ N(1—2it) fn (6, Y)},fo(e)_1 [fo(e) - fo(9)] Vis(0)~

[V N(1 —2it)fn (0, Y)] PU 0N (07) (“’ﬁ“)d“} P /N3 (o) (WA
— E(GMM-AR,).

GMM-AR;, =

Hence,

cfavmi-ar(o) ()
=(1—2it)2" [ [1 +2f GMM-ARlprf(9)|\/MfN(97y)('U’U)d’l)
PR3y 0:) (u )d“ +O(N7%)
— (1 2it)" 3 |1+ 55t B(GMM-AR)| + O(N"2),

which is such that (—i x %}W) = k++E(GMM-AR;). This characteristic

function results from the density function:

E(GMM-AR
pGMM_AR(e)(U) = px2(k)( u) — % (aupx 2(k+2) (“)) )

where p,2(;) () is the density function of a x*(k) distributed random variable, since
cfovnar)(t) = [ exp(itu)pevn-ar(o) (w)du, such that the Edgeworth approxima-
tion of the distribution function of the GMM-AR statistic reads

Pr[GMM-AR (0y) < z] = Pryeqy(z) — E(GMM- ARl)pr 2y (2) + O(N2)
= Prpeg <a: GMM E(GMM-AR,) )) + O(N—2),
Thus the Edgeworth approximation

E(GMM-AR;)
Nk :

which uses that py(rio)(u) = Py (u)i.

amounts to multiplying a standard y?(k) critical value x by 1 +
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A.2. For the Edgeworth approximation of the distribution of KLM(#), we con-
struct the conditional characteristic function of KLM(6) given Dy (6,Y) :

cfkimo) (t|/Dn(6,Y))
= JJJexp (tKLM(0)) p(\/NfN(Q,Y),fo(0),V9f(9)|DN(0,Y))<u7 v, w|Dy(6,Y))dudvdw
= [[[exp (it [KLMy + + (KLM; + KLM,)])
)

P(/Nfn0.Y), V10 )V O)IDx vy (w, v, w[Dy(0,Y))dudvdw + of
= [[[exp (it K LM,)exp (& (KLM; + KLM,))

p(\ﬁfN(Q,Y),fo( ),V 7 (0)|Dn (0,Y ))(U v w|DN<(9 Y))dudvdw + 0(%)
= [[f [+ % (KLM, + KLM,)] exp (it K LMy)

DN (0,Y),V5£(0), Vo £(6)| D (6, Y))(U/ v, w|Dn(0,Y))dudvdw + o( ),

eXp (ZtKLMO) p\/NfN('97Y)|DN G,Y (ulDN(e, Y))du + O(N)’

=|=

where

Pln(0.).0750). Vo (0) D (0,3 (8 U W[ D (0, Y)) =
prf(e),VofW)\x/ﬁfw(e,Y>,DN<e,Y))(“vUvw|DN( YD yR 1 0.7) D (0. (W D (0,Y))

~

is the conditional density of (fy(6,Y), V;(8), Vas(#)) given Dy (6,Y) and

PV, (0), 705 0)) £ (0,Y), D (0, (Vs W, D (0,Y)) and p /iy r, 9.y by (0.v) (Ul D (0,Y)) are

the conditional densities of (V;;(8), Va(6)) given (fx(8,Y), Dx(0,Y)) and of VN f(6,Y)
given Dy (0,Y).

We use the limiting distributions to construct the expectations. Because of the
independence of fy(0,Y) and Dy(60,Y) in large samples, the conditional limiting
distribution of /N fx(0,Y) given Dy (60,Y) is N (0, V};(6y). We combine the expo-
nent term of the density function of this limiting distribution with exp(it K L M) :

exp [it K LMy — N fn(0,Y ) Vir(0) 7 fn(0,Y)]

= exp [ithN(9 YYVis0) 2P, -t pponyVrr(0) 72 fn(0,Y)~
1 = _1
INFN(0,Y) Vip(0) 72 <Pvff(9)-% (0Y>+vaf(e>—%DN<e,Y>> Vir(0) 2 fn(6,Y)

= exp [—1(1 — 2it) N fn(0,Y) Vi (0)~ 2PVf(9)7§D o3y Vir(0) 72 fn(0,Y)—
sNIN(0.Y) Vs (0)~ %vaf(e)f%DN(g,y)fo( )~ 2fN(9vY)}

= exp[—3 (1 — 2it)

(

K LMy~
INfn(0,Y) V()2 M

fo(e)_%DN(G,Y)fo(9)_§fN<9, Y)} .

We now conduct a transformation of random variables from V; f(Q)*% VN fn(6,Y)
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to

D=

(1-2it) ' DN (8,Y) Vi £(0) DN (0,Y) 0 B
0 Dn(0,Y) Vi(0)Dn(0,Y) 1

RN 2) 702V N fx(0,Y),

Dn(0,Y) Vyp(0)2
with Dn(0,Y), : (k— 1) x k, Dy(0,Y) Dy(0,Y) = 0 and which uses that

1 1 . .
Vir(0) 2vaf(9)_%DN(97Y)fo(6’) ? = Pvff(e)?zDN(e,Y)L' The Jacobian of this trans-

formation is equal to (1 — 2z't)_%. The K LM, and K LM, higher order components
of KLM(#) contain both elements that result from the transformation and we
therefore specify them as:

1

KLM, = =25 [N =2i) /v (0,Y)] fo(e) 5P, o ooy V1107
[fo(Q) - fo(H)] Vis(6)72P, Vis(0) Dy (o) Vir(0)~2 [\/ (1—2it) fn(0,Y) ]

T [\/ — 2it) fn (0 Y] Vip(0)~ 2P Vi 0)- %DN(Q,Y)fo(Q)_i [fo(9) —fo(g)}
Vis(0) M, f(@)_l o Vi) [V (0,Y)]

\/u—zt [\/_wa Y)},fow}_%M Vis(0)-Dn (0 Vip(0) 72 Vo (0)Vis(6) !
IO, Y) [Dn(0,Y )Y V;(0) Dy (6,Y)] " Dy (6, V) Vy(6) [\/Tmtf]v 0 Y}

We now use the results from Theorem 1 that:

1 1 [
0= E[N2fN<0,Y)fvff(e> RN O [fo(e)—vff(e)]
_1 _1
Vis(0) 2Pvff(ev)—%DN(e,y)fo(‘g) 2 fn (0, Y)|DN}

KLM, =

=t {veel, oy, VR (VAR VLAY velr, ) —a) <
ff ff N
b= [NQfN(H YY) fo(9)*5PVH(Q),%DN(&’Y)VH(G)*% [vff(e) - vff(e)]

fo(e)*fvaf(e)f%DN(g,Y)fo(H)’ﬁfN(Q, Y>|DN]

. Na 1 1 1 1
= &= {VGC(MVH%DN)’E (fo2 f,-fi/fo2 ® fo2 fz‘fi/fo2> VeC(PVf}%DN) — (k- 1)}

= B|Nu(0,Y)Vyr(0) EM Vip(0) 2 Vas (0)Vi(0) " fn (0.Y)

Vi (9)—§DN 6,Y)
(DN (0, Y Y Vis (0) Dy (6, V)] Dy (6, )V (0) ™ f(0,Y) Dy
_1 _1 _1 _1 _
ff 1 1 a1
%VGC(MW}%DN) E(x iy Vi FifIVif £ifiVi? © Vi di| Di)

veo(V;,2 D [Di Vi D] ™),
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to obtain the characteristic function:

CfKLM(g) (t’DN(eo, Y)) = f [1 + %KLMl + %KLMQ} exp (’ltKLMo)

1 7 7
— (-2 [1- N(lfm.t)a—%—\/ﬁ(b—l—c)—l—o(%)],

where (1 — 22'15)_% results from the Jacobian of the transformation from K LM,
o (1 — 2it) KLMjy. The density function that leads to the above characteristic
function reads

prLMm(e) (W) = Dy2qy(u) + % [(b"' c) ( wDx2 (2 )(U)) +a ((%px?(:%)(u))} + 0(%)7
so the resulting Edgeworth approximation reads:

Pr[KLM (6y) < 2|Dn(00,Y)] = Pryeqy(2)+
~ ((b+ C)pXZ(z)( ) + apyaez)(x)) + ( )
=Prew(@) + & (az + V27 (b + )22 ) peq(z) + o(N )

1

= Prow (o4 % (az + VIR0 +)zt) ) +o(N ),

which uses that p29)(z) = vV2mv/Zp,2) () and py2gs)(2) = py2qy(z). Thus the
Edgeworth approximation alters a x?(1) critical value x towards x—% (a:c + V21 (b + c)\/E) )
B.1. For the Edgeworth approximation of the distribution of GMM-AR*(f), we
construct the characteristic function of GMM-AR*(6,) :

CfGMM-AR,*(G) (t) = fexp (ZtGMM—AR*(Q)) fB(gy V* ( )dudv
[ exp (it [GMM-ARy + 5GMM-AR}]) prs0.v).v, o)) (s v)dudv + o( B~1)
1
)

= [[1+LZGMM-AR;] exp (ztGMM ARS) pss, gy) ( ) (u, v)dudv + o(B~1),

where sz 0,v),v;, (0)) (u, v) is the joint density of f5(0,Y") and V() for a bootstrap
sample of size B. The order of the error term results from the Mean Value Theorem
and the convergence rates of (%GM]W-ART)2 . The addition of exp(itGMM—ARO)

alters the variance of the limiting distribution of VB f3(0,Y) so it becomes N (0, == —_V1(0)).
The characteristic function then becomes

CfGl\rIM—AR*(O)(t) = (1 - 2@1&)_7]6 [1 + 5 B (1 2t (GMM AR*) + O(B )] s

where E(GM M-AR7) results from the higher order specification of GMM-AR*(0)
in Theorem 2, such that the Edgeworth approximation reads:

PrGMM-AR* (80) < o] = Progy (v — 321 ) 4 o(BY),
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B.2. For the Edgeworth approximation of the distribution of KLM*(0), we con-
struct the characteristic function of KLM*(6y) given Dy (6y,Y) :

cfirare (o) (t|DN(90; Y))
= f exp (itKLM* (9)) p(f§(97y)7vf ) (u, v)dudv
= [exp (zt [K LM + %KLMTT) P(sy0.0). v, (0) (s v)dudv + o(B™)
f [1 + %KLMH exp (ZtKLMg) p(fg((;,y)y;f(@))(u, U)dudv + O(B_l).
Identical to KLM(0), the exponent term exp(it K LM{) alters the exponent term
of the density function of the limiting distribution such that the characteristic
function of KLM*(0) reads

cfkrn+ (o) (ﬂDN(@o, Y))
= f [1 + %KLMl*} exp (itKLMS)p(fg(g?y)’vf*f(g)) (U, U)dudU + 0<B_1)
= (1-2it)3 [1 ~ LR — 2 _R(b) + 0(3—1)] ,

B (1—2it) 1—2it

*
oy

_ N
a = Tl %Zizl
b= EloLlsd :P s

BN &i=l Vi £(60)™2 D (60,Y)

! L (60)" 2D 60
FO0 V5 00y My 0y o Virl0) 2 F(60)| = (= 1)}

Vi (6o

The Edgeworth approximation of KLM*(6,) then reads

Pr |KLM* (0y) < 1'|DN(90>Y)} = Prew(z)+
% a*r + \/27rb*x%> px2(1)($) +o(B™)
= PI'X2(1) <QJ -+ % (a*x + v 27Tb*$%)> + O(B_1>'

B.3. For the Edgeworth approximation of the distribution of KLM**(0), we con-
struct the characteristic function of KLM**() given Dy (6o,Y) :

cfiar (o) (t| D (6,Y))
= exp GEKLMT(0)) Py 031,07, 015, 0D 0 (s v 0| D (6, Y ) dudvdw
= [[[exp (it [KLM; + & (KLM; + KLM;j)})
p(\/ng(g’y)’vff(g)y;f(@)mN((,’Y))(u, v, w|Dyn(0,Y))dudvdw + 0(%)
= J [1 + 5 [KLM; + KLM3* Dy (6) vi 0)1/B 3 0.3), b (0.3 (Vs W] Dy (0,Y))dvdw
exp (itKLMO)p\/Efg(g,y)mN(@y) (ulDn(0,Y))du + o(5),
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The characteristic function of KLM** () reads

etk (o) (ﬂbN(em Y))
= f [1 + %KLMH exp (itKLMS)p(fé(g,y)y;f(g))(u, v)dudv + o(B™1)

= (L= 2i0)7F 1= et Bat) - Byt (B + E() +o(B7)]

where a* and b* are defined in B.2 and ¢* =E [KLM;*\ﬁN(HO, Y)} which is stated
in (45).The Edgeworth approximation of KLM**(y) then reads

Pr [KLM* (6y) < x|BN(90,Y)} = Proeq)(2)+
& (a*z + \/27rb*x%) Py2y(x) + o(B71)
= Pr,2y) (:U + & (a*x + /27 (b* + c*)x%>) +o(B71).
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