Online Appendix for: Efficient size correct subset

inference in homoskedastic linear instrumental variables
regression

Lemma 1. a. The distribution of the subset AR statistic (5) for testing Ho : B = B¢ is bounded
according to
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Proof. a. To obtain the approximation of the subset AR statistic, AR(;), we use that it equals

the smallest root of the characteristic polynomial:
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is block diagonal. Returning to the characteristic polynomial, it reads
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We can construct a bound on the smallest root of the above polynomial by noting that the smallest

root coincides with
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and substitute it into the above expression, we obtain an expression that is always larger than or equal

to the smallest root, i.e. the subset AR statistic, since this is the minimal value with respect to c, see



Guggenberger et al. (2012),
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This shows that the subset AR statistic is less than or equal to a x?(k — m,,) distributed random
variable. The upper bound on the distribution of the subset AR statistic coincides with its distribution
when ©(8, 7o) ( mw) is large so it is a sharp upper bound.

b. We assess the approximation error when using the upper bound for AR(f,) when m,, = 1. In order
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The subset AR statistic evaluates f(c) at ¢ while our approximation does so at ¢. To assess the

magnitude of the approximation error, we conduct a first order Taylor approximation:
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The expressions for the first and second order derivative of f(c) read:
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Lemma 2. The derivative of the approximate conditional distribution of the subset LR statistic given
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Proof of Theorem 4. To obtain the conditional distribution of the roots of the characteristic
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SVD leads to the specification of the characteristic polynomial,
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fiy 82, 82.x) goes off to minus infinity when u goes to minus infinity. Hence, the derivative aif

min

at i, 1S positive:
of
8 |lu‘:/J‘min > O

of

This implies that pi,;, is less than or equal than the smallest root of 35— = 0, p _or since
max Bsmax
fiy 825, 824x) is larger than or equal to zero at this value. Consequently, since fi;, is less than

= 0, factorizing asgf using its smallest and largest

or equal to the smallest and largest root of 5 ot

root yields:
of

Bs?nax |iu‘m1n —

8H/min
0= m Z 0.

2

2 <) = 0 is a non-decreasing function of s2

Hence, the smallest of root of f(u,s2; ,s ax-

Proof of Theorem 7. When s* = s2

min’

2
R(BO) = % SO2 + V2 + n,n - Sr2nin + \/(SO2 + Vz + 77/77 + S?nin) - 4(V2 + U/U)anin ’

while when s* goes to infinity:
R(Bo) — v +1u'n.
— 00

s*

12



The smallest root of (25) results from the characteristic polynomial:

f(“’ 12111117 max) (M "¢’¢ 7777)( mm)(:u’_ max) w max( mln) w mln( _S%nax) =0.

When s?2 this polynomial can be specified as

max ~ mm )

f(“? S?nin7 812nin) = (/J’ mln) [(/J’ TP ¢ n 77)( mln) w Smin — w mm] = 07

so the smallest root results from the polynomial

(M - 1/}/1/} - 77/77) (M - mm) "éb ¢Smln =

and equals

tow = % (V0 + 1+ 520 — /(W0 + 0 + 825,02 — AT ).
When s2,,, goes to infinity, we use that the third order polynomial can be specified as
F (1 5205 8%) = (1= ) [ (1= W0 = /)1 = 52,) = 0382 — 22— (= 52,) | =0,
which implies that when s?nax goes to infinity, the smallest root results from:

[(N = —n'n)(p— mln) ¢ mm + w%( - iun)] =0
(:u - ¢2 - )( mln) ¢%8m1n = 0.

so it equals

:u’up = % (sz% + 7’/77 + srznin - \/(wg + 77'77 + s?nin)z - 4Sglin77/77> .

Proof of Theorem 8. The specification of D(f) reads:

D(/BO) = ARUP - AR‘(ﬁO) + Hmin — % |:V2 + 77/77 + SIQnin B \/(V2 + 77 n + SIIlll’l) - 4n/nsr2nin:| :

We analyze the conditional behavior of D(,) for a given realized value of s2, over a range of values of
2

max

of D(B) over the different values of (6, s

on the bounds on the subset AR statistic and f,,;, for a realized value of s2 . stated in Theorem 7.

). Alternatively, since s* = (cos(0))?s2, + (sin(6))%s2,,,, we could also analyze the behavior

*
(S ? S min max?

2 ) for a given value of 2. . Our approximations are based
The above expression of D(f,) consists of the sum of two parts. The difference between AR(S)
% ins the first of

Only negative

and its upperbound and the difference between p,,;, and its upperbound. Given s>
these components is just a function of s* while the second is just a function of s2 ..

values of D(f3) can lead to size distortions of the subset LR test. Since the conditional distribution of

AR(f) is an increasing function of s*, Theorem 7 shows that the smallest discrepancy between ARy,

13



and AR(8,) occurs when s* = s2. . For determining the worst case setting of D(8) over the range
2 2

ax fhax- We use three

of values of (s*, s5..), we therefore only need to analyze values for which s* = s

different settings for s2,., : large, intermediate and small with an identical value of s*.
2

max

= s* large: For large values of s2,., iy, is well approximated by - Since s2 . = s*,

S max
¥, = and ¥y =V S0

2
Hmin = /’Lup = % |:V2 + 77,77 + Sr2nin - \/(V2 + 77/77 + 512nin) - 477/7753nin:|

and

2
D(BO) = ARUP - AR(BO) + Hmin — % |:V2 + 77,77 + SIQnin - \/(V2 + 77/77 + Sr2nin) - 4n,n8?nin:|
= ARup - AR(BO)
= 2 +n'n — % {902 + 2 +1'n+ s* — \/((,02 + 24+ 'n+ S*)2 _ 4(1/2 —1—77'77)8*]

where we used that: \/(@2 +v2+nn+ s*)2 — 42 +n/n)s* = \/(902 —vZ—nn+ s*)2 +4(v2 + n'n)p?
which is, since s* is large, approximately equal to (@2 -2 —'n+ s*) . The approximate bounding

distribution provides a sharp upper bound so usage of conditional critical values that result from

CLR(B,) given s2. for LR(f,) leads to rejection frequencies that equal the size when s2, = s* is

min max

large.

2 ok 2 2 _ 2 \ : : 0 i
Smax=S" = s5;,- When s; . = so. . Theorem 5 shows that p,;, is at is lower bound g, so it

has an analytical expression:

N[ =

2
Hmin = Hiow = 1/}/1/} + 77,77 + S?nin - \/(wlw + 77/77 + Srznin) - 47]l7]8?nin:|

=

2
= S|P+t sk, — \/ (@2 + v+ + shi)” — 477/775;4 ,

14



2

where we used that 1)'1) = ¢* + v2. Hence, also substituting s2. for s*, we can express D(f3,) as

2
D(By) = v +n'n—3 [sﬁ T2+ s — (2 02+ s2)0 — 402 n’n)siﬂn] +

2
L |62+ 02+ sk — (02 02 b+ s2,)° - 477’778?nm] -

2
% Vz + n/n + 812nin - \/(V2 + 77/77 + S?nin) - 4nlnsr2nin:|

2
= vV 4an—; [902+V2+77’77+8?mn—\/(902—1/2—77’77+s) +4(V2+n’n)902]+

2
3 [PVt s — \/(902 +v2 =+ shy,) T HAW? wQ)n’n] -

3 |V st — \/ (12 =+ s2,) " + 41/277’77} :

where we used that \/(@2 + 12 +9n+ anin)2 — 42 +nn)s2. = \/(<p2 —v2—nn+ s*)2 +4(v2 4+ n'n)p?,

2 2 2
\/(902 + 2+ nn+s2,)" —Annst, = \/(cp2 + 12 —nn+s2.)" + 42 + o?)n'n and \/(1/2 +n'n+ s

2
\/(1/2 — '+ sy + 4.
Since it is difficult to evaluate the square root components in the above expressions, we use first

order Taylor approximations of them. We asses their values for small and large values of s?nin. To do
2

so for a small value of sZ, , we conduct first order Taylor approximations around a zero value of the

last component in the square root expressions in the first three rows of the above equations and for a
2

large value of si . , we do so using first order Taylor approximations around a zero value of the last

component in the square root expressions in the last three rows of the above equations.
2

The three first order Taylor approximations representative of a small value of sZ . are then:

3 2(v2+n'n)s2 .
V202 2,00 =402 4 i)t = G40 sy — e

S 5 o s 5 20052
\/(902 + V2 + 77/77 + Smin) - 477/778min ~ e +vo+ 77/77 + Smin — m

2 4y 2 2 Ins2 . a2 4 2 _2'nshn
\/(V +nn+8min) _477 NSmin ~V +nn+8min_l’2+"7/nr;3min'

Substituting them into the expresssion of D(f) results in:

2

2
o  Smin 2.2 —— Pmin
D(Bo) mn [1 u2+77/77+53mn] TV S nin [1 P2 v n+s > 0.

For large values of sfnin, we use the first order Taylor approximations:

2 2 1/2 / 2
V@2 =2 =t 2V 402+ )P P — 12—y sk + G

2 22112\’
V(@2 02—+ 52,07 + dnn(g? 4+ 02) ~ 12— ST e

\/(V2 —n'n+ sfnin)2 Ay vt — i+ s, + 2l

2 / 2
ve=n 77—"_Smin

15



so the expression for D(/3;) becomes:

D ~ 2 1 _ 1 ] 12y [ 1 _ 1 I
(Bo) mn V?—ﬂ'ﬂ-f'sfmn e R . e nn PR nrst,  PE—yntst,
v?'n >0
P

The approximation error D(f3,) is thus non-negative for both settings.
2

max

D(By) :

s2 x=s* > s2. . Since ., exceeds fy,,,, substituting i, for fi,;, results in a lower bound for

2
D(Bg) = ARup — AR(Bo) + fimnin — 3 |V2 + 11 + ST — \/(’/2 00+ spin)” — A0 sty

v

2
ARy — AR(Bo) + figny — & |72+ 0+ 5y — /(2 00m + 2,)° — 4/,

All of the above components now have closed form analytical expressions. We again use the two sets

of first order Taylor approximations stated above to further simplify these expressions and we first do
2 .

min*

so for small values of s* and s

2 / *
V2 402 b 7 402 )t~ @2 402 oy st - Al
> oan'ns? .
V(@2 402 4t 82, — dipns2y, m @02 o+ sy, — E T TN

24y 2 V2 ging . a2 4 2 20'msh,
\/(V +n+ Smin) 4n Nmin V" + 11+ Spin Vvi4nints?

Combining, we obtain

/ o s* 2 1 _ 1
D(BO) 2 77 77 |:1 @2+V2+77,7]+S* + Smin {902+V2+77/77+S§1in V2+77/n+83nin }:| +

201 s°
v [1 T ntst
/ 2y [ _e?+v24n'n / o2 Smin
= V —_— J—
(77 77 + ) |:(p2+y2+nln+s* 77 77902+V2+77/77+531in V2+77,77+512nin

so a sufficient condition for D(53;) to be non-negative is that

2 2 / 2
<p2ﬁ;r21;247-75* =z <p2+l/2+g0n’n+83nin <
1+S*/(<p21+V2+77’77) = 1+(V2+n’771+s?nin)/w2 <
s /(@ + v ') < (P i) /¢ =
s < (P (14 250 ¢ 22
This upperbound does, however, not use that it is based on a lower bound for u,;, so when s* =
(v + ') (1 + '/2;;7,77) + V2;2’7l"812nin, s2 .« = s* > s2. so the lower bound isn’t binding and g,

exceeds the lower bound. To assess the magnitude of the difference between pu,,;, and p,,,, we analyze

16



the characteristic polynomial using s* = s2, = s2. +h:

(b — s25) [(1% = p(" +0'n + s250) + n'nsti] —
h[p? = p(t +n'n) + s2n'n] = 0.

The above expression of the characteristic polynomial consists of the difference between two poly-
nomials. The smallest root of the first of these two polynomials is the lower bound of the smallest
root of the characteristic polynomial while the smallest root of the second polynomial is the upper
bound of the smallest root of the characteristic polynomial. When h = 0, the first polynomial thus
provides the smallest root of the characteristic polynomial while when h goes to infinity, the second
polynomial provides the smallest root. For a non-zero value of h, the smallest root of the characteristic

polynomial is thus a weighted combination of the two smallest roots of the different polynomials with

: |/Jmm 12n1n| 1 3
weights roughly equal to o and o When we use this for D(), we obtain
24,24, g2 2 2
D(By) 2 (n/n+12) |ty |y Wimin TR

Qv ntsy;, +h Hmin =St [ Th @2 H2 0 n+s0 0 V2 n+sg,
so a sufficient condition for D(3,) to be non-negative is that

Q>+’ Hmin =52 2

PPV ST = i —Spin TR @20 08T ~
1 > 1 o
s /(*+v240n) = 1+ (ho +(|pmin = Sqin [+ (V2 +17 n+smm)/(902|umm75iﬁnl)

‘9*/(802 + V2 + 77,77) (hSD + (|1urn1n - min| + h)( + 77 n+ S?nin)/(<p2|/‘bmin o S?nin’) A
m1n+h < (1+ (SO + 1)/|/’Lmin ;S?nin’)(y2+n/n+812nin)(l + (V2 +77I77)/g02) Ang
i+ 0 S 5B AP+ 1) | (L4 (2 4 ) )+ =

(14 2(e® + 1)/ |ttnin = $2in) (2 +0'0) (1 + (02 +1'm) /%)
2
which always holds since —min;— > 1 since p;, < 52, Hence, for small values of s* and s2, ,

‘ min " Smin ‘

D(p,) is non-negative.

For larger values of s* and s2. , we use the first order Taylor approximations:

min’

" 2 2 2 / 2
\/(@2—V2—77’77+S ) A2+ ) m 2 =1 — iy st FU e
2 2 2+V2 /
V@2 402 = 200 + 4l +02) ~ g2 vt skt el
V2 =+ 52,7+ wtipn =02 =+, +

21/217 n
Vz_n,n—"_s?nin 9

17



to specify D(5,) as

v

2
D(By) ARup — AR(Bo) + thiow — 3 [VQ + 00+ $hin — \/(”2 0+ $hin)” — 477/775?nin]

% % 2 2 / 2
V2+77/7]—%[(P2+V2+77,77+S — P2+ 4+yn—s —%]-F

Q

1] 2 2 ' 2 2 9 o2 2+’ ]
2 Q)O + v + 77 77 + Smin Q)O v + 7] 77 Smin 4P2+V2—77'77+S?ﬂin
1.2 / 2 2 / 2 2v%n'n
2 |V NN+ Smin — VT TN~ Siin — V2ot
_ _@Prme® (@)’ v2n'n
P2—vi—n'nts* QAlonintst,, L vionntsls
2 2 2 2
) ® _ ® v _ v
T =2 =nts* — Pl st + V2= N+ S i ¢2+u2—n’n+sfﬂin} +

V22
902_1’2_77,774'5* .

Since both s* and s?nin are reasonably large, all the elements in the above expression are small. When
we further incorporate, as we did directly above that we can specify p,;, as a weighted combination

of ey and p,,,, we obtain

in—82;
D(By) =~ AR,, — AR(S) + i =il

|N’min75;2nin|+h
2
{mow L2 b S~ (2 52,) 477’778?nin] }

V2 4y — % [<p2 b2 44 st — @+ gy — s — 2% +n'n)? 4

Q

5 w2_y2_nln+s*
|Nmin*5min| 2 2 / 2 2 2 ’ 2 2(902""”2)77,77
T 2 Loh v §Z . — — Vv —gc., — = Tr )l
imin— Tyl 1 [P TV H TN Sin = @ TN Smin T Gr st

1
2
1 lmin =525 [2 / 2 2 2 2029y ]
1 M=ol 2 4y 22 gy 2 2
2 |/‘Lmin783nin|+h 77 T’ min 77 TI min V2777/77+312nin

_ e min—Shinl  (@P4rPn'n |min =S| v3n'n
902_1/2_77171_‘—82* |#min_sfnin|+h2¢2_|‘—y2_n,17+8%in |lu‘min_s1?nin|+h2V2Tn,n+sEnin
/ Hmin—Smi Hmin —Smi v V2
= nn 2_V2f/+*_ S s+ _mli2mmh{2_/ 2 T 2apints2 }]4
(102 9 nnrs |/J“mm sminH— ® +V 7777+5min |:U‘m1n smin|+ v nn+smin (4 +l/ 7777+$min
vie
2,27 ¥ -
©2—vZ—n'n+s

Except for the first difference in the above expression, all parts are non-negative. When we further
decompose the first using,

1 |1umin7512nin| 1 1

22—/t Ah imin— 52l TR G212 —n+52 T ([min— 52 HR) (@2 =02 —n/n+s*) (@2 +12—n/n+s2 )
2 2 2 2 2
[ ftmin — Shinl [20% = h] + h(@* + V% — /0 + shs,)]

— 1 2 _ L o2 L Q2 2
B (l/"’min_s2 |+h)(502_’/2_77/77+5*)(302+V2_77/77+512nin) [h(smln ’Hmll’l Smm‘) + 2|/’Lm1n Smln’V +

min

h(? + 1% —n'n)] >0,

fnin is assumed to be reasonably large while y;, is bounded by x?

distributed random variables, we obtain that D(8,) > 0.

. 2 2 .
since S50 > |fmin — Sininls Since s

18



Proof of Theorem 9. Using the SVD from the proof of Theorem 2, we can specify

(wmo) 5 @(50,7@) = U SV Ui 0)

SO

(f(ﬁoﬁo) E @(50770)> (5(50,70) : @(507’70)>
= V*S*VY + ( 0 ) ;
0 0

with §* = diag(st...sk,), st = s2 + 4?2, i = 1,...,m; S* = <S‘%ax : 805)7 8 e = S2ax + UL,

Sy = diag(sh...sk), V¥ = S*_%(@b : SV'). We note that V* is not orthonormal but all of its rows
!/

have length one. The quadratic form of (f(ﬁo,fyo) : @(60,’)/0)> <§(50,70) : @(,60,70)> with respect

_1 .
to v] = (Vlf;ax)s;a,%, V* = (v} : V3), is now such that

ot (6020 100070 (€020) 1 006070)) v

'n 0
= o} | VISV ( "077 . ) vt
/
0
= S T 07 VESIVE o | )0
2
= St + U1 + - (Whthy + 1)

*
Smax

2
2 S%nax +’¢)17

with ¢ = (1 1 5), 1y : 1x1. As a consequence, since fi,,, > v}’ <§(ﬂ0,’yo) : @(50,70)) ({(50,70) 1 0(Bo,0

we can specify the largest root ji,,,, as

Mmax = S?nax +/llz)% +

2
Y1
S:nax

(¢/2¢2 + 77,77) + h’a

with h > 0.

To assess the magnitude of h, we specify the function g(d) :

with

!
B= V*S*v*'+(”” 0).
0 0
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We use d = —uv3; /vl; with vi = (Zgi) = ( 1 )sjn;)% so (L) =0, )

15max V1 Smax /%1

The largest root p,,,, can be specified as:

Hmax = MaXqg g(d)

To assess the approximation error of using our lower bound for the largest root, we conduct a first

order Taylor approximation:

g(d) = g<d>+(afg|)<d d)
oz(agu = <%|J>+( d’|d>(d_d)

0%g
0do
o) = o)~ (21) (al)~ (%12)-

The first and second order derivatives are such that

o (i D) O
TN (O (TR IR RN O (SR
T ER R EA U ER R EN (N

o (o) C) C'B8,) (o) () (o),
CoTh) (G~ o) G
()0 )80 ()R

We now use that (Vlsmix/¢l)

BCD= (3 V) Guted + (9 Gl
_ ( Pt smaxtn'n )
B VS ptstaxVi/¥1

0 \/ 1
(L7,) BCD) = —(VS'Y +shu1/v1)
!/
(_?m (,15'[ = _Vlsmax/d}l
(—15)(—1d')l — (Vlsmix/wl)(vl~€;/w1) — (vlfriax)(vlféax)
(,J)/(,ld_) 1+s?ﬂax/w§ S?nax"”‘b%
. 13/ 1 0 ) 0
. SV/ I - M - b . bisqv!
(¥ ) [ m+1 ()% o (1— Smai+w2) Sminvi_fgliﬁw%
: ,1" ,1' ' P . SmaxV]
(w . SV’)E c’l‘il(( L1i~) == w2i’% : wleSmaiU/l
—dlAd sthax+¥7 sBax+v7
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(L9) MgV SVM () = (vosmin — v1 220525 ) (sminvh — 320
(7%71) ( 1d) V*S*V*IP( d)( ?m) — (’UQSmm vy 181121¢2j23x) (Tl} innllpalxv
0 / 0\ _ 2 b1y 2
(7Im) ( 1d)V*S*V*IP( 1 )( Im) = vlv'lsmax(l + (m) )
/
0 ! 77 77 O 0 — ( '[pzsmax )2
() M(JJ) 0 ) M(fg) (L7,) = v2vin'n O

‘/\
~NO
3
SN—
=
5
SN—
d\
=
oS O o O

I
SO
I

V1 Smax 2
—owiif (3225)

2
v’ (71%,(2)
max +w
1+ 82, /01

! 2 / 2 4 2
¢ w + Smax + mn + Smax + Smax/wl
R O o ) O L

7d),(7(2) 1+Sl?nax/w1
—_ ¢2¢1+¢ ¢2w2+2wlsmax 1n1n+s?nax
N YT+ ax
— (Vi +shan)’ +1/11(¢27/12+77 )
¢1+Smax
= 0+ S g (W 1)
- 1 max ¢2+52 o 2%2 7777
(*?m)l(fld) _Vlsmax/¢1 o _VlSmax'(/f’l
(L)' (% 14520 /07 YitsZiax
(2)BCD) _ vS'oksZaVi/tr _ Ysmac it 452 Vit +93 Vo Sminths
()1 820 /¥7 Ui +5Zax
Since
(22 )C)B(Y) 2, 2 3
A Ty - [ e wm (Wt )| g
= W+ () Whes + ')
= Wi+ <1Z,2+752X) (Vahy + 1)) (v1v] + vav))
and

el

) My = Poy] B My = P

—d —d
2
192 Smax Y19¥58max /.2
kop (1o — 2038255 ) (rnoon 20024525 ) vt
/,./,2 w 771’2 ¢ wQSmax 1/1 ¢ Smax !
oL (1_ mxiwl) BT {(“23‘“1“ 201 gz e ) \V28min = 20175
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we then obtain for the second order derivative that

= ey () My = o] B My =Pl (5,)-
(L2,) (1) (C2)'B(LD)
) (L ] ) ] o
— oo () |1+ () Watoo + 0m)| + s (6F + () (Watoo + 1))+
i [(vzsmin Y1 Pasmax %sma") (UZSmin — 201 wl%sma")l]

max+w1 max%kw2 max+w2

where we used that I,, — vjv] = Mvw& = vaé = vyvh. While for the first order derivative, we have
that

QU‘Q‘)
QU

maxv + maxv + V Smln V 2
= 2[ Y2 smaV19y % 1+S;il ¥V Sminthy +w2f;§f; (1 + shhax + 32 +52 (Vavs +1'n))

m [ 7/’1V25mm1/12 + V18max1/11¢2+32 (Yohy +1 77))}

To assess the magnitude of the error of approximating g(d) by g(d), we note that the first order deriva-
tive, %\J, is of the order %(1/}21/12 +1'n) (= O(s53,(Vy1s+n'n))) in the direction of vy while it

(vi+s2
is of the order ngrmsig (= O(SminSmay)) in the direction of va. The second order derivative, %| g is
1 max
of the order wir pp (= O(s,2,)) in the direction of v;v] while it is of the order O(1) in the direction of
max 1

o ~ / -1
v9vh. Combining this implies that the error of approximating g(d) by g(d), <%| CZ) <%] J> (%\ j> ,
is of the order max(O(spa (Vhihy +1'N)2, 82 Sma ).

Theorem 9*. When m exceeds two:

Zz 1M1>Zz 1 z+w

with j1; > py > ... > p,., the largest v characteristic roots of (10) and s? > s3 > ... > s2 the largest

r eigenvalues of ©(By,70)'O(Bo,0)-
Proof. Using that

(5(5()’70) 5 @(50>70)> = Uy : SV')+ ULn :0)

SO

<§(50a’¥0) 5 @(50>70)>, <§(507’Yo) : @(ﬁo,'yo))

'n 0
— V*S*V*/ + 77 77 ,
0 O

)

with S* = diag(st...s5,), sf = s+ ¢ i=1,...,m; S* = (‘Sof : 802*) , ST = diag(sy...sk), 85 =
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diag(siii...s5,), V¥ = S*_%(w : SV'). We note that V* is not orthonormal but all of its rows have

!/
length one. The trace of the quadratic form of <£(50,70) : @(60,70)> <§(ﬂ0,’yo) : @(50,70)> with

N

respect to Vi = (Y1 )5 2, ¢ = (4 P 9h), ¢y v x 1, V* = (Vi 1 V3), and scaled by A = (Vi'V})~2,

V181
is now such that

tr(A'Vy (5(50770) : @(50,70)> (5(50770) : @(30,70)> ViA)

m 0
= tr | AV} *S*V*'V{A+A'v;'<”0" 0)1};34
n'n 0
— tr [AVIVESTVIVE A + tr [AVIVESIVEVE A + tr | AVY o | via
n'n 0
— tr [VEVESTVIVEAA + tr [AVEVES VIV A + tr | AVY ) | via

= tr [VY'VIS]] + tr [AV]VsS*V3VEA] + tr "

/
AV ( 0 ) ViA

!/

w— L / / x— L ! 0
= tr |:Sl 2’( ¥ ) ( Py )Sl 2Sf:| +tr [A/VTIVSS*VSIVTA] +tr A/Vf/ ( 77077 . VTA

V1S max V1S max
ave [0 ) via
1 0 0 1

'm0
AV ( ’70” . ) ViA

= tr [(W5) (V5] +tr [AVivss Vv + tr

=Y UF 4 57+ tr [AVYV3 STV VAl 4 tr

> Y vi+ s
As a consequence, since 337 p; > tr(AVY’ (f(ﬁmo) : @(ﬁm@) <§(50770) : @(ﬁo,m) ViA):

22:1 B > 22:1 512 + 7/’12

Proof of Theorem 10. Theorem 9 states a bound on p,,,, while Lemma 1 states a bound on the

subset AR statistic. Upon combining, we then obtain that:

g?nin = sr2nin +9,
with
— o o) ©? / R Y, 'm) —
9= e Y Y 6o 0ema) () YY) T (Wt ) e,
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The approximation error g consists of four x2(1) distributed random variables multiplied by weights
which are all basically less than one. The six covariances of these standard normal random variables

that constitute the x2(1) random variables are:

(48, )V s

(G wimee) s (01 Y vronn)

( OX )/VQ/smin

Im

cov(ihy,v) = \/((M?X)/vl/smax)2+((bfx)/"?/s‘“i“f

cov(thy, ) = < (IWSM; Vlzmax )2 : large when (I”BW) is spanned by V;
Imw Vlsmax I ) VQSmln
(75) Vasmin

\/ Imw Vlsmax> ( Imw V25min>2
cov(v,p) = 0

cov(Yq,95) = 0

cov(q, V) =

large when ( I 0 ) is spanned by V;
TVLX

large when ( I 0 ) is spanned by Vs,
TVLX

cov(ty, ) = large when (I“BW) is spanned by V»

The covariances show the extent in which @(60,70)(1”61”) and @(50,70)( ITSX) are spanned by the

eigenvectors associated with the largest and smallest eigenvalues of ©(3y,7¢) ©(8g,70)-

Proof of Theorem 11. We specify the structural equation
y—Xpg-—Wry=c¢

as
y—Xa=c¢

with X = (X ! W), o = (8" 1 4/). The derivative of the joint AR statistic

AR(a) = ﬁ(a)(y — Xa)'Py(y — Xa)
with respect to « is:
D AR(a) = LT ¢ (a)Z'(y — Xa)

oee()

N[

with 1:[5((@) = (Z'2)7'2/(X — (y — XQ)UEX(Q)), oee(@) = ( ! )/Q(f ), o.5(@) = wyg — 'Sy,

Uas(a) — e

— . . [« 1 Q e
wy g = (Wyx twyw), Vg = <Qv);f( ; Q;&) . To construct the second order derivative of the AR

statistic, we use the following derivatives:
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oy —Xa)= -X
%U&g(a)_l = 2055(04)_2055((04)
%Vec(aax(oz)) = —3z5
sarvec(Il¢(a)) = ;iEZ; ®H ()| + )
Seg . (0) @ (2'2)7 12 (y - Xa)ﬁm)}

where ¥ ¢ _(Bg) =Xz — %&f@ All the derivatives except that of 1:15( () result in a straight-

forward manner. For the derivative of Il (a), we use that

svcllls(a)) = fpvoc (22 [ 27X - 2/ - X %53
x(a)

oee(@)

= { ) ® 'Z)” 1] [%Vec(Z’(y—Xa))} -

In®(Z2'Z)~ IZI( XO&)JSE(&)} [%VGC(UEX(C&))] —

o.x(0) @ (2'2) 2'(y = Xa)| [ 0w(a) ]

= XH ©(22)| 2% + [In e (22) 2y - Xa): 2| Sz
2 0.5 (0) @ (2/2) 12y - Xa)| oecle) Poex(a)

= [ e @217 X - (y- X229 ]| +

| Oce (a oee()

Ygx EXET(Z)E(US)X(&)> ©(2'2)7' 2y - Xa) ;2

= |2 o lig()] + S0 @(22)712/(y - Xa) ;1]

so the second derivative of the AR statistic testing the full parameter vector reads:
2 - - ° ~
%60(?801/ Uggl(a)( — XO[),PZ( — XO[) = 8% |:70'551(04)H "( )/Z/( — XOZ):|
= 1 _((y Xa) Z @ In) garvee(llg(a)) + (1@ g (a)) 52 2 (y — Xa)+

osg(a)

T/ 7y - >W[ﬁ)}
= gsg ((y Xa)Z @ I )Kkm%wec(ﬁj((a))— L T4 (a)Z' X+
asg(a ﬁ x(0)Z'(y - Xa) aif((z))
= (- X0V 2@ L) K | [ 25 @Tig(0)] + [Sex () @ (2/2) 1 2y — Ra) 2] | -
Tl (0) 2 2T g (o)
= A Uae(y —Xa)'Z)H%ES;I@JIZ[X(Q)]+[ZXX'e(a)®(Z’Z)’1Z’(y—)?a)$w)“—
o (a)H () 2/ Z1 ¢ ()
= k(@) 220 (o) + s [ @ (v - Kay2Tig (@) +
L [Besc@ e - Xay2(22) 1 2y - Xo) ;2]
= Ly .

(
oee(
()3 [543 = Xa) P2y = Xa)as — g (0) ¥l (a)'2' 211 (0) S (0) 3

N

ol

Use(a) X 0—85(0‘)
EXX.E(Q)§ 41 [UEX(oz) ® (y — Xa) ZIHX-(OZ):| ‘

-

oee(a) | oeec(a)
with Kj, a commutation matrix (maps vec(A) into vec(A’)). When the first order condition holds,
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(y — X&) Z'M (&) = 0, with & a value of @ where the first order condition holds. The second order

derivative at such values of o then becomes:

Y st (v — Xa) Paly — X&) = 5% [ L_Tl¢() Z'(y — X&)

(1 - _

= Ussl(a) EXXE(O[) 2, [Uegl(a) (y - XO(),PZ(:I/ - XOZ)I —
SO s ~ ~ - o1 1
Vg .o(6) Mg (@) 2/ 2T g (@)% 5 .(6) 3| Dy (@)

There are (m + 1) different values of & where the first order condition holds. These are such that
c(_la) corresponds with one of the (m + 1) eigenvectors of the characteristic polynomial (so ¢ is the
top element of such an eigenvector). When (71&) is proportional to the eigenvector of the j-th root of

the characteristic polynomial, ;, we can specify:

(@ 2) 420~ %)o@ (227 ig@E @) ) (227220 - Xa)/Vou@)
(2'2)4 14 (&) 5 5.(a) %)

M=

= diag(iujmu’la ce Hujflﬂu’jJrlv AR Nm+1)7

with py,..., 4,41 the (m+ 1) characteristic roots in descending order. Hence, we have three different

cases:

1. g = pipqq 50

O Ay — X&) Pz(y — X&) =
PO
N2 (62 [ Ton — diag(pars - )] D5 (@)7

which is negative definite since pt; > ft,,1 155l > Myny1 SO the value of the AR statistic at & is a

minimum.

2. p; = py so
2 v~ ~
%ﬁ ogsl(a)( XO‘),PZ(y - XO[) =

mzxx 5( ) [Mll — diag(pg, .- ., Mm+1)} 2)25(45(6‘)

=

which is positive definite since 1 > po,..., 17 > f,, 11 so the value of the AR statistic at & is a
maximum.
2.1<j<m+1so0
S oo 7y (v — X@) Pz (y — X&) =
Dk (@) [T = diag (- 1 i1 1)) S 2(@)F
which is negative definite in m — j +1 directions, since p; > 41, .., fj > fpy1, and positive definite

in j — 1 directions, since p1y > pj, ..., j_1 > i , so the value of the AR statistic at & is a saddle point.
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Proof of Theorem 12. a. When we test Hy : 8 = 3y and 3 is large compared to the true value

10\ 10
3, the different elements of Q(8y) = | -8, 0 Ql =By 0 can be characterized by
0 In, 0 Iy,

1 2 _ 2 1
%(WYY —2fpwyx + fowxx) = wxx — Gowyx + Wy
1 1
—g5;(Wyw — Bowxw) = wxw — gowyw

WWw = WWWw,

/
—B1 0 B | 2w w w 0
° Q(Bo) . = Qxw — 7 e S # . ;
0 Iy 0 Inm, w0 i\ o o

with Qxw = (“’XX “XW> . The LIML estimator (3,) is obtained from the smallest root of the

WWw X WWwWw
characteristic polynomial:

SO

1m<ﬁo> (g~ XPBy  W)Psly — Xy W)\ —0,

and the smallest root of this polynomial, Ayin, equals the subset AR statistic to test Hy. The smallest

root does not alter when we respecify the characteristic polynomial as

‘)\Imwﬂ —QBy) "' (y — XBy i W) Pz(y — XBy i W)Q(B) 2| =0.

Using the specification of (8,), we can specify Q(ﬂo)_% as

1 —B1 0 _1
2(50)} = ( o )waowa%,

mw

where O(8; 2) indicates that the highest order of the remaining terms is 5, 2. Using the above spec-

ification, for large values of 3, Q(ﬂo)_%’(y — XBo: WY Pz(y— XBy : W)Q(BO)_% is characterized
by

1, o

Q(Bo) 3y — XBy i WY Pzly — XBy i WIQB)F = Qi (X WYPZ(X : W)Qxh + O(55Y).

_1 .
For large values of 3, the AR statistic thus corresponds to the smallest eigenvalue of 2 X%,II,(X :

_1 .
W) Pz(X : W)Q%, which is a statistic that tests for a reduced rank value of (Ix : Iyy).

b. Follows directly from a and since the smallest root of (10) does not depend on /3.
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Proof of Theorem 13. We use the (infeasible) covariance matrix estimator

!
N s . o4 1 0 N 1 0
s (zrz)- (0 2ol 4 D)o
e i —72 Im —72 Im P

OVenOeV,n

Oce,n

. . s s .
and define Yyy,. = XLyy — 25, Syven = Svvn — and Yyy.e > YvVen-

For a subsequence ki, of n, let Hy Ty, R}, be a singular value decomposition of ©(k,) with
©=HTR,

the limit of O(ky,), so O(k,) — O, H,, — H, T, — T and R,, — R. We then also have the following

convergence results for this subsequence:

1 -3 e, Rk 1
(Z,/gnZnn)_QZ;n (ylin - W/-en'qun - Xﬁnﬁo)ass?lin (JTE’EW') 2 7 g(ﬁOa’Y)

1 .
(leinZKn)_izllin [(Wnn : Xnn) - (ynn - Wn’ynn - Xﬁo) {JELK" +

Oce,kn

1

1
Covtevn) 6y (62 — 02 ) | S0t (Svvem Sib) = ©(80,7),

Oce,kn

with ~,, — v and £(8g, ) and vec(©(By, 7)) independent normal k and km dimensional random vectors
with means zero and vec(©) and identity covariance matrices. The limiting random variable of this

subsequence O(f,,7) can be specified as

6(507 70) =0+ C(BO)"Y)’

with vec(({(8y,7)) a standard normal km dimensional random vector independent of &(8y,~y). We
can now specify the limit behaviors of the subset AR statistic and the smallest root i;,, the two

components of the subset LR statistic, as in Theorems 1 and 2:

AR(g) = mingere b (€50 7%0) — ©(30.7%0) ("4+)s)’
(€080, 70) = ©(B0:70) (") 9) + 0(1)
Hnin = MillbeRme, geRmv  TT75Tgg (5(%’70) B 6(50’70)(2)),
(f(ﬁoﬁo) - @(50770)(2)) +0p(1).

Theorem 10 then shows that the limit behavior of the subset LR statistic under Hy and the subsequence
ki only depends on the 2m(m + 1) elements of ©'0.
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To determine the size of the subset LR test, we determine the worst case subsequence «,, such that

AsySzig o = limsup,,_, sSupyecy Pra {LR (Bg) > CLRy— a(ﬁ0|smm = §$nin’n)]
= lim SUPyp—o0 Prfﬁn [LRﬁn (BO) > CLRl OA(BO|S - 52' )} )

min min,Kn

with LR, (8y) the subset LR statistic for a sample of size n and CLR;_ a(ﬁols the (1 —
a) x 100% quantile of the conditional distribution of CLR(8,) given that s2. = 2. . Theorem 6 runs

min mln)

over the different settings of the conditioning statistic ©(5y,7) to analyze if the subset LR test over
rejects. All these settings originate from the limit value © that results from a specific subsequence &y,.

We next list the different settings for the limit value © with respect to the identification strengths of
v and S :

1. Strong identification of v and 3 : The limit value © is such that both of its singular values
are large. For subsequences k,, that lead to such limit values:

lim SUPp— 00 Prlﬁn LR:‘in (BO) > CLRl 04(50|Sm1n = g?nin,nn) = Q.

2. Strong identification of ~, weak identification of [ : Since ~ is strongly identified,
(I”“U) o’ @(IWU) is large so the limit value © is such that one of its singular values is large
while the other is small. Theorem 5 shows that both the subset AR statistic and the smallest
root fi,;, are at their upperbounds. Hence, for all subsequences k, for which (I’gw)lé)’ ) ([’SW)
is large, so « is well identified:

lim sup,, o Pry, |LRs, (Bg) > CLR1_o (80|82, = &2, )} = a.

min min,Kn

3. Weak identification of v, strong identification of /3 : Since 7 is weakly identified, (I’”“’) o’ @(Im“’)
is small. Since § is strongly identified, the limit value ©® has one small and one large singular
value. Theorem 5 then shows that the subset AR statistic is close to its lower bound while the
smallest root p,,;, is at its upperbound. Hence, for such subsequences &,

limsup,, o Pry, LRk, (Bo) > CLR1_o(Byls2., = 52, . )| < a,

min min,Kxy,

so the subset LR test is conservative. As mentioned previously, this covers the setting where
Iy, = cllx , with IIx , large and c small so Iy, is small as well. The subset LM test is size

distorted for this setting, see Guggenberger et al. (2012).

4. Weak identification of v and [ : The limit value © is such that both of its singular values are
small. Both the subset AR statistic and the smallest root p,,;, are close to their lower bounds.

The conditional critical values do, however, result from the difference between the upper bounds
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of these statistics, which is for this realized value of 5. , larger than the difference between the

lower bounds. For subsequences x, for which both v and 3 are weakly identified:

limsup,, . Prx, LRk, (Bg) > CLR1_4(Bo|s%,;, = 52 )| < a,

min min,knp,
so the subset LR test is conservative.

Combining:

AsySZLR’a = a,

where strong instrument sequences for W make the asymptotic null rejection probability of the subset

LR statistic equal to the nominal size.
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