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Proof. a. To obtain the approximation of the subset AR statistic, AR(�0); we use that it equals
the smallest root of the characteristic polynomial:�����
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to the smallest root, i:e: the subset AR statistic, since this is the minimal value with respect to c; see
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Guggenberger et al. (2012),
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This shows that the subset AR statistic is less than or equal to a �2(k � mw) distributed random
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The subset AR statistic evaluates f(c) at ĉ while our approximation does so at ~c: To assess the
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�
�

�
@f
@c j~c

�
+
�
@2f
@c2
j~c
�
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The expressions for the �rst and second order derivative of f(c) read:
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Proof of Theorem 1. The �rst part of the proof of Lemma 1a shows that the roots of the polynomial�����
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� 1
2

"" ;�(�0; 
0) = (Z
0Z)�

1
2Z 0

�
(W

... X)� (y �W
0 �X�0)�"V�""

�
�
� 1
2

V V:";

and

� =

�
�""
�V "

...
�"V
�V V

�
=

0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA
0




0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA ;

�"" : 1� 1; �V " = �0"V : m� 1; �V V : m�m and �V V:" = �V V � �V "�"V =�"":
Similarly, the proof of Theorem 4 lateron shows that the roots of�����
� �Y ... W

... X
�0
PZ

�
Y
... W

... X
����� = 0

are identical to the roots of�����Im+1 � ��(�0; 
0) ... �(�0; 
0)�0��(�0; 
0) ... �(�0; 
0)����� = 0:
Hence, the distribution of the roots involved in the subset LR statistic only depend on the parameters

of the IV regression model through (�(�0; 
0); �(�0; 
0)) which are under H
� independently normal

distributed with means zero and (Z 0Z)
1
2 (�W

... �X)�
� 1
2

V V:" and identity covariance matrices.

Proof of Theorem 2. We conduct a singular value decomposition of (Z 0Z)
1
2 (�W

... �X)�
� 1
2

V V:" :

(Z 0Z)
1
2 (�W

... �X)�
� 1
2

V V:" = F�R0;

with F and R orthonormal k�k and m�m dimensional matrices and � a diagonal k�m dimensional

matrix that has the singular values in decreasing order on the main diagonal. We specify �(�0; 
0) as

�(�0; 
0) = F�(�0; 
0);
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so �(�0; 
0) � N(0; Ik) and independent of �(�0; 
0): We substitute the expression of �(�0; 
0) into

the expressions of the characteristic polynomial:�����ImW+1 � ��(�0; 
0) ... �(�0; 
0)�Imw0 ��0 ��(�0; 
0) ... �(�0; 
0)�Imw0 ������ = 0,�����ImW+1 � �F�(�0) ... F�R0�Imw0 ��0 �F�(�0) ... F�R0�Imw0 ������ = 0,�����ImW+1 � ��(�0) ... �R0�Imw0 ��0 ��(�0) ... �R0�Imw0 ������ = 0

and similarly �����ImW+1 � ��(�0; 
0) ... �(�0; 
0)�0 ��(�0; 
0) ... �(�0; 
0)����� = 0,�����ImW+1 � ��(�0) ... �R0�0 ��(�0) ... �R0����� = 0

so the dependence on the parameters of the linear IV regression model can be characterized by the m

non-zero parameters of � and the 1
2m(m� 1) parameters of the orthonormal m�m matrix R:

Proof of Theorem 3. The subset AR statistic equals the smallest root of (7). We �rst pre and

post multiply the characteristic polynomial by

 
1 0

�
0 ImW

!
; which since

�����
 

1 0

�
0 ImW

!����� = 1;
does not change the value of the determinant:�����
(�0)� �Y �X�0 ... W�0 PZ �Y �X�0 ... W����� = 0 ,�����

 
1 0

�
0 ImW

!0
[�
(�0)�

�
Y �X�0

... W
�0
PZ

�
Y �X�0

... W
�
]

 
1 0

�
0 ImW

!����� = 0 ,������WW �
�
Y �W
0 �X�0

... W
�0
PZ

�
Y �W
0 �X�0

... W
����� = 0:

We conduct a Choleski decomposition of �WW =

�
�""
�VW "

... �"VW
�VWVW

�
; with �"" : 1� 1; �VW " = �0"VW :

m� 1 and �VWVW : mW �mW ;

�
� 1
2
0

WW =

 
�
� 1
2

""

���
1
2

VWVW :"�VW "�
�1
""

...
0

�
� 1
2

VWVW :"

!
;
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with �VWVW :" = �VWVW��VW "�
�1
"" �"VW ; and use it to further transform the characteristic polynomial:������WW �
�
Y �W
0 �X�0

... W
�0
PZ

�
Y �W
0 �X�0

... W
����� = 0 ,������� 1

2
0

WW

�
�WW �

�
Y �W
0 �X�0

... W
�0
PZ

�
Y �W
0 �X�0

... W
��
�
� 1
2

WW

���� = 0 ,�����Im+1 � ��(�0; 
0) ... �(�0; 
0)�ImW0 ��0��(�0; 
0) ... �(�0; 
0)�ImW0 ������ = 0;
with

�(�0; 
0) = (Z
0Z)�

1
2Z 0(y �W
0 �X�0)=�

1
2
"";

�(�0; 
0) = (Z
0Z)�

1
2Z 0

�
(W

... X)� (y �W
0 �X�0)�"V�""

�
�
� 1
2

V V:"

and �V V:" = �V V ��V "��1"" �"V =
�
�VWVW :"

�VXVW :"

... �VWVX:"

�VXVX:"

�
; �VWVX :" = �

0
VXVW :" : mW�mX ; �VWVX :" =

�0VXVX :" : mX �mX : Since mW = 1; we can now specify the characteristic polynomial as�����
 

�� �(�0; 
0)0�(�0; 
0) �(�0; 
0)
0�(�0; 
0)

�ImW
0

��ImW
0

�0
�(�0; 
0)

0�(�0; 
0) �� s�

!����� = 0,�����
 
�� '0'� � 0� � �0� 's�

1
2

's�
1
2 �� s�

!����� = 0,

�2 � �('0'+ � 0� + �0� + s�) + (�0� + � 0�)s� = 0;

with

' =
h�
Imw
0

�0
�(�0; 
0)

0�(�0; 
0)
�
Imw
0

�i� 1
2 �Imw

0

�0
�(�0; 
0)

0�(�0; 
0) � N(0; Imw)

� =
h�

0
ImX

�0
[�(�0; 
0)

0�(�0; 
0)]
�1 � 0

ImX

�i� 1
2�

0
ImX

�0
[�(�0; 
0)

0�(�0; 
0)]
�1�(�0; 
0)

0�(�0; 
0)

� = �(�0; 
0)
0
?�(�0; 
0) � N(0; Ik�m)

s� =
�
Imw
0

�0
�(�0; 
0)

0�(�0; 
0)
�
Imw
0

�
so the smallest root is characterized by

1
2

�
'2 + �2 + �0� + s� �

q
('2 + �2 + �0� + s�)2 � 4(�2 + �0�)s�

�
:
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Proof of Theorem 4. To obtain the conditional distribution of the roots of the characteristic

polynomial in (10), we pre and postmultiply it by

0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA ; which since

�������
0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA
������� = 1;

does not change the value of the determinant:�����
� �Y ... W
... X
�0
PZ

�
Y
... W

... X
����� = 0 ,��������

0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA
0

[�
�
�
Y
... W

... X
�0
PZ

�
Y
... W

... X
�
]

0B@ 1 0 0

��0 ImX 0

�
0 0 ImW

1CA
�������� = 0 ,

������� �Y �W
0 �X�0
... W

... X
�0
PZ

�
Y �W
0 �X�0

... W
... X
����� = 0:

We conduct a Choleski decomposition of � =
�
�""
�V "

�"V
�V V

�
; with �"" : 1 � 1; �V " = �0"V : m � 1 and

�V V : m�m;

��
1
2
0 =

 
�
� 1
2

""

���
1
2

V V:"�V "�
�1
""

...
0

�
� 1
2

V V:"

!
;

with �V V:" = �V V � �V "��1"" �"V ; and use it to further transform the characteristic polynomial:������� �Y �W
0 �X�0
... W

... X
�0
PZ

�
Y �W
0 �X�0

... W
... X
����� = 0 ,������� 1

2
0
�
��

�
Y �W
0 �X�0

... W
... X
�0
PZ

�
Y �W
0 �X�0

... W
... X
��
��

1
2

���� = 0 ,�����Im+1 � ��(�0; 
0) ... �(�0; 
0)�0��(�0; 
0) ... �(�0; 
0)����� = 0:
A singular value decomposition (SVD) of �(�0; 
0) yields, see e:g: Golub and van Loan (1989),

�(�0; 
0) = USV 0:

The k�m and m�m dimensional matrices U and V are orthonormal, i.e. U 0U = Im, V 0V = Im: The

m�m matrix S is diagonal and contains the m non-negative singular values (s1 : : : sm) in decreasing

order on the diagonal. The number of non-zero singular values determines the rank of a matrix. The
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SVD leads to the speci�cation of the characteristic polynomial,�����Im+1 � ��(�0; 
0) ... �(�0; 
0)�0��(�0; 
0) ... �(�0; 
0)�����
=

������Im+1 �
 
�(�0; 
0)

0�(�0; 
0) �(�0; 
0)
0USV 0

VS 0U 0�(�0; 
0) VS2V 0

!�����
=

������Im+1 �
 
1 0

0 V

! 
�(�0; 
0)

0�(�0; 
0) �(�0; 
0)
0US

S 0U 0�(�0; 
0) S2

! 
1 0

0 V 0

!�����
=

������Im+1 �
 
�(�0; 
0)

0MU�(�0; 
0) + �(�0; 
0)
0PU�(�0; 
0) �(�0; 
0)

0US
S 0U 0�(�0; 
0) S2

!�����
=

������Im+1 �
 
 0 + �0�  0S
 S 0 S2

!�����
=

������Im+1 �
 
 S
� 0

!0 
 S
� 0

!����� ;
where we have used that V 0V = Im and  = U 0�(�0; 
0) = (�(�0; 
0)0�(�0; 
0))�

1
2�(�0; 
0)

0�(�0; 
0);

� = U 0?�(�0; 
0) = �(�0; 
0)0?�(�0; 
0); such that, since U 0?U = 0 and U 0?U? = Ik�m;  (�0) and �(�0)

are independent and  (�0) � N(0; Im); �(�0) � N(0; Ik�m):

Proof of Theorem 6. The derivative of the subset AR statistic with respect to s� reads:

@
@s�AR(�0) =

1
2

�
1� '2��0���2+s�p

('2��0���2+s�)2+4(�0�+�2)'2

�
� 0:

We do not have an closed form expression for the smallest root of (25) so we show that its derivative

with respect to s2max is non-negative using the Implicit Function Theorem. When mx = mw = 1;

we can specify (25) as a continuous and continuous di¤erentiable function of s2min and s
2
max which is

needed to apply the Implicit Function Theorem:

f(�; s2min; s
2
max) = (��  0 � �0�)(�� s2min)(�� s2max)�  21s2max(�� s2min)�  22s2min(�� s2max) = 0;

where s2min and s
2
max are resp. the smallest and largest elements of S2: The derivative of �min; the

smallest root of (25), with respect to s2max then reads
1

@�min
@s2max

= �@f=@s2max
@f=@�min

1Unless, � exactly equals s2min which again equals s
2
max; which is a probability zero event, the derivative

@�min
@s2max

is well
de�ned. Hence, it exists almost surely.
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with
@f

@s2max
= �(�min �  0 � �0�)(�min � s2min) +  22s2min �  21(�min � s2min)
= �(�min �  22 � �0�)(�min � s2min) +  22s2min

@f
@�min

= (�min �  0 � �0�)(�min � s2min) + (�min �  0 � �0�)(�min � s2max)+
(�min � s2min)(�min � s2max)�  21s2max �  22s2min:

The derivative @f
@s2max

is a second order polynomial in � whose smallest root is equal to

� @f

@s2max

= 1
2

�
 22 + �

0� + s2min �
q�

 22 + �
0� + s2min

�2 � 4�0�s2min� � min(�0�; s2min) < s2max:

We specify the original third order polynomial using @f
@s2max

as follows:

f(�; s2min; s
2
max) = (�� s2max)

h
(��  0 � �0� +  21

s2max
s2max��

)(�� s2min)�  22s2min
i

= (�� s2max)
h
� @f
@s2max

+  21

�
s2max

s2max��
� 1
�
(�� s2min)

i
:

This speci�cation shows that when s2max goes to in�nity, the smallest root of f(�; s
2
min; s

2
max) equals

the smallest root of the second order polynomial @f
@s2max

:We can also use this speci�cation to show that

when @f
@s2max

= 0 :

f(�; s2min; s
2
max) = � 22�(�� s2min) � 0;

since � @f

@s2max

� s2min: The third order polynomial equation f(�; s
2
min; s

2
max) = 0 has three real root and

f(�; s2min; s
2
max) goes o¤ to minus in�nity when � goes to minus in�nity. Hence, the derivative

@f
@�min

at �min is positive:
@f
@� j�=�min > 0:

This implies that �min is less than or equal than the smallest root of
@f

@s2max
= 0; � @f

@s2max

; since

f(�; s2min; s
2
max) is larger than or equal to zero at this value. Consequently, since �min is less than

or equal to the smallest and largest root of @f
@s2max

= 0; factorizing @f
@s2max

using its smallest and largest

root yields:
@f

@s2max
j�min � 0)

@�min
@s2max

� 0:

Hence, the smallest of root of f(�; s2min; s
2
max) = 0 is a non-decreasing function of s

2
max:

Proof of Theorem 7. When s� = s2min;

AR(�0) =
1
2

�
'2 + �2 + �0� � s2min +

q�
'2 + �2 + �0� + s2min

�2 � 4(�2 + �0�)s2min� ;
while when s� goes to in�nity:

AR(�0) !
s�!1

�2 + �0�:
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The smallest root of (25) results from the characteristic polynomial:

f(�; s2min; s
2
max) = (��  0 � �0�)(�� s2min)(�� s2max)�  21s2max(�� s2min)�  22s2min(�� s2max) = 0:

When s2max = s2min; this polynomial can be speci�ed as

f(�; s2min; s
2
min) = (�� s2min)

�
(��  0 � �0�)(�� s2min)�  21s2min �  22s2min

�
= 0;

so the smallest root results from the polynomial

(��  0 � �0�)(�� s2min)�  0 s2min = 0

and equals

�low =
1
2

�
 0 + �0� + s2min �

q
( 0 + �0� + s2min)

2 � 4s2min�0�
�
:

When s2max goes to in�nity, we use that the third order polynomial can be speci�ed as

f(�; s2min; s
2
min) = (�� s2max)

h
(��  0 � �0�)(�� s2min)�  22s2min �  21

s2max
��s2max

(�� s2min)
i
= 0;

which implies that when s2max goes to in�nity, the smallest root results from:�
(��  0 � �0�)(�� s2min)�  22s2min +  21(�� s2min)

�
= 0,

(��  22 � �0�)(�� s2min)�  22s2min = 0:

so it equals

�up =
1
2

�
 22 + �

0� + s2min �
q
( 22 + �

0� + s2min)
2 � 4s2min�0�

�
:

Proof of Theorem 8. The speci�cation of D(�0) reads:

D(�0) = ARup �AR(�0) + �min � 1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min� :
We analyze the conditional behavior of D(�0) for a given realized value of s

2
min over a range of values of

(s�; s2max): Alternatively, since s
� = (cos(�))2s2min + (sin(�))

2s2max; we could also analyze the behavior

of D(�0) over the di¤erent values of (�; s
2
max) for a given value of s

2
min: Our approximations are based

on the bounds on the subset AR statistic and �min for a realized value of s
2
min stated in Theorem 7.

The above expression of D(�0) consists of the sum of two parts. The di¤erence between AR(�0)

and its upperbound and the di¤erence between �min and its upperbound. Given s
2
min; the �rst of

these components is just a function of s� while the second is just a function of s2max: Only negative

values of D(�0) can lead to size distortions of the subset LR test. Since the conditional distribution of

AR(�0) is an increasing function of s
�; Theorem 7 shows that the smallest discrepancy between ARup
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and AR(�0) occurs when s
� = s2max. For determining the worst case setting of D(�0) over the range

of values of (s�; s2max); we therefore only need to analyze values for which s
� = s2max: We use three

di¤erent settings for s2max : large, intermediate and small with an identical value of s
�:

s2max = s� large: For large values of s2max; �min is well approximated by �up: Since s
2
max = s�;

 1 = ' and  2 = � so

�min = �up =
1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min�
and

D(�0) = ARup �AR(�0) + �min � 1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min�
= ARup �AR(�0)

= �2 + �0� � 1
2

�
'2 + �2 + �0� + s� �

q
('2 + �2 + �0� + s�)2 � 4(�2 + �0�)s�

�
= 0;

where we used that:
q
('2 + �2 + �0� + s�)2 � 4(�2 + �0�)s� =

q
('2 � �2 � �0� + s�)2 + 4(�2 + �0�)'2

which is, since s� is large, approximately equal to
�
'2 � �2 � �0� + s�

�
: The approximate bounding

distribution provides a sharp upper bound so usage of conditional critical values that result from

CLR(�0) given s
2
min for LR(�0) leads to rejection frequencies that equal the size when s

2
max = s� is

large.

s2max=s
� = s2min: When s

2
max = s2min; Theorem 5 shows that �min is at is lower bound �low so it

has an analytical expression:

�min = �low =
1
2

�
 0 + �0� + s2min �

q�
 0 + �0� + s2min

�2 � 4�0�s2min�
= 1

2

�
'2 + �2 + �0� + s2min �

q�
'2 + �2 + �0� + s2min

�2 � 4�0�s2min� ;
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where we used that  0 = '2 + �2: Hence, also substituting s2min for s
�; we can express D(�0) as

D(�0) = �2 + �0� � 1
2

�
'2 + �2 + �0� + s2min �

q�
'2 + �2 + �0� + s2min

�2 � 4(�2 + �0�)s2min�+
1
2

�
'2 + �2 + �0� + s2min �

q�
'2 + �2 + �0� + s2min

�2 � 4�0�s2min��
1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min�
= �2 + �0� � 1

2

�
'2 + �2 + �0� + s2min �

q
('2 � �2 � �0� + s�)2 + 4(�2 + �0�)'2

�
+

1
2

�
'2 + �2 + �0� + s2min �

q�
'2 + �2 � �0� + s2min

�2
+ 4(�2 + '2)�0�

�
�

1
2

�
�2 + �0� + s2min �

q�
�2 � �0� + s2min

�2
+ 4�2�0�

�
:

where we used that
q�

'2 + �2 + �0� + s2min
�2 � 4(�2 + �0�)s2min =q('2 � �2 � �0� + s�)2 + 4(�2 + �0�)'2;q�

'2 + �2 + �0� + s2min
�2 � 4�0�s2min =q�'2 + �2 � �0� + s2min�2 + 4(�2 + '2)�0� andq��2 + �0� + s2min�2 � 4�0�s2min =q�

�2 � �0� + s2min
�2
+ 4�2�0�:

Since it is di¢ cult to evaluate the square root components in the above expressions, we use �rst

order Taylor approximations of them. We asses their values for small and large values of s2min: To do

so for a small value of s2min; we conduct �rst order Taylor approximations around a zero value of the

last component in the square root expressions in the �rst three rows of the above equations and for a

large value of s2min; we do so using �rst order Taylor approximations around a zero value of the last

component in the square root expressions in the last three rows of the above equations.

The three �rst order Taylor approximations representative of a small value of s2min are then:q�
'2 + �2 + �0� + s2min

�2 � 4(�2 + �0�)s2min � '2 + �2 + �0� + s2min �
2(�2+�0�)s2min

'2+�2+�0�+s2minq�
'2 + �2 + �0� + s2min

�2 � 4�0�s2min � '2 + �2 + �0� + s2min �
2�0�s2min

'2+�2+�0�+s2minq�
�2 + �0� + s2min

�2 � 4�0�s2min � �2 + �0� + s2min �
2�0�s2min

�2+�0�+s2min
:

Substituting them into the expresssion of D(�0) results in:

D(�0) � �0�
h
1� s2min

�2+�0�+s2min

i
+ �2s2min

h
1� s2min

'2+�2+�0�+s2min

i
> 0:

For large values of s2min; we use the �rst order Taylor approximations:q�
'2 � �2 � �0� + s2min

�2
+ 4(�2 + �0�)'2 � '2 � �2 � �0� + s2min +

2(�2+�0�)'2

'2��2��0�+s2minq�
'2 + �2 � �0� + s2min

�2
+ 4�0�('2 + �2) � '2 + �2 � �0� + s2min +

2('2+�2)�0�
'2+�2��0�+s2minq�

�2 � �0� + s2min
�2
+ 4�2�0� � �2 � �0� + s2min +

2�2�0�
�2��0�+s2min

;
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so the expression for D(�0) becomes:

D(�0) � �2�0�
h

1
�2��0�+s2min

� 1
'2+�2��0�+s2min

i
+ '2�0�

h
1

'2��2��0�+s2min
� 1

'2+�2��0�+s2min

i
+

�2�0�
'2��2��0�+s2min

� 0:

The approximation error D(�0) is thus non-negative for both settings.

s2max=s
� > s2min: Since �min exceeds �low; substituting �low for �min results in a lower bound for

D(�0) :

D(�0) = ARup �AR(�0) + �min � 1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min�
� ARup �AR(�0) + �low � 1

2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min� :
All of the above components now have closed form analytical expressions. We again use the two sets

of �rst order Taylor approximations stated above to further simplify these expressions and we �rst do

so for small values of s� and s2min:q
('2 + �2 + �0� + s�)2 � 4(�2 + �0�)s� � '2 + �2 + �0� + s� � 2(�2+�0�)s�

'2+�2+�0�+s�q�
'2 + �2 + �0� + s2min

�2 � 4�0�s2min � '2 + �2 + �0� + s2min �
2�0�s2min

'2+�2+�0�+s2minq�
�2 + �0� + s2min

�2 � 4�0�s2min � �2 + �0� + s2min �
2�0�s2min

�2+�0�+s2min
:

Combining, we obtain

D(�0) � �0�
h
1� s�

'2+�2+�0�+s� + s
2
min

n
1

'2+�2+�0�+s2min
� 1

�2+�0�+s2min

oi
+

�2
h
1� s�

'2+�2+�0�+s�

i
= (�0� + �2)

h
'2+�2+�0�

'2+�2+�0�+s�

i
� �0� '2

'2+�2+�0�+s2min

s2min
�2+�0�+s2min

so a su¢ cient condition for D(�0) to be non-negative is that

'2+�2+�0�
'2+�2+�0�+s� �

'2

'2+�2+�0�+s2min
,

1
1+s�=('2+�2+�0�) �

1
1+(�2+�0�+s2min)='

2 ,
s�=('2 + �2 + �0�) � (�2 + �0� + s2min)='

2 ,
s� � (�2 + �0�)

�
1 + �2+�0�

'2

�
+ �2+�0�

'2
s2min:

This upperbound does, however, not use that it is based on a lower bound for �min so when s
� =

(�2 + �0�)
�
1 + �2+�0�

'2

�
+ �2+�0�

'2
s2min; s

2
max = s� > s2min so the lower bound isn�t binding and �min

exceeds the lower bound. To assess the magnitude of the di¤erence between �min and �low; we analyze
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the characteristic polynomial using s� = s2max = s2min + h :

(�� s2min)
�
(�2 � �( 0 + �0� + s2min) + �0�s2min

�
�

h
�
�2 � �( 21 + �0�) + s2min�0�

�
= 0:

The above expression of the characteristic polynomial consists of the di¤erence between two poly-

nomials. The smallest root of the �rst of these two polynomials is the lower bound of the smallest

root of the characteristic polynomial while the smallest root of the second polynomial is the upper

bound of the smallest root of the characteristic polynomial. When h = 0; the �rst polynomial thus

provides the smallest root of the characteristic polynomial while when h goes to in�nity, the second

polynomial provides the smallest root. For a non-zero value of h; the smallest root of the characteristic

polynomial is thus a weighted combination of the two smallest roots of the di¤erent polynomials with

weights roughly equal to j�min�s2minj
j�min�s2minj+h

and h
j�min�s2minj+h

: When we use this for D(�0), we obtain

D(�0) � (�0� + �2)
h

'2+�2+�0�
'2+�2+�0�+s2min+h

i
� �0� j�min�s2minj

j�min�s2minj+h
'2

'2+�2+�0�+s2min

s2min
�2+�0�+s2min

;

so a su¢ cient condition for D(�0) to be non-negative is that

'2+�2+�0�
'2+�2+�0�+s� �

j�min�s2minj
j�min�s2minj+h

'2

'2+�2+�0�+s2min
,

1
1+s�=('2+�2+�0�) �

1
1+(h'2+(j�min�s2minj+h)(�2+�0�+s2min)=('2j�min�s2minj)

,
s�=('2 + �2 + �0�) � (h'2 + (j�min � s2minj+ h)(�2 + �0� + s2min)=('2j�min � s2minj) ,

s2min + h � (1 + h('2 + 1)=j�min � s2minj)(�2 + �0� + s2min)(1 + (�2 + �0�)='2) ,
s2min + h �

h
s2min + h('

2 + 1)
s2min

j�min�s2minj

i
(1 + (�2 + �0�)='2)+ ,

(1 + h('2 + 1)=j�min � s2minj)(�2 + �0�)(1 + (�2 + �0�)='2)

which always holds since s2min
j�min�s2minj

� 1 since �min � s2min: Hence, for small values of s
� and s2min;

D(�0) is non-negative.

For larger values of s� and s2min; we use the �rst order Taylor approximations:q
('2 � �2 � �0� + s�)2 + 4(�2 + �0�)'2 � '2 � �2 � �0� + s� + 2(�2+�0�)'2

'2��2��0�+s�q�
'2 + �2 � �0� + s2min

�2
+ 4�0�('2 + �2) � '2 + �2 � �0� + s2min +

2('2+�2)�0�
'2+�2��0�+s2minq�

�2 � �0� + s2min
�2
+ 4�2�0� � �2 � �0� + s2min +

2�2�0�
�2��0�+s2min

;
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to specify D(�0) as

D(�0) � ARup �AR(�0) + �low � 1
2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min�
� �2 + �0� � 1

2

h
'2 + �2 + �0� + s� � '2 + �2 + �0� � s� � 2(�2+�0�)'2

'2��2��0�+s�
i
+

1
2

h
'2 + �2 + �0� + s2min � '2 � �2 + �0� � s2min �

2('2+�2)�0�
'2+�2��0�+s2min

i
�

1
2

h
�2 + �0� + s2min � �2 + �0� � s2min �

2�2�0�
�2��0�+s2min

i
= (�2+�0�)'2

'2��2��0�+s� �
('2+�2)�0�

'2+�2��0�+s2min
+ �2�0�

�2��0�+s2min
= �0�

h
'2

'2��2��0�+s� �
'2

'2+�2��0�+s2min
+ �2

�2��0�+s2min
� �2

'2+�2��0�+s2min

i
+

�2'2

'2��2��0�+s� :

Since both s� and s2min are reasonably large, all the elements in the above expression are small. When

we further incorporate, as we did directly above that we can specify �min as a weighted combination

of �low and �up; we obtain

D(�0) � ARup �AR(�0) +
j�min�s2minj
j�min�s2minj+h

��
�low � 1

2

�
�2 + �0� + s2min �

q�
�2 + �0� + s2min

�2 � 4�0�s2min��
� �2 + �0� � 1

2

h
'2 + �2 + �0� + s� � '2 + �2 + �0� � s� � 2(�2+�0�)'2

'2��2��0�+s�
i
+

1
2

j�min�s2minj
j�min�s2minj+h

h
'2 + �2 + �0� + s2min � '2 � �2 + �0� � s2min �

2('2+�2)�0�
'2+�2��0�+s2min

i
�

1
2

j�min�s2minj
j�min�s2minj+h

h
�2 + �0� + s2min � �2 + �0� � s2min �

2�2�0�
�2��0�+s2min

i
= (�2+�0�)'2

'2��2��0�+s� �
j�min�s2minj
j�min�s2minj+h

('2+�2)�0�
'2+�2��0�+s2min

+
j�min�s2minj
j�min�s2minj+h

�2�0�
�2��0�+s2min

= �0�
h

'2

'2��2��0�+s� �
j�min�s2minj
j�min�s2minj+h

'2

'2+�2��0�+s2min
+

j�min�s2minj
j�min�s2minj+h

n
�2

�2��0�+s2min
� �2

'2+�2��0�+s2min

oi
+

�2'2

'2��2��0�+s� :

Except for the �rst di¤erence in the above expression, all parts are non-negative. When we further

decompose the �rst using,

1
'2��2��0�+s2min+h

� j�min�s2minj
j�min�s2minj+h

1
'2+�2��0�+s2min

= 1
(j�min�s2minj+h)('2��2��0�+s�)('2+�2��0�+s2min)�

j�min � s2minj
�
2�2 � h

�
+ h('2 + �2 � �0� + s2min)

�
= 1

(j�min�s2minj+h)('2��2��0�+s�)('2+�2��0�+s2min)
�
h(s2min � j�min � s2minj) + 2j�min � s2minj�2+

h('2 + �2 � �0�)
�
� 0;

since s2min � j�min � s2minj; since s2min is assumed to be reasonably large while �min is bounded by �2

distributed random variables, we obtain that D(�0) � 0:
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Proof of Theorem 9. Using the SVD from the proof of Theorem 2, we can specify�
�(�0; 
0)

... �(�0; 
0)
�
= U( 

... SV 0) + (U?�
... 0)

so �
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
= V�S�V�0 +

 
�0� 0

0 0

!
;

with S� = diag(s�1 : : : s
�
m); s

�
i = s2i +  2i ; i = 1; : : : ;m; S� =

�
s�max
0

... 0
S�2

�
; s�max = s2max +  21;

S�2 = diag(s�2 : : : s
�
m); V�0 = S��

1
2 ( 

... SV 0): We note that V� is not orthonormal but all of its rows

have length one. The quadratic form of
�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
with respect

to v�1 =
�  1
V1smax

�
s
�� 1

2
max ; V� = (v�1

... V�2 ); is now such that

v�01

�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
v�1

= v�01

"
V�S�V�0 +

 
�0� 0

0 0

!#
v�1

= s�max + v
�0
1 V�2S�2V�02 v�1 + v�01

 
�0� 0

0 0

!
v�1

= s2max +  
2
1 +

 21
s�max

( 02 2 + �
0�)

� s2max +  
2
1;

with  = ( 1
...  02)

0;  1 : 1�1:As a consequence, since �max � v�01

�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
v�1;

we can specify the largest root �max as

�max = s2max +  
2
1 +

 21
s�max

( 02 2 + �
0�) + h;

with h � 0:
To assess the magnitude of h; we specify the function g(d) :

g(d) =
( 1�d)

0
B( 1�d)

( 1�d)
0
( 1�d)

with

B = V�S�V�0 +
 
�0� 0

0 0

!
:
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We use ~d = �v�21=v�11 with v�1 =
�v�11
v�21

�
=
�  1
V1smax

�
s
�� 1

2
max so

�
1
�d
�
=
�

1
V1smax= 1

�
:

The largest root �max can be speci�ed as:

�max = maxd g(d):

To assess the approximation error of using our lower bound for the largest root, we conduct a �rst

order Taylor approximation:

g(d̂) = g( ~d) +
�
@g
@d j ~d

�0
(d̂� ~d)

0 =
�
@g
@d jd̂

�
=

�
@g
@d j ~d

�
+
�

@2g
@d@d0 j ~d

�
(d̂� ~d)

g(d̂) = g( ~d)�
�
@g
@d j ~d

�0 �
@2g
@d@d0 j ~d

��1 �
@g
@d j ~d

�
:

The �rst and second order derivatives are such that

@g
@d = 2

�
( 0
�Im)

0
B( 1�d)

( 1�d)
0
( 1�d)

� (
0

�Im)
0
( 1�d)

( 1�d)
0
( 1�d)

( 1�d)
0
B( 1�d)

( 1�d)
0
( 1�d)

�
@2g
@d@d0 = 2

�
( 0
�Im)

0
B( 0

�Im)

( 1�d)
0
( 1�d)

� 2(
0

�Im)
0
B( 1�d)

( 1�d)
0
( 1�d)

( 1�d)
0
( 0
�Im)

( 1�d)
0
( 1�d)

�

2
( 0
�Im)

0
( 1�d)

( 1�d)
0
( 1�d)

( 1�d)
0
B( 0

�Im)

( 1�d)
0
( 1�d)

� (
0

�Im)
0
( 0
�Im)

( 1�d)
0
( 1�d)

( 1�d)
0
B( 1�d)

( 1�d)
0
( 1�d)

+

4
( 0
�Im)

0
( 1�d)

( 1�d)
0
( 1�d)

( 1�d)
0
B( 1�d)

( 1�d)
0
( 1�d)

( 1�d)
0
( 0
�Im)

( 1�d)
0
( 1�d)

�
= 1

( 1�d)
0
( 1�d)

�
0

�Im
�0 h

M( 1�d)
� P( 1�d)

i0
B
h
M( 1�d)

� P( 1�d)
i �

0
�Im

�
�

( 0
�Im)

0
( 0
�Im)

( 1�d)
0
( 1�d)

( 1�d)
0
B( 1�d)

( 1�d)
0
( 1�d)

We now use that
�

1
V1smax= 1

�
B
� 1
� ~d
�
=

�
 0 
VS0 

...  
0SV 0
VSV 0

��
1

V1smax= 1

�
+

�
�0�
0

... 00

��
1

V1smax= 1

�
=

�
 0 +s2max+�

0�
VS0 +s2maxV1= 1

�
�
0

�Im
�0
B
� 1
� ~d
�
= �(VS 0 + s3maxV1= 1)�

0
�Im

�0� 1
� ~d
�
= �V1smax= 1

( 1� ~d)(
1
� ~d)

0

( 1� ~d)
0
( 1� ~d)

=
( 1
V1smax= 1)(

1
V1s1= 1)

0

1+s2max= 
2
1

=
(  1
V1smax

)(  1
V1smax

)
0

s2max+ 
2
1

( 
... SV 0)

�
Im+1 �

( 1� ~d)(
1
� ~d)

0

( 1� ~d)
0
( 1� ~d)

�
=

 
0

 2(1�
 21

s2max+ 
2
1
)

...
0

sminv
0
1�

 2 1s1v
0
1

s2max+ 
2
1

!

( 
... SV 0)(

1
� ~d)(

1
� ~d)

0

( 1� ~d)
0
( 1� ~d)

=

 
 1
 2 

2
1

s2max+ 
2
1

...
smaxv01

 1 2smaxv
0
1

s2max+ 
2
1

!
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�
0

�Im
�0
M( 1� ~d)

V�S�V�0M( 1� ~d)
�
0

�Im
�
=

�
v2smin � v1  2 1smaxs2max+ 

2
1

��
sminv

0
2 �

 2 1smax
s2max+ 

2
1
v01

�
�
0

�Im
�0
M( 1� ~d)

V�S�V�0P( 1� ~d)
�
0

�Im
�
=

�
v2smin � v1  1 2smaxs2max+ 

2
m

��
 1 2smax
s2max+ 

2
1
v01

�
�
0

�Im
�0
P( 1� ~d)

V�S�V�0P( 1� ~d)
�
0

�Im
�
= v1v

0
1s
2
max(1 + (

 1 2
s2max+ 

2
1
)2)�

0
�Im

�0
M( 1� ~d)

 
�0� 0

0 0

!
M( 1� ~d)

�
0

�Im
�
= v2v

0
2�
0�
�
 2smax
s2max+ 

2
1

�2
�
0

�Im
�0
M( 1� ~d)

 
�0� 0

0 0

!
P( 1� ~d)

�
0

�Im
�
= �v1v01�0�

�
 1smax
s2max+ 

2
1

�2
�
0

�Im
�0
P( 1� ~d)

 
�0� 0

0 0

!
P( 1� ~d)

�
0

�Im
�
= v1v

0
1�
0�
�
 1smax
s2max+ 

2
1

�2
� 1
� ~d
�0� 1

� ~d
�
= 1 + s2max= 

2
1� 1

� ~d
�0
B
� 1
� ~d
�
=  0 + s2max + �

0� + s2max + s
4
max= 

2
1

( 1� ~d)
0
B( 1� ~d)

( 1� ~d)
0
( 1� ~d)

=
 0 +s2max+�

0�+s2max+s
2
max= 

2
1

1+s2max= 
2
1

=
 21 

2
1+ 

2
1 

0
2 2+2 

2
1s
2
max+ 

2
1�
0�+s2max

 21+s
2
max

=
( 21+s

2
max)

2+ 21( 
0
2 2+�

0�)
 21+s

2
max

=  21 + s
2
max +

 21
 21+s

2
max
( 02 2 + �

0�)

( 0
�Im)

0
( 1� ~d)

( 1� ~d)
0
( 1� ~d)

= � V1smax= 1
1+s2max= 

2
1
= �V1smax 1

 21+s
2
max

( 0
�Im)

0
B( 1�d)

( 1�d)
0
( 1�d)

= �VS0 +s2maxV1= 1
1+s2max= 

2
1

= � 21smaxV1 1+s2maxV1 1+ 21V2Smin 2
 21+s

2
max

Since
( 0
�Im)

0
( 0
�Im)

( 1� ~d)
0
( 1� ~d)

( 1� ~d)
0
B( 1� ~d)

( 1� ~d)
0
( 1� ~d)

=
h
 21 + s

2
max +

 21
 21+s

2
max
( 02 2 + �

0�)
i

 21
s2max+ 

2
1
Im

=  21Im +
�

 21
 21+s

2
max

�2
( 02 2 + �

0�)Im

= ( 21 +
�

 21
 21+s

2
max

�2
( 02 2 + �

0�))(v1v01 + v2v
0
2)

and

1

( 1�d)
0
( 1�d)

�
0

�Im
�0 h

M( 1�d)
� P( 1�d)

i0
B
h
M( 1�d)

� P( 1�d)
i �

0
�Im

�
=

 21
s2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
1

�0
+ v1v

0
1s
2
max

�
=

v1v
0
1 

2
1

�
1�  21

s2max+ 
2
1

�
+

 21
s2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
1

�0�

21



we then obtain for the second order derivative that

@2g
@d@d0 j ~d =

1

( 1� ~d)
0
( 1� ~d)

�
0

�Im
�0 h

M( 1� ~d)
� P( 1� ~d)

i0
B
h
M( 1� ~d)

� P( 1� ~d)

i �
0

�Im
�
�

( 0
�Im)

0
( 0
�Im)

( 1� ~d)
0
( 1� ~d)

( 1� ~d)
0
B( 1� ~d)

( 1� ~d)
0
( 1� ~d)

= v1v
0
1

�
 21

s2max+ 
2
1

� h
�1 +

�
 21

 21+s
2
max

�
( 02 2 + �

0�)
i
+ v2v

0
2( 

2
1 +

�
 21

 21+s
2
max

�2
( 02 2 + �

0�))+

 21
s2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
1

��
v2smin � 2v1  1 2smaxs2max+ 

2
2

�0�
;

where we used that Im � v1v
0
1 = Mv1v01

= Pv2v02 = v2v
0
2: While for the �rst order derivative, we have

that

@g
@d j ~d = 2

h
� 21smaxV1 1+s3maxV1 1+ 21V2Smin 1

 21+s
2
max

+ V1s1 1
 21+s

2
max
( 21 + s

2
max +

 21
 21+s

2
max
( 02 2 + �

0�))
i

= 2
 21+s

2
max

h
� 21V2Smin 2 + V1smax 1

 21
 21+s

2
max
( 02 2 + �

0�))
i
:

To assess the magnitude of the error of approximating g(d̂) by g( ~d); we note that the �rst order deriva-

tive, @g@d j ~d; is of the order
 21smax

( 21+s
2
max)

2 ( 
0
2 2+�

0�) (= O(s�3max( 
0
2 2+�

0�))) in the direction of v1 while it

is of the order smin
 21+s

2
max

(= O(smins
�2
max)) in the direction of v2: The second order derivative,

@2g
@d@d0 j ~d; is

of the order  21
s2max+ 

2
1
(= O(s�2max)) in the direction of v1v

0
1 while it is of the order O(1) in the direction of

v2v
0
2: Combining this implies that the error of approximating g(d̂) by g( ~d);

�
@g
@d j ~d

�0 �
@2g
@d@d0 j ~d

��1 �
@g
@d j ~d

�
;

is of the order max(O(s�4max( 
0
2 2 + �

0�)2; s2mins
�4
max)):

Theorem 9*. When m exceeds two:

Pr
i=1 �i �

Pr
i=1 s

2
i +  

2
i ;

with �1 � �2 � : : : � �r; the largest r characteristic roots of (10) and s
2
1 � s22 � : : : � s2r the largest

r eigenvalues of �(�0; 
0)
0�(�0; 
0):

Proof. Using that �
�(�0; 
0)

... �(�0; 
0)
�
= U( 

... SV 0) + (U?�
... 0)

so �
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
= V�S�V�0 +

 
�0� 0

0 0

!
;

with S� = diag(s�1 : : : s
�
m); s

�
i = s2i +  2i ; i = 1; : : : ;m; S� =

�
S�1
0

... 0
S�2

�
; S�1 = diag(s�1 : : : s

�
r); S�2 =

22



diag(s�r+1 : : : s
�
m); V�0 = S��

1
2 ( 

... SV 0): We note that V� is not orthonormal but all of its rows have

length one. The trace of the quadratic form of
�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
with

respect to V�1 =
�  01
V1S1

�
S
�� 1

2
1 ;  = ( 01

...  02);  1 : r � 1; V� = (V�1
... V�2 ); and scaled by A = (V�01 V�1 )�

1
2 ;

is now such that

tr(A0V�01
�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
V�1A)

= tr

"
A0V�01 V�S�V�0V�1A+A0V�01

 
�0� 0

0 0

!
V�1A

#

= tr [A0V�01 V�1S�1V�01 V�1A] + tr [A0V�01 V�2S�2V�02 V�1A] + tr
"
A0V�01

 
�0� 0

0 0

!
V�1A

#

= tr [V�01 V�1S�1V�01 V�1AA0] + tr [A0V�01 V�2S�V�02 V�1A] + tr
"
A0V�01

 
�0� 0

0 0

!
V�1A

#

= tr [V�01 V�1S�1 ] + tr [A0V�01 V�2S�V�02 V�1A] + tr
"
A0V�01

 
�0� 0

0 0

!
V�1A

#

= tr

�
S
�� 1

2
0

1

�  01
V1smax

�0�  01
V1smax

�
S
�� 1

2
1 S�1

�
+ tr [A0V�01 V�2S�V�02 V�1A] + tr

"
A0V�01

 
�0� 0

0 0

!
V�1A

#

= tr
h�  01
V1S1

�0�  01
V1S1

�i
+ tr [A0V�01 V�2S�V�02 V�1A] + tr

"
A0V�01

 
�0� 0

0 0

!
V�1A

#

=
Pr

i=1  
2
i + s

2
i + tr [A

0V�01 V�2S�V�02 V�1A] + tr
"
A0V�01

 
�0� 0

0 0

!
V�1A

#
�
Pr

i=1  
2
i + s

2
i :

As a consequence, since
Pr

i=1 �i � tr(A0V�01
�
�(�0; 
0)

... �(�0; 
0)
�0�

�(�0; 
0)
... �(�0; 
0)

�
V�1A) :

Pr
i=1 �i �

Pr
i=1 s

2
i +  

2
i :

Proof of Theorem 10. Theorem 9 states a bound on �max while Lemma 1 states a bound on the

subset AR statistic. Upon combining, we then obtain that:

~s2min = s2min + g;

with

g =  02 2 � � 0� + '2

'2+(Imw0 )
0
�(�0;
0)

0�(�0;
0)(
Imw
0 )

(�0� + � 0�)�  21
s�max

( 02 2 + �
0�)� h+ e;
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The approximation error g consists of four �2(1) distributed random variables multiplied by weights

which are all basically less than one. The six covariances of these standard normal random variables

that constitute the �2(1) random variables are:

cov( 2; �) =
( 0
ImX

)
0V1=smaxs�

( 0
ImX

)
0V1=smax

�2
+

�
( 0
ImX

)
0V2=smin

�2 : large when
�
0

ImX

�
is spanned by V1

cov( 1; �) =
( 0
ImX

)
0V2=smins�

( 0
ImX

)
0V1=smax

�2
+

�
( 0
ImX

)
0V2=smin

�2 : large when
�
0

ImX

�
is spanned by V2

cov( 2; ') =
(Imw0 )

0V1smaxr�
(Imw0 )

0V1smax
�2
+
�
(Imw0 )

0V2smin
�2 : large when

�ImW
0

�
is spanned by V1

cov( 1; ') =
(Imw0 )

0V2sminr�
(Imw0 )

0V1smax
�2
+
�
(Imw0 )

0V2smin
�2 : large when

�ImW
0

�
is spanned by V2

cov(v; ') = 0

cov( 1;  2) = 0

The covariances show the extent in which �(�0; 
0)
�
Imw
0

�
and �(�0; 
0)

�
0

ImX

�
are spanned by the

eigenvectors associated with the largest and smallest eigenvalues of �(�0; 
0)
0�(�0; 
0):

Proof of Theorem 11. We specify the structural equation

y �X� �W
 = "

as

y � ~X� = "

with ~X = (X
... W ); � = (�0

... 
0)0: The derivative of the joint AR statistic

AR(�) = 1
�""(�)

(y � ~X�)0PZ(y � ~X�)

with respect to � is:
1
2
@
@�AR(�) =

1
�""(�)

~� ~X(�)
0Z 0(y � ~X�)

with ~� ~X(�) = (Z 0Z)�1Z 0( ~X � (y � ~X�)
�" ~X(�)

�""(�)
); �""(�) =

�
1
��
�0


�
1
��
�
; �" ~X(�) = !Y ~X � �0� ~X ~X ;

!Y ~X = (!Y X
... !YW ); � ~X ~X =

�

XX

WX

... 
XW
WW

�
: To construct the second order derivative of the AR

statistic, we use the following derivatives:
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@
@�0 (y � ~X�) = � ~X
@
@�0�""(�)

�1 = 2�""(�)
�2�" ~X(�)

@
@�0vec(�" ~X(�)) = �� ~X ~X
@
@�0vec(

~� ~X(�)) =
h
�" ~X(�)

0

�""(�)

 ~� ~X(�)

i
+h

� ~X ~X:"(�)
 (Z 0Z)�1Z 0(y � ~X�) 1
�""(�)

i
where � ~X ~X:"(�0) = � ~X ~X�

�" ~X(�)
0�" ~X(�)

�""(�)
. All the derivatives except that of ~� ~X(�) result in a straight-

forward manner. For the derivative of ~� ~X(�); we use that

@
@�0vec(

~� ~X(�)) =
@
@�0vec

�
(Z 0Z)�1

h
Z 0 ~X � Z 0(y �X�)�" ~X(�)�""(�)

i�
= �

h
�" ~X(�)

0

�""(�)

 (Z 0Z)�1

i h
@
@�0vec(Z

0(y � ~X�))
i
�h

Im 
 (Z 0Z)�1Z 0(y � ~X�) 1
�""(�)

i �
@
@�0vec(�" ~X(�))

�
�h

�" ~X(�)
0 
 (Z 0Z)�1Z 0(y � ~X�)

i �
@
@�0�""(�)

�1�
=

h
�" ~X(�)

0

�""(�)

 (Z 0Z)�1

i
Z 0 ~X +

h
Im 
 (Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

i
� ~X ~X�

2
h
�" ~X(�)

0 
 (Z 0Z)�1Z 0(y � ~X�)
i
�""(�)

�2�"X(�)

=
h
�"X(�)

0

�""(�)

 (Z 0Z)�1Z 0

h
~X � (y � ~X�)

�" ~X(�)

�""(�)

ii
+h�

� ~X ~X �
�" ~X(�)

0�" ~X(�)
�""(�)

�

 (Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

i
=

h
�" ~X(�)

0

�""(�)

 ~� ~X(�)

i
+
h
� ~X ~X:"(�)
 (Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

i
:

so the second derivative of the AR statistic testing the full parameter vector reads:
1
2

@2

@�@�0
1

�""(�)
(y � ~X�)0PZ(y � ~X�) = @

@�0

h
1

�""(�)
~� ~X(�)

0Z 0(y � ~X�)
i

= 1
�""(�)

((y � ~X�)0Z 
 Im) @
@�0vec(

~� ~X(�)
0) + 1

�""(�)
(1
 ~� ~X(�)

0) @
@�0Z

0(y � ~X�)+

~� ~X(�)
0Z 0(y � ~X�) @

@�0

h
1

�""(�)

i
= 1

�""(�)
((y � ~X�)0Z 
 Im)Kkm

@
@�0vec(

~� ~X(�))�
1

�""(�)
~� ~X(�)

0Z 0 ~X+
1

�""(�)
~� ~X(�)

0Z 0(y � ~X�)
�" ~X(�)

�""(�)

= 1
�""(�)

((y � ~X�)0Z 
 Im)Kkm

hh
�" ~X(�)

0

�""(�)

 ~� ~X(�)

i
+
h
� ~X ~X:"(�)
 (Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

ii
�

� 1
�""(�)

~� ~X(�)
0Z 0Z ~� ~X(�)

= 1
�""(�)

(Im 
 (y � ~X�)0Z)
hh

�" ~X(�)
0

�""(�)

 ~� ~X(�)

i
+
h
� ~X ~X:"(�)
 (Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

ii
�

1
�""(�)

~� ~X(�)
0Z 0Z ~� ~X(�)

= � 1
�""(�)

~� ~X(�)
0Z 0Z ~� ~X(�) +

1
�""(�)

h
�"X(�)

0

�""(�)

 (y � ~X�)0Z 0 ~� ~X(�)

i
+

1
�""(�)

h
� ~X ~X:"(�)
 (y � ~X�)0Z(Z 0Z)�1Z 0(y � ~X�) 1

�""(�)

i
= 1

�""(�)
� ~X ~X:"(�)

1
2
0
h

1
�""(�)

(y � ~X�)0PZ(y � ~X�)IM � � ~X ~X:"(�)
� 1
2
0 ~� ~X(�)

0Z 0Z ~� ~X(�)� ~X ~X:"(�)
� 1
2

i
� ~X ~X:"(�)

1
2 + 1

�""(�)

h
�" ~X(�)

0

�""(�)

 (y � ~X�)0Z 0 ~� ~X(�)

i
:

with Kkm a commutation matrix (maps vec(A) into vec(A0)). When the �rst order condition holds,
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(y � ~X ~�)0Z 0 ~� ~X(~�) = 0; with ~� a value of � where the �rst order condition holds. The second order

derivative at such values of � then becomes:

1
2

@2

@�@�0
1

�""(�)
(y � ~X ~�)0PZ(y �X ~�) = @

@�0

h
1

�""(�)
~� ~X(�)

0Z 0(y �X ~�)
i

= 1
�""(�)

� ~X ~X:"(~�)
1
2
0
h

1
�""(�)

(y � ~X ~�)0PZ(y � ~X ~�)IM�

� ~X ~X:"(~�)
� 1
2
0 ~� ~X(~�)

0Z 0Z ~� ~X(~�)� ~X ~X:"(~�)
� 1
2

i
� ~X ~X:"(~�)

1
2

There are (m + 1) di¤erent values of ~� where the �rst order condition holds. These are such that

c
�
1
�~�
�
corresponds with one of the (m + 1) eigenvectors of the characteristic polynomial (so c is the

top element of such an eigenvector). When
�
1
�~�
�
is proportional to the eigenvector of the j-th root of

the characteristic polynomial, �j ; we can specify:�
(Z 0Z)�

1
2Z 0(y � ~X ~�)=

p
�""(~�)

... (Z 0Z)
1
2 ~� ~X(~�)� ~X ~X:"(~�)

� 1
2

�0�
(Z 0Z)�

1
2Z 0(y � ~X ~�)=

p
�""(~�)

...

(Z 0Z)
1
2 ~� ~X(~�)� ~X ~X:"(~�)

� 1
2

�
= diag(�j ; �1; : : : ; �j�1; �j+1; : : : ; �m+1);

with �1; : : : ; �m+1 the (m+1) characteristic roots in descending order. Hence, we have three di¤erent

cases:

1. �j = �m+1 so

1
2

@2

@�@�0
1

�""(�)
(y � ~X ~�)0PZ(y �X ~�) =

1
�""(�)

� ~X ~X:"(~�)
1
2
0 ��m+1Im � diag(�1; : : : ; �m)�� ~X ~X:"(~�)

1
2

which is negative de�nite since �1 > �m+1; : : : ; �m > �m+1 so the value of the AR statistic at ~� is a

minimum.

2. �j = �1 so
1
2

@2

@�@�0
1

�""(�)
(y � ~X ~�)0PZ(y �X ~�) =

1
�""(�)

� ~X ~X:"(~�)
1
2
0 ��1Im � diag(�2; : : : ; �m+1)�� ~X ~X:"(~�)

1
2

which is positive de�nite since �1 > �2; : : : ; �1 > �m+1 so the value of the AR statistic at ~� is a

maximum.

2. 1 < j < m+ 1 so
1
2

@2

@�@�0
1

�""(�)
(y � ~X ~�)0PZ(y �X ~�) =

1
�""(�)

� ~X ~X:"(~�)
1
2
0 ��jIm � diag(�1; : : : ; �j�1; �j+1; : : : ; �m+1)�� ~X ~X:"(~�)

1
2

which is negative de�nite in m�j+1 directions, since �j > �j+1; : : : ; �j > �m+1; and positive de�nite

in j�1 directions, since �1 > �j ; : : : ; �j�1 > �j ; so the value of the AR statistic at ~� is a saddle point.
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Proof of Theorem 12. a. When we test H0 : � = �0 and �0 is large compared to the true value

�; the di¤erent elements of 
(�0) =

0B@ 1 0

��0 0

0 Imw

1CA
0




0B@ 1 0

��0 0

0 Imw

1CA can be characterized by

1
�20
(!Y Y � 2�0!Y X + �20!XX) = !XX � 2

�0
!yX +

1
�20
!yy

� 1
�0
(!YW � �0!XW ) = !XW � 1

�0
!yW

!WW = !WW ;

so  
���10 0

0 ImW

!0

(�0)

 
���10 0

0 ImW

!
= 
XW � 1

�0

 
2!yX !yW

!0yW 0

!
+ 1

�20

 
!yy 0

0 0

!
;

with 
XW =
�
!XX
!WX

!XW
!WW

�
: The LIML estimator ~
(�0) is obtained from the smallest root of the

characteristic polynomial:�����
(�0)� (y �X�0 ... W )0PZ(y �X�0 ... W )���� = 0;

and the smallest root of this polynomial, �min; equals the subset AR statistic to test H0: The smallest

root does not alter when we respecify the characteristic polynomial as�����Imw+1 � 
(�0)� 1
2
0(y �X�0

... W )0PZ(y �X�0
... W )
(�0)

� 1
2

���� = 0:

Using the speci�cation of 
(�0); we can specify 
(�0)
� 1
2 as


(�0)
� 1
2 =

 
���10 0

0 ImW

!


� 1
2

XW +O(��20 );

where O(��20 ) indicates that the highest order of the remaining terms is �
�2
0 : Using the above spec-

i�cation, for large values of �0; 
(�0)
� 1
2
0(y � X�0

... W )0PZ(y � X�0
... W )
(�0)

� 1
2 is characterized

by


(�0)
� 1
2
0(y �X�0

... W )0PZ(y �X�0
... W )
(�0)

� 1
2 = 


� 1
2
0

XW (X
... W )0PZ(X

... W )

� 1
2

XW +O(��10 ):

For large values of �0; the AR statistic thus corresponds to the smallest eigenvalue of 

� 1
2
0

XW (X
...

W )0PZ(X
... W )


� 1
2

XW which is a statistic that tests for a reduced rank value of (�X
... �W ):

b. Follows directly from a and since the smallest root of (10) does not depend on �0:
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Proof of Theorem 13. We use the (infeasible) covariance matrix estimator

�̂ =

�
�̂""
�̂V "

... �̂"V
�̂V V

�
=

 
1 0
��0
�
n

Im

!0

̂

 
1 0
��0
�
n

Im

!
!
p
�n

and de�ne �̂V V:" = �̂V V � �̂V "�̂"V
�̂""

; �V V:";n = �V V;n � �V ";n�"V;n
�"";n

and �̂V V:" !
p
�V V:";n:

For a subsequence �n of n; let H�nT�nR
0
�n be a singular value decomposition of �(�n) with

� = HTR0;

the limit of �(�n); so �(�n)! �; H�n ! H; T�n ! T and R�n ! R:We then also have the following

convergence results for this subsequence:

(Z 0�nZ�n)
� 1
2Z 0�n(y�n �W�n
�n �X�n�0)�

� 1
2

"";�n

��"";�n
�̂""

� 1
2 !

d
�(�0; 
)

(Z 0�nZ�n)
� 1
2Z 0�n

�
(W�n

... X�n)� (y�n �Wn
�n �X�0)
n
�"V;�n
�"";�n

+

(�̂"V ��"V;�n )
�"";�n

+ �̂"V (�̂
�1
"" � ��1"";�n)

oi
�
� 1
2

V V:";�n

�
�V V:";�n�̂

�1
V V:"

� 1
2 !

d
�(�0; 
);

with 
n ! 
 and �(�0; 
) and vec(�(�0; 
)) independent normal k and km dimensional random vectors

with means zero and vec(�) and identity covariance matrices. The limiting random variable of this

subsequence �(�0; 
) can be speci�ed as

�(�0; 
0) = � + �(�0; 
);

with vec(�(�0; 
)) a standard normal km dimensional random vector independent of �(�0; 
): We

can now specify the limit behaviors of the subset AR statistic and the smallest root �min; the two

components of the subset LR statistic, as in Theorems 1 and 2:

AR(�0) = ming2Rmw
1

1+g0g

�
�(�0; 
0)��(�0; 
0)

�
Imw
0

�
g
�0�

�(�0; 
0)��(�0; 
0)
�
Imw
0

�
g
�
+ op(1)

�min = minb2Rmx ; g2Rmw
1

1+b0b+g0g

�
�(�0; 
0)��(�0; 
0)

�
b
g

��0�
�(�0; 
0)��(�0; 
0)

�
b
g

��
+ op(1):

Theorem 10 then shows that the limit behavior of the subset LR statistic under H0 and the subsequence

�n only depends on the 1
2m(m+ 1) elements of �0�:
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To determine the size of the subset LR test, we determine the worst case subsequence �n such that

AsySzLR,� = lim supn!1 sup�2	 Pr�
h
LRn(�0) > CLR1��(�0js2min = ~s2min;n)

i
= lim supn!1 Pr�n

h
LR�n(�0) > CLR1��(�0js2min = ~s2min;�n)

i
;

with LRn(�0) the subset LR statistic for a sample of size n and CLR1��(�0js2min = ~s2min) the (1 �
�)�100% quantile of the conditional distribution of CLR(�0) given that s2min = ~s2min: Theorem 6 runs
over the di¤erent settings of the conditioning statistic �(�0; 
) to analyze if the subset LR test over

rejects. All these settings originate from the limit value � that results from a speci�c subsequence �n:

We next list the di¤erent settings for the limit value � with respect to the identi�cation strengths of


 and � :

1. Strong identi�cation of 
 and � : The limit value � is such that both of its singular values

are large. For subsequences �n that lead to such limit values:

lim supn!1 Pr�n

h
LR�n(�0) > CLR1��(�0js2min = ~s2min;�n)

i
= �:

2. Strong identi�cation of 
; weak identi�cation of � : Since 
 is strongly identi�ed,�
Imw
0

�0
�0�

�
Imw
0

�
is large so the limit value � is such that one of its singular values is large

while the other is small. Theorem 5 shows that both the subset AR statistic and the smallest

root �min are at their upperbounds. Hence, for all subsequences �n for which
�
Imw
0

�0
�0�

�
Imw
0

�
is large, so 
 is well identi�ed:

lim supn!1 Pr�n

h
LR�n(�0) > CLR1��(�0js2min = ~s2min;�n)

i
= �:

3. Weak identi�cation of 
; strong identi�cation of � : Since 
 is weakly identi�ed,
�
Imw
0

�0
�0�

�
Imw
0

�
is small. Since � is strongly identi�ed, the limit value � has one small and one large singular

value. Theorem 5 then shows that the subset AR statistic is close to its lower bound while the

smallest root �min is at its upperbound. Hence, for such subsequences �n:

lim supn!1 Pr�n

h
LR�n(�0) > CLR1��(�0js2min = ~s2min;�n)

i
< �;

so the subset LR test is conservative. As mentioned previously, this covers the setting where

�W;n = c�X;n with �X;n large and c small so �W;n is small as well. The subset LM test is size

distorted for this setting, see Guggenberger et al. (2012).

4. Weak identi�cation of 
 and � : The limit value � is such that both of its singular values are
small. Both the subset AR statistic and the smallest root �min are close to their lower bounds.

The conditional critical values do, however, result from the di¤erence between the upper bounds
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of these statistics, which is for this realized value of ~s2min; larger than the di¤erence between the

lower bounds. For subsequences �n for which both 
 and � are weakly identi�ed:

lim supn!1 Pr�n

h
LR�n(�0) > CLR1��(�0js2min = ~s2min;�n)

i
< �;

so the subset LR test is conservative.

Combining:

AsySzLR,� = �;

where strong instrument sequences for W make the asymptotic null rejection probability of the subset

LR statistic equal to the nominal size.
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