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1. Introduction

This paper explores the intertemporal risk sharing in a multi-period setting
under the notion of Pareto efficiency and financial fairness (PEFF). Pareto
efficiency means that the utility of nobody can be improved without hurting the
utility of some others, while financial fairness indicates that the market values of
the risk positions before and after risk sharing should be equal. A risk-sharing
system with respect to monetary uncertainties — the stochastic returns from the
financial market, for instance — can be viewed as a financial contract. On the
one hand, Pareto efficiency is fundamental in risk-sharing systems, while on the
other hand financial fairness is important in the design of financial contracts.

The model is motivated and abstracted from systems that allow for intertem-
poral risk sharing. One example is the collective defined-contribution pension
systems which can be viewed as a multilateral financial contract among both
current and future cohorts. The possibility of intertemporal risk sharing with
respect to investment risk is due to the incompleteness of the market, i.e. the
inability of generations to be exposed to risks outside their own (mature) lifes-
pan. A risk-sharing system tries to partly fix this problem by allowing later
generations to take risks before they become participants. Risk sharing shall re-
sult in welfare gains to the generations; meanwhile, the pension contract should
also be fair from a valuation perspective. Another example is the reinsurance
market, in which insurance companies reallocate the risks by way of reinsur-
ance contracts among themselves. A multi-period contract is appropriate for
dealing with long-term risks, or simply when companies agree to make multi-
period arrangements. A similar example is the design of structured derivatives,
for instance, the practice of tranching. In these examples, Pareto efficiency is
pertinent for designing the optimal allocation of risks, while financial fairness
guarantees that the contract is fairly priced.

The characterization of Pareto efficient solutions in a single-period setting
is well studied in a lot of papers, which date back to the 1960s with the focus

mainly on the field of insurance. For instance, Borch [I] gives a characterization
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of the Pareto efficient solutions under the situation where expected utility is used
to describe the agents’ risk preferences, and later DuMouchel [2] gives proof to
these results. Similar work also includes Raviv [3] which takes into consideration
the existence of market frictions. The fairness criterion is first considered along-
side the Pareto efficiency by, amongst others, Gale [4], Bithlmann and Jewell [5]
and Balasko [6] in different settings. In these literature, the risk sharing is built
over both a utility basis and a valuation basis.

The risk sharing problem in a multi-period setting is investigated by Barrieu
and Scandolo [7] in a general setting; they talk about risk exchanges between
two agents over more than one period without taking into consideration any
fairness conditions. Other work has been mainly focused on the design of pension
systems and the space of intergenerational risk sharing, where risk redistribution
can be organized among both the existing and future cohorts. Pareto-efficient
risk sharing can be achieved by maximizing the aggregate expected utility of
all generations in the situation where a social planner is present (e.g. Gordon
and Varian [8], Gollier [9], Bovenberg and Mehlkopf [10]) or by looking for an
equilibrium (see Ball and Mankiw [II], Krueger and Kubler [12]). Financial
fairness has been considered by Cui et al. [13]; however, the valuation approach
is only used to check afterwards whether the distribution rule is fair for the
participants. Kleinow and Schumacher [I4] analyze the pension system with
conditional indexation from the perspective of market value; they investigate
whether the pension contract is financially fair for existing and incoming cohorts
as well as the sponsor. Risk-neutral valuation becomes essential in Bovenberg
and Mehlkopf [I0] to determine a unique risk sharing solution by setting the
ex-ante market values of the intergenerational transfers to zero.

This paper explores the Pareto efficient and financially fair risk sharing in a
multi-period environment. Expected utility is adopted to evaluate the welfare,
and a risk-neutral measure works for the valuation purpose. We shall show the
existence and uniqueness of the PEFF solution, and give a numerical algorithm
to find it. This can be seen as a direct generalization of the research by Pazdera

et al. [I5], which explores the Pareto efficient and financially fair risk-sharing
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rule in a single-period case. Compared to Barrieu and Scandolo [7], we restrict
ourselves to the case of expected utility as the preference functional, and risk-
neutral valuation is built into the system to determine the uniqueness of the
solution. Different from Bovenberg and Mehlkopf [10], no parameterization on
the risk-sharing rules is needed here; the rules are determined totally under the
notion of PEFF. Mathematically, our results resemble the famous consumption-
savings model for intertemporal substitution to some extent. The intertemporal
balance equation, as we call it, has a close relationship with the Euler equation
in the intertemporal substitution theory; see Hall [I6]. The main difference is
that the model here introduces no subjective discount factor for impatience. The
characterization of Pareto efficiency leads to a weighted optimization problem
where the weights are unknowns to be determined uniquely by the financial
fairness constraints, making use of a risk-neutral measure.

The rest of the paper is structured as follows. The model setting is set up in
Section [2| and we formulate the problem of finding PEFF solutions mathemati-
cally. Next we establish the existence and uniqueness of the solution in Section
Bl Explicit solution exists when we assume exponential utility functions to all
the agents and deterministic asset returns; other than that, there appears to be
no hope for an explicit solution in general. We then develop an iterative algo-
rithm to numerically find the solution. The case of the explicit solution is dealt
with in Section [7} besides, we also give a simple example where the numerical

algorithm is implemented. Some remarks will conclude the paper in the end.

2. Model Framework

We assume a finite discrete-time system in which a finite number of agents
gather to share their risks. As a result of the risk sharing, the agents expect to
receive contingent payments from the system. Each agent is assumed to get one

2

single contingent payment. The term “contingent payment” is general and can
have various interpretations in different circumstances. For instance, it can refer

to the risk exposure of a insurance company after risk sharing in the case of a
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reinsurance contract, or the investment risk in the case of a collective pension
fund. Alongside there is also a long-lived buffer which makes the intertemporal
money transfer possible.

The system starts at time ty. Assume that altogether there are N contingent
payments happening at time t; < t5 < --- < ty, where N is some positive
integer. C),, will stand for the contingent payment paid out from the system at
time t,,. Let F,, be the buffer size at time ¢,,. X,, denotes the financial risk
coming into the system from the agents from time ¢,,_1 to t,, that is, it is the
sum of all the stochastic cash inflows from the agents from time ¢,,_; to ¢,,. The
risk stream X = (X1, -+, Xy) is defined in a financial market in which prices
are given exogenously. The buffer is invested in a risky asset R which produces
stochastic per-dollar gross return R,, from time ¢,,_; to t,. Here the C},’s and
F,,’s are decision variables, and the X,,’s and R,,’s are the risks to be shared.

The X,,’s and R,,’s are random variables defined on a finite probability space
(2, F,P) where P is the objective measure. F is the filtration generated by the
X’s and R’s:

F={Fuln=1,---N}, F,=0c{(X1,R1), - ,(Xn,Rn)}

There is also a risk-neutral measure Q defined on the probability space be-
sides the objective measure P. There is no need to assume the completeness of
the market; any given risk-neutral measure Q will suffice. The only assumption
is that the agents have agreed to adopt some probability measures P and Q,
or the measures are simply specified in a situation where a social planner is
present. Let

E.[-]=E[|F]

It is assumed that the process {(X,,, R,,)} is sequentially independent under
P and Q, that is, (X3, R;) and (X, Rs) are independent for ¢ # s under PP and Q.
For n =1,--- , N, the random variables X,, and R,, need not be independent,
and their joint distribution is known. As we are working on a finite probability

space, the total number of outcomes of (X, R,,) is finite for all n. Illustrated
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Figure 1: The risk sharing system

by Figure[2] the risks can be seen as a multinomial tree and every pair (X, R;,)

can then be totally characterized by

(X3, BRI, (7). Q)

o=t

where (XJ», Rin) represents all the possible and distinct values of (X, R,)
and P(j,),Q(jn) are the corresponding P- and Q-probabilities. A technical

requirement is that forany n=1,--- | N
Q({w € X, (w) = max X,,, R, (w) =max R, }) > 0, (2.1)

which means that X,, and R,, can attain their maximum under Q simultaneously.
Furthermore we assume that R,, > 0 for all n as the R’s have the interpretation
as the gross return of the asset R.

Write J,, = ji1j2 -+ Jjn as the trajectory ((Xfl,Ril), e (X

j ,Rz;)). Let
Jn be the set of all the possible trajectories of (X, R) up to time t,,. Jpjn+1
will denote any trajectory whose up-to-time-t,, part is J,. In such a situation
we write j,11 € JT! where J ! denotes the set of all the possible cases of
(Xnt1, Ryt

The risk-neutral measure Q is used to price the risks X as well as the in-

vestment returns R. In this generic setting, write
z, :=E%X,, 1+7r,:=E°R,, n=1,---,N.

The z,’s are the market prices of the risks X and the 7,’s are the risk-free
returns implied by the pricing measure Q. Please note that now and later we
directly work with future values for convenience.

Note that the time points {¢o, 1, - ,tx } need not be equidistant. As shown

in Figure [T, two or more time points can be equal if there are more than one
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Figure 2: The first two periods of the multinomial tree for the risks

contingent payment paid out at the same time. In that case, say t,—1 = t,
for some n, we shall have X,, = 0 and R,, = 1, because there will be no risks
coming in and the buffer will not evolve with respect to asset return.

120 The utilities of the agents depend solely on the contingent payments they
receive. Utility function w, () will be used to evaluate contingent payment C,,.
The function wu,(z) is defined on z € (b, +00), where b, is a constant, either a
finite real number (e.g. shifted power utility) or —oco (e.g. exponential utility).

These utility functions are stereotype utility functions defined as follows:

125 1. it is continuous and differentiable;
2. it is strictly concave;

3. the marginal utility satisfies the Inada conditions

lim o/, (2) = lim () = 0.
Jim i, () = +oo,  lim uy,(2)

!

’)~1, which is the inverse function of the

For any agent, define I,, = (u

marginal utility function. Since u), satisfies the Inada conditions, we know that
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I,, is a strictly decreasing function mapping (0,400) into (b,,+0o0) and is a
bijection.

The budget constraints of the system are then straightforward: at each time
point, the invested capital will be distributed between the buffer and the current

contingent payment, i.e.
F,+C,=X,+F, 1R, n=1,--- N. (2.2)

The key problem is to determine the decision variables C),’s and F},’s along each
trajectory. The interpretation is to divide the total amount of available asset in
the system between the current payment and the buffer for future payments.

It is assumed without loss of generality that
Fy=0.
The budget constraint is
Ci+ Fy = X1 + FoRy == Xy,

which suggests that the situation when F{, is nonzero or even a random variable
can always be dealt with by regarding X; + FyR; as a new random variable X;.

The buffer size by the end of the system, Fi, will be referred to as the end
buffer. Depending on whether the end buffer also takes the risks or not, we may

have the following two cases:

o Closed end buffer (CEB) case: Fy will be a constant, that is, the buffer
will only make the intertemporal transfer possible, but it does not take

any risks by the end. Without loss of generality we assume
Fy=0.

In the situations where Fly is supposed to be a nonzero constant, we can

then redefine a new random variable X ~ such that

Cy = (XN —FN) + Fy_1Ry = XN+FN71RN~



e Open end buffer (OEB) case: Fx will be a decision variable just as the

140 C’s. This means that the buffer provider will also participate in the risk
sharing besides acting as a vehicle for intertemporal transfer. In this case,

a stereotype utility function u, will be employed to evaluate the utility of

Fn. The function u,(z) is defined on z € (b,, +00), and b, can be either

a finite constant or equal to —oo.

145 It is worth mentioning that there is no explicit constraint on the interim
status of the buffer F},, n =1,--- | N — 1, thus in general they can be positive
or negative.

It can be argued as follows that any OEB case can always be converted
into a CEB case. For any OEB case (Cy,---,Cn, Fi) with utility functions
(w1, -+ ,un, up), we define a new time point tyy1 =ty with Xy4q := 0 and
Rp41 :=1. The OEB setting is thus formulated into a CEB one with an extra

contingent payment Cy 1 with utility u,
Cnt1=Xnt1+ FNRyy1 = Fi.

On the other hand, any CEB setting can be turned into an OEB setting in the

sense of Pareto efficiency as we shall see later. In this paper we will proceed

10 mainly with the OEB setting. The utility of the end buffer Fy will be evaluated
according to the utility function w,,.

We will try to determine the C’s and the F’s. For any n = 1,--- , N, both

F,, and C), are by nature F,-measurable random variables. We then have the

following important definition.

155 DEFINITION 2.1 (Risk-sharing rule.) A vector of random variables (C4, Ca, - - - Cy,

Fy) is called a risk-sharing rule if it satisfies
e the measurability condition: C,, € F, forn=1,--- /N and Fn € Fn,
e the budget constraints (2.2), and

e the domain requirements of the utility functions, i.e. C, > b, for all n

160 and Fx > b, along any trajectory.
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One last thing to mention in this section is that the budget constraints (|2.2])
imply a single global budget constraint by eliminating the F’s:

Y cn( I Ri> +cN+FNN§[X,L< I Ri)

i=n-+1 n=1 i=n—+1
This implies that in order to make the problem well-posed, one needs to have

+ Xn. (2.3)

that
N-1 N N-1 N
> [bn< 11 Ri> tby by < Y Xn< 11 Ri> + Xn.
n=1 i=n+1 n=1 i=n+1

This should hold for any realizations of X and R as we now have a finite proba-
bility space. Otherwise there will be no possible risk-sharing rules as the domain

requirements of the utility functions can never be satisfied.

EXAMPLE 2.2 (The autarky.) A trivial solution to the risk sharing problem is
the autarky where there is no risk-sharing effect: all agents will be on their own

and the buffer will be left unused.

EXAMPLE 2.3 (Possible variations of the model.) The budget constraint (2.2))
shows that the model is very general and can handle different risk sharing sys-

tems. Examples are

o if we let

ty =ty =---=1n
X2: :XN:
RQZ —RNE

then the system degenerates to a single-period problem as in Pazdera et

al. [I5] and the budget constraint becomes

N
Y CutFy=X
n=1

where X7 represents the aggregate risk to be shared.

10
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o If we only let
X2:~'-:XNEO

then this represents a decumulation system where the only cash inflow X3

will be distributed into several contingent payments in the future.

o A defined-contribution pension fund in the form of a non-overlapping gen-

erations model can be modeled by modifying the budget constraint to
Fn+c :(Yn—1+Fn—1)Rn n:l’...,N,

where the Y’s are the contributions paid into the system by the beginning
of each period, the C’s are the benefits paid out from the system by the
end of each period and the R’s now represent the returns from a fixed

asset mix where the fund invest its capital.

3. Pareto Efficiency in the Multi-Period Setting

This section deals with the concept of Pareto efficiency in this multi-period
setting, which is the first step to look for a PEFF risk-sharing rule. We shall
characterize parametrically all the PE solutions, among which we look for the
one that is also financially fair in the following sections.

It may be convenient to introduce first some notations. Let Rf 1 pe the

nonnegative cone in RN+ ie. RYT' := {§ € RN*19; > 0}, and define
RYI := {6 € RVN*10; > 0} as the strictly positive cone. For two vectors
a=(ay,...,an), b= (b1,...,bn), a,b € RN we write a = b if a,, > b, for all
n=1,..., N and there exists some m = 1,..., N such that a,, > b,,.

For simplicity we write X := (X1, -+, Xy) and R := (Rg,---, Ry) which
are vectors of random variables on Q. Write p := (C1,Cs,---Cyn, Fn) as the
generic notation for a risk-sharing rule and the set of all the possible p’s is
denoted by RS. We will be particularly interested in the subset P C RS which
is the set of all Pareto-efficient risk-sharing rules. First we need the following

definition.

11
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DEFINITION 3.1 (Multi-period Pareto efficiency.) A risk-sharing rule (Cy, Ca, - - -
Cn, Fn) is called Pareto efficient, or Pareto optimal, if there does not exist an-

other risk-sharing rule (C’l, Cy, - Chn, FN) such that
(BPwi(Cu), - EPun(Cn) By () ) 2 (EFua(Ca), -+, EPun (O, ERuy (F))

We then have the following important theorem in this discrete probability
space, which can be seen as a generalization of the Borch-type characterization
of the Pareto efficiency: every Pareto-efficient risk-sharing rule can be totally

characterized by optimizing a weighted time-additive aggregate utility.

THEOREM 3.2 (Characterization of Pareto efficiency.) For a risk-sharing rule

(C1, Cq,--+ ,CN, Fn), the following statements are equivalent.

1. The risk-sharing rule is Pareto efficient.

2. The risk-sharing rule maximizes

N
EF | 0pun(C) + Opup(Fy) (3.1)
n=1
for some positive constants 01,--- ,0n,0p.

3. The risk-sharing rule satisfies the following which are hereafter called
the intertemporal balance equations (IBEs) for some positive constants

O1,--,0N, Op:
Ontty, (Cr) = 9n+1]EIrP; [U;z+1(cn+1)Rn+1] forn=1,---N -1,
eNUGV(CN) = QPUL(FN).
PROOF See appendix. O
REMARK 3.3 (Link to Borch [1].) Consider the case when t, = t,41 for some

n. We must have that X,,, 1 =0 and R,,+1 = 1. Thus F, = F,4+1 and the IBE

becomes

enu%(cn) = 9n+1E;P; [u;+1(Cn+l)Rn+1] = 9n+1u/n+1(cn+1)-

This means that in a single period setting, the IBEs will coincide with the

characterization of PE risk-sharing rules by Borch [IJ.

12
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REMARK 3.4 (Comparison to the Euler equation.) The IBEs are very similar
to the famous Euler equation derived amongst others by Hall [I6] for solving
the consumption-savings model. In fact, the model setting in this paper can be
used as a life-cycle model. If we let the time points {t,,} be equispaced and set
R, = 1+7 and u, = u for all n, then the model setting is also similar to Hall’s:
every period there is a stochastic earning and a consumption, which correspond
to the incoming “risk” and the “contingent payment” in this setting.

The optimization targets are different regarding weighing intertemporally
the utilities: Hall assumed a single rate of subjective time preference § while
the IBEs are parameterized by weight vector 6 := (61,...,0n,0,).

Formula-wise, Hall gave

1456
]ETLU/(Cn+1) = (W) u/(Cfn,),

while the IBE gives

0n
Enu'(Cpin) = <19n—:17“> u'(Cy).

It is obvious that Hall adopts a specific set of weights in the scope of Theorem

215 As we shall see later, the weights 6 can be seen as unknowns within the

framework here and will be determined endogenously by the financial fairness
constraint. The interpretation is that, regarding the intertemporal substitution,
Hall adopts a single subjective discount factor while in the PEFF framework

the discount curve is determined by the market values of the consumption.

The theorem shows that it is equivalent to solve the optimization problem
(3.1)) subject to the budget constraints when one wants to find the corresponding
PE risk-sharing rule given any 6 € Rfil. We can then construct a mapping to
compute the PE solution given any 6 € Rfil, which we will call ¢ : Rfil —

P. This can be done by solving the corresponding parameterized optimization

13



problem of time-additive utility functions:

N

EF F
Cgp_a%]\[ nz::l Ontn(Cr) + Hpup( N)

such that F, +C, =X, +F,_1R, n=1,--- N,

Fy=0.

This optimization problem can be solved by dynamic programming. Add in a

new time point ty4+1 = tn, and
XnN+1 =0, Ryi1=1
Define
Ap =X+ F,1R, n=1,--- N+1,

which has the interpretation as the total available asset at time ¢,, to be divided
into the current payment and the buffer for later use. Note that by definition
Ani1 = Fn. The A’s are the state variables, the C’s are the decision variables
and the X’s and R’s are the risks. Then we shall have the optimization problem

formulated as

max

C1,,Cn

N
EF | 0nun(Cn) + Opup(An 1)
n=1

such that A,11 = Xp41+ (4n — Cp)Rpy1, n=1,--- N,
A1 :Xl.

Proposition 1.3.1 in [I7] shows that in order to solve the problem one needs

to define the value functions (indirect utility): first for the last period

VNt1(Any1) = Opup(Ans1),

and then define backwards, forn =1,--- | N

Vi(Ay,) = néaxEE (002 (Cp) 4 Vi1 (Xng1 + (A — Co)Rpy1)] - (3.2)

14



220 The final result is presented below. This mapping ® gives an explicit expression
of the risk-sharing rule p as a function of the weights 6, which makes it possible

to express the financial fairness condition in terms of the weights later in the

paper.

THEOREM 3.5 (The construction of ®.) For any given 8 = (641,--- ,0n,0,) €

Rfj_'l, the corresponding PE solution p = (C1,--- ,Cn, Fn) is given by
Ay =X, +F, 1R, n—=1,--- N, (3.3)
n An
anln(gé)> n=1,---,N, (3.4)
n An
Fn:Hn<g( )> n=1,--- ,N—1, (3.5)
9n+1
A
Fy=1, (gN(N)> ’ (3.6)
Op

where the functions are defined recursively by

Gt =1 () + 1 ()

gn () = Gy (@),

and form=1,--- , N —1

1
hn(l‘) = E]E |:9Hgn+1(Xn+1 + IR7L+1)R7L+1:| (37)
1
=E* |:0Hgn+1(Xn+l + an+1)Rn+1] ; (3.8)
H, = h,",
X X
n = In e Hn )
o=t (5 ) 0 ()
gn(z) = szl

The mapping - (@) is denoted as @ : 0 — p,Rfﬁl —P.

25 PROOF See appendix. Please note that from expression (3.7)) to (3.8) we utilized

the assumption that the processes X and R are sequentially independent. [

15
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The functions above have the following interpretation. While ), is the
marginal utility function of the contingent payment C,, the function h,, is the
implied marginal utility of the buffer F,, and g, the implied marginal utility
of the total available asset A,. The capital-letter functions I, H,G are the

corresponding inverse functions. The following relationships hold:

gn(An) :anuél(cn) :9n+1hn(Fn)a n= 13 7N717

gn(AN) = Onun (Cn) = Opuy, (F).

The function ¢’s are also the derivatives of the value functions. The proof

in the appendix shows that for any n

Write

which is interpreted as the weighted marginal utility of the contingent payments.

Furthermore, the IBE will be translated into
L,= EE’; [Ln+1Rn+1]~

The idea of dynamic programming indicates that in each period, the system
has to ponder how to distribute the risks between the current contingent pay-
ment and all the future contingent payments: for any n < N, it compares the
marginal utilities of paying out the money now (i.e. C,) or saving it for the
future (i.e. F,):

Opul, (Cr) v.s. Opi1hn(Fy).

The h,, function is calculated by “summarizing” the expectations over the fu-
ture. This property allows us to convert an n-period problem into an induced
(n — 1)-period one, by regarding the time ¢,,_; as the new end of the system
and F,,_; as the new end buffer with utility A,_1.

This perspective is essential for the proofs later. As a first application, it

can help us link the settings of CEB and OEB to each other. First, as we have

16
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discussed, any OEB problem can be converted into a CEB problem by regarding
Fn as an extra contingent payment C'y11 at ty1 = tny. The following result
shows that in the sense of Pareto efficiency, the OEB and CEB are equivalent,

thus we can work with the two environments interchangeably.

PROPOSITION 3.6 (Equivalence between CEB and OEB problems.) The CEB
and the OEB are equivalent in the sense that they can always be converted into

the form of the other which can produce the identical PE risk-sharing rule.

PrOOF We only need to consider the direction from CEB to OEB. Given a
CEB case with PE risk-sharing rule (Cy, - - - , Cy), utility functions (u1, - ,un)
and weights (61, -+ ,0x), we can create a corresponding OEB problem that
replicates the original setting for n = 1,--- , N — 1 and truncate the system at

time t_1 by defining
h(z) :==Ey_; [uy(Xn + 2RN)RN]

as the marginal utility function for the new end buffer Fy_; together with

weight 6. Then according to the IBE for the CEB problem we have

On - 1uy_1(Cn-1) = ONER_; [uly (Cn) R
= ONEL | [uly(Xn + Fy_1Rn)RN]

= Onh(Fy_1)

which matches the final-period IBE in Theorem Thus according to the
theorem the two settings should produce the same PE risk-sharing rules. The
only thing left is to verify that the function h(z) defined in this way is indeed

a (stereotype) marginal utility function; this has been done in the proof of

Theorem [3.5 O

There is one degree of freedom extra in determining 6, as for any c € R4 4, 6
and c- 6 will produce essentially the same optimization target. But if we choose
a way of normalizing the 0’s, e.g. restrict the 6’s to the open unit simplex in

Rfil, then we will have the following theorem which indicates that every PE

17
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risk-sharing rule p € P can be uniquely characterized by the weights 6, and the
function @ is a meaningful bijection between all the PE risk-sharing rules p’s

and the weights 6’s.

THEOREM 3.7 ® is a one-to-one mapping between the set of all the Pareto
efficient risk-sharing rules P and the open unit simplex in Rf_tl, i.e. the set

U .= {C € R_I,'\_/j__wcl +-rCeNy1 = 1}

PrOOF This can be seen as a corollary of Theorem We discuss the two

directions.

1. U — P: the mapping ® maps any 6 € Rfj_'l into P. This mapping is not

injective. Consider some 6 and 6’ such that ®(0) = ®(¢’). Then we show
that there will exist some ¢ € R, such that § = ¢80’ thus ® is injective if
restricted on U.

By the IBEs we know that

On  Enupyi(Cog1) Rt

form=1,---N -1

Ont1 B u, (Ch)
and
oy u,(Fy)
Op  uy(Cn)

This indicates

and
On _ On
0, 9;,
We then have
01
0=—-0".
01

® will be an injective mapping if restricted on U.
2. P — U: Theorem shows that for any element p € P, there exists some
0 € R such that ®(0) = p.

18
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We conclude from the above discussion that @ is both injective and surjective.

It must be bijective. O

We conclude this section by some useful properties of the PE risk sharing
system. First, we give the following result which seems quite intuitive: every
agent will be better off when the realization of the risks is (strictly) better. We

call this the monotonicity property of the system with respect to the risks.

LEMMA 3.8 (Monotonicity property of the system with respect to the risks.)
For any 0 € Rfil, consider two trajectories J, J* € Jy such that (X7, R’) 2

(X", R7"). Then we have p” = p’".
PROOF See appendix. O

The following result illustrates the impact of the weight 6 on the contingent
payments: if some weight increases while the others stay the same, then along
any trajectory, the corresponding contingent payment will increase while the

other contingent payments will decrease.

LEMMA 3.9 (Monotonicity property of the system with respect to the weights.)
Consider two weights 0 = (01,--- ,0n,0,),0" = (01,--- ,0y,0,) € Ri\_’j__l such

that there exists somen =1,---  N,p that
0, >0, 0;,=0, Vi#n.

Then we have that for any trajectory J € Jn, the corresponding PE risk-sharing

rules satisfy
cl>c, ol <cl vi#n.
Here for convenience we let C), = Fiy.

PROOF See appendix. O
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4. Financial Fairness

As we have discussed, the PE risk-sharing rules can be totally characterized
by the points on the open unit simplex in Rfﬁl and thus there will be infinitely
many such PE rules. We will see in the following that the concept of financial
fairness will help us narrow down our scope — finally we will arrive at a unique
risk-sharing rule that is both PE and FF.

The concept of financial fairness means that when the system starts, for
each agent involved, the market value of the risks he contributes into the system
should be equal to that of the contingent payments he gets after risk sharing.
FF will work via the concept of value profile, which is the vector of the values

of the contingent payments under the risk-neutral measure Q, that is, for any

02(01,7CN,FN)ERS

v = (v1,v2, - ,UN,Vp) := EQp = (IEQC1,]EQC2, e ,EQCN,EQFN) e RVN*L,
(4.1)
As before we consider no discounting and we simply use the Q-expectation as
market values.

The set of all the possible value profiles V can only be a restricted subset of

RN+1. First note it is trivial that
vp >b, forn=1,---,N; v,>b,

according to the domain requirements of the utility functions. Next, according
to the global budget constraint (2.3|) we shall have, by taking the expectation
under Q to both sides

¥ H I (1+m>>

n=1 i1=n-+1

+IN.

N-1 N
+’UN+’Up:Z [$7L< H (1+r’i)>
n=1

i=n+1

(4.2)

We can then write

V= {v € RN’Eq (4.2) holds; v, > by, for n=1,--- ,N; wvng1 > bp}
(4.3)

20



as the set of all possible value profiles. Note that the set V is totally determined

by the market values of risks and the utility functions.

REMARK 4.1 The global budget constraint suggests that for any given value
profile vector v := (vy1,- -+ ,vnN,vp), we only have to consider any N coefficients.

For instance, if the following hold
E®C, =v, n=1,---,N

then
E%Fy = v,

200 will automatically be satisfied.

5. Existence and Uniqueness of the PEFF Risk Sharing Rule

The theorems in this section will show that the solution exists and is actually
unique if we combine the Pareto efficiency with financial fairness. We continue to
work with the general situation when there are N contingent payments alongside

o5  the buffer, N > 1. For any given value profile v := (v1,--- ,vn,vp) € V, the
corresponding PEFF risk-sharing rule is the solution to the following equation

system:
1. budget constraints (BCs):
F,+C,=X,+F,_1R, n=1,--- N; (5.1)
2. intertemporal balance equations (IBEs):

Qnu;(cn) = 9n+1E]£ I:u’/I’L+1(Cn+1)RTL+1:| n = 17 oo N — 1’

Onuy(CN) = Opu,(Fn); (5.2)
3. financial fairness constraints (FFs):

E®C, =v, n=1,---,N. (5.3)
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Please note that the BC and IBE equations above are actually equations
between functions. The equations should hold for all possible trajectories.

The following theorem is one of the key results of this paper. It indicates
that for the equation system above, the solution always exists and is unique,

thus it establishes the existence and uniqueness of the PEFF risk-sharing rule.

THEOREM 5.1 (The existence and uniqueness of the PEFF risk-sharing rule.)
For any given value profile vector v € V, the PEFF risk-sharing rule exists and

1s unique. The corresponding 0 is unique up to normalization.

PROOF See appendix. O

According to Theorem [3:2] the function sets BC and IBE characterize all
the possible PE risk-sharing rules by way of weights 6 € Rf:{l. The theorem
above then shows that the value profile determines a unique 6.

Recall that in Theorem ® defines a bijective mapping from U to the set
of all PE risk-sharing rules P. The mapping ® then induces a natural mapping
U from U to V: ¥(0) = EL®(¢). This ¥ links the set of all the possible weights

0 and the set of all the possible value profiles.

THEOREM 5.2 ¥ is a one-to-one mapping between the set of all possible value

profiles V and the open unit simplex U in Rfil.

PROOF Theorem [5.1] shows that W is surjective: for any given v € V there exists
a 0 € RY! such that ¥(9) = E2®(0) = v.

This W is also injective restricted on the open unit simplex U because of
the uniqueness of # up to normalization. Suppose there are 61,05 € U such
that U(6;) = ¥(f3). Theorem indicates that ®(f;) = ®(62), as for each
value profile, there will exist exactly one PE risk-sharing rule such that the FF
condition is satisfied. According to Theorem [3.7], it must be that 6; = 65 as

they both belong to the open unit simplex U. O

We can then say that the 6 uniquely determines the value profile of any PE

risk-sharing rule, and also vice versa. Instead of talking about the weights 6 we
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can now talk about the value profiles which seem more tangible. However, we
cannot say more of the mapping W; the structure of it can be very complicated

depending on the utility functions one uses.

6. A General Algorithm for Finding PEFF Solution

Looking for the PEFF risk-sharing rule will come down to solving a system of
both linear and non-linear equations. In most cases there’s no hope for explicit
solutions; fortunately, we have a numerical algorithm that helps to find the
PEFF solution.

Recall that

L,=0,u,(C,) n=1---,N

are the weighted marginal utilities of the contingent payments as determined by

the risk-sharing rule at time t,. According to the IBEs
L, = EE[anLanJrl] n=1---,N—-1,

thus the whole sequence {L,} is known once Ly is known.

In Theorem we constructed a mapping @ : Rfil — P from the sets of
functions BC and IBE. Given the mapping ®, we can deduce another mapping
@1 by

¢1(0) = Ly = Onuy (Cn) = Onun () (0)),

where @y (-) stands for the N-th coordinate of this vector-valued function. ¢
maps any 6 € Rfj_'l into some Ly. For any Ly, another mapping ¢ : Ly +— 6
can be constructed based on the FF constraints: note that according to the

mapping ® we have

0

Ly
Fy=1,|—
N p(ep>7

and
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This allows us to find a 6’ such that the FF conditions are satisfied for the

given L :
Q o (LIn
E*C, = E*I, o ) =vn forn=1,---,N; (6.1)
n
Q o (Ln
E FN =K Ip 97/ = VUp. (62)
P

The function ys is well defined since
L L’
EQ —EQr (=) = I [ =
Cu=5, (52) = ¥ e (52)
JETn

is a strictly increasing and continuous function in 6,, with 6,, € Ry,. Thus

Pa(n) (L) = [EQIn (L”ﬂ B (vn)

is well defined. This holds for all n = 1,--- | N and also for Fy, thus ¢ is
well-defined. Please note that one and only one coordinate of the weight vector
0 is solved in every single equation and .

Consider the composition of the two functions ¢ = @9 0 1: it is a mapping
from Rfil into itself. Theorem indicates that there always exists a unique
fixed point of this mapping ¢, which corresponds to the PEFF risk-sharing rule.
The next theorem shows that ¢ suggests an iterative algorithm for finding the

PEFF solution.

THEOREM 6.1 (Feasibility of an iterative algorithm by ¢.) For any given start-
ing point 0 € Rfi'l with any proper normalization, the sequence of iterates

{o™(0)|n € Ny} will converge to the fized point of .

PRrROOF See Appendix. O

Theorem suggests that starting with any given 6, one first finds the
corresponding Ly by ¢ and then updates the value of 8 by ¢s. It is more
convenient, in fact, to use function ® instead of 1, i.e. we map 6 to p directly
and in the second step we update the € accordingly. In the first step, we need

to calculate numerically the functions ¢g’s and h’s backwards in time, and once
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all the functions are ready, we then go forwards in time and calculate all the

C’s and F’s from the starting distribution X;.

ALGORITHM 1 (Numerical algorithm for finding the PEFF solution.) The fol-
s lowing gives a description of the numerical algorithm for finding the PEFF

solution.

1. Start with some initial (9 e Rf_tl.

2. For any given (") with m € N, calculate backwards in time that

G\ () =T L + I L ,

v (5) 0 (55
—1

@)= (GF) (@),

and forn=1,--- ,N —1

1
PGo) U (Xns1 + 2Rpg1) Rosa
n+1

Hr(Lm) — (h;m))il’

G (x) = I, (f )> +H{™ —(‘”) 7
enm Hnﬁl

o) = (G

A (z) = EF ;

3. Calculate the decision variables forwards in time by

Am = x, + F'"™ R, n=1--- N,

n

(m) ( 40
c,ﬁm>1n<g” (4 )> n=1,---,N,

o
(m) ( 4(m)
Fom — grm) <9n(n)> ne1, N—1,
a(m)
n+1
NS T '
P
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4. Update the 6 from 6™ to #(m+1) by solving

() ( (™)
EQC(™ = EQJ, <Q”(")> v, n=1,---,N;

07(lm+1)
(m) g(m)
Qptm) _goy (9n (AN7)) _
E FN =E Ip <0(m+1) —’Up.
p

5. Normalize (m+1),

6. If, for some pre-specified error tolerance &

’EQC,(L’”)—UH}<5 n=1,---,N,

[EQF{™ —v,| <¢,

we conclude that p(™ = (C’fm), e, F](Vm)> is the PEFF risk-sharing

rule we are looking for. Otherwise, go to step 2 with #("+1),

REMARK 6.2 (Comparison to the algorithm proposed by Pazdera et al. [15].)
As has been mentioned, the framework introduced here can also deal with the
single-period situation, which has been investigated by Pazdera et al. [I5].
There is a significant difference between the two numerical algorithms, though.
The algorithm here makes use of the induction technique that the number of
contingent payments is reduced by one recursively, thus in each iteration the
algorithm always calculate the functions backwards and then the distributions
of the decision variables forwards. In contrast, the algorithm in [I5] need not use
such an induction technique; functions and decision variables can be calculated
simultaneously in each iteration. The algorithm in [I5] offers more efficiency for
the single-period problem, while the algorithm here is more versatile and can

deal with multi-period problems.

7. Examples

In this section we give two examples of the PEFF risk sharing. In the
first example we implement Algorithm 1 in a simple case where each of the
financial risks has only two possible outcomes. The second example deals with

exponential utility functions where we may have explicit PEFF solution.
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7.1. Implementing the Algorithm: the Case of Two-Valued Random Variables
We start with a 3-period setting where three agents gather to share their

risks. As shown in Figure there are four time points ¢t = 0,1,2,3. For

n = 1,2,3, agent n exists between time points n — 1 and n. He receives a

stochastic income X,, as the risk and he gets C), as the contingent payment.

The distributions of X, are given by
1.2) =0.6, P(X, =0.8)=0.4;

Q(X, =1.2) =05, Q(X, =0.8) =0.5.

In the autarky case where the agents are all on their own, agent n will get

w0 O, = X, and there is no risk sharing among the agents.

Figure 3: Timeline for Section [T]]

We consider the situation when the three agents gather to share their stochas-
tic incomes in a PEFF way. The capital in the buffer is always invested in asset

R with R, =1 for n = 1,2, 3 for simplicity. The budget constraints are then

Co+F,=X,+F,_1 n=123.

The FF constraints are
ECC, =1 n=1,23
and
E°F,; = F.

We assume that a buffer is available for the agents with initial capital Fy = 1.
The reason for starting with a positive buffer size is that we will later use power

utility for Fy and Fj is required to be strictly positive, and so is EQFj.
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Power utility functions are used to evaluate the utility. We assume that the

agents use
1=y

up(x) = ] withy=3, n=1,23.

We

385 We will consider both the OEB case where the end buffer is also a decision
variable, and the CEB case where the end buffer will be a constant. In the OEB
case, power utility with v = 3 is also used to evaluate the end buffer.

The IBEs in the OEB case are

01 (C1) = 62BN [u5(Ca)]
B2 (Ca) = O35 [us(Cs)]

93’&%(03) = Hpu;(Fg)

In the CEB case we only have the first two sets of IBEs since the end buffer size
is a constant. In any case, the IBEs have to hold along all the trajectories.
300 Figures [4] and [5| show the distributions of the risks, under both the PEFF

case and the autarky case. The details of the distributions are shown in the

appendix.
. PEFF
0.6 I Aut. 0.6 0.6
0.5 0.5 0.5
5 04 £ 04 € 04
& & &
403 403 403
0.2 0.2 0.2
0.1 0.1 0.1
0 0
0.6 0.8 1 1.2 0.6 0.8 1 1.2 0.6 0.8 1 1.2
C C C

Figure 4: Payments to agents under P, CEB

The interpretation of the results. In both the CEB case and the OEB
case, agent 1 and 2 have effectively shifted some of the volatilities to the last
s agent, which can be seen from the fact that ¢y and C5 from the PEFF solution

are less dispersed than the autarky situation. Agent 3 can be better off in the
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Figure 5: Payments to agents under P, OEB

best-outcome scenario and worse off in the worst-outcome scenario compared
to the autarky case. As a compensation for higher volatility, he benefits from
a higher expected return. See Table An important feature of the PEFF
solution is that by design, the PEFF solution satisfies the FF constraints.

Expected return Standard deviation

PEFF, PEFF, Autarky PEFF, PEFF, Autarky
CEB OEB CEB OEB

Agent 1 1.0141 1.0101 1.0400 0.0689 0.0497 0.1960

Agent 2 1.0349 1.0236 1.0400 0.1235 0.0826 0.1960

Agent 3 1.0711 1.0431 1.0400 0.2247 0.1271 0.1960

Table 1: Comparison of PEFF and autarky solutions: statistics

The difference between the CEB and the OEB case is that in the OEB case,
F3 can also absorb some risks. The results are lower expected returns under
P and smaller standard deviations for the payments C),, compared to the CEB
case. Note that C5 and F3 have identical distributions. This is because they
are assigned the same utility functions and the same ex-ante market values.

The results also shed some light on the issue of individual rationality, which
says that if the agents are rational, they are willing to take part in the risk

sharing system only when the risk sharing gives welfare improvements. This
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is a different concept from Pareto efficiency, and in general the PEFF solution
does not necessarily result in larger expected utility for every agent. In this
example, it is possible to compare the expected utility for each agent. Table
shows the comparison of expected utilities in terms of certainty equivalents.
It is clear that in both the CEB and the OEB cases, the agents all experience
welfare improvements and should be willing to participate in the risk sharing

system.

PEFF, CEB PEFF, OEB  Autarky

Agent 1 0.9905 1.0064 0.9798
Agent 2 1.0113 1.0132 0.9798
Agent 3 1.0068 1.0183 0.9798

Table 2: Certainty equivalents

Illustration of Algorithm 1. Algorithm 1 indicates that to find the PEFF
solution, one starts with some initial weights 6, calculates the functions g,, and
hn, gets the distributions of the decision variables, and then updates the weights
until they converge to some 6*. Setting the error tolerance e = 10~°, the weight
usually converges in less than ten iterations and is not sensitive to the starting
values.

Figure |§| shows the functions h, and g,. Recall that for n = 1,2, h, can
be seen as the implied marginal utility function for the buffer size F),, and for
n =1,2,3, g, can be seen as the implied indirect marginal utility function for

the total asset A,,.

7.2. Explicit PEFF Solution: the Case of Exponential Utility Function

This section discusses a special case when we assume the R,,’s are all con-
stants (thus only the risks X are stochastic) and exponential utility functions
(the constant-absolute-risk-aversion (CARA) utility) are used for all the contin-
gent payments

up(r) =1—e"*" for n=1,--- N,
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and also for the end buffer

706}713.

up(z) =1—e

Then we will have an explicit PEFF solution: the contingent payments are

actually linear functions of the risks.

THEOREM 7.1 (PEFF solution under CARA utilities and deterministic asset
returns.) The PEFF solution to an N-period problem with exponential utility

functions and deterministic asset returns {R,,} is of the form

Cyn =ay [(Xn + Fn—an) - wn] +vp = a"(A" - w”) + Un,

F,=A4,—C,=(1—an)A, — (vn — anwy),

where

wy, = E%A4,,

which can be calculated recursively from the budget constraints and the a,’s are

defined recursively by

a

ay = —2 (7.1)
ap + an

An+10n4+1 8041

Oy + an+1an+1Rn+1

Ap =

PROOF See appendix. O
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Theorem shows that under CARA utility, each contingent payment only
takes a proportion a,, of A, —w, which is the excess return from total available
asset, thus only takes part of the risk. The remaining part (1—a,,) is shifted into
the future. Under the CARA utility assumption, the risk-sharing rules don’t

depend on the distribution of the random variables.

REMARK 7.2 Suppose R, = R=1+4+rforn=1,--- N. Also, let a,, = « for
n=1,---, N, that is, we assume the same risk aversion level for all the agents

except the buffer. The equations (|7.2)) become

o = an+1R
" 1t ana R
If we let N — oo, then we shall have
R—-1

an—>7R AT,

that is, given a sufficiently long horizon, the proportion that each agent takes

from the total excess return is approximately equal to the risk-free rate.

8. Concluding Remarks

In this paper we have explored solving a multi-period risk sharing problem
under the concept of Pareto efficiency and financial fairness. The important

results are:

1. Theorem [3.2|characterizes the Pareto efficient risk-sharing rules: every PE
risk-sharing rule can be associated uniquely to an optimization problem
with the objective function being the weighted aggregate expected utility
of the contingent payments, which can be further translated into the in-
tertemporal balance equations. Theorem shows how to compute the
risk-sharing rule given the weights.

2. Theorem [5.1] establishes the existence and uniqueness of a PEFF risk-
sharing rule. Furthermore, Theorem indicates that the value profile

will uniquely determine the weights.
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3. Theorem guarantees the possibility to find unique the PEFF rule nu-

merically by a universal algorithm.

We conclude this paper with some comments on further possibilities. First,
we have assumed that each agent can have only one contingent payment as a way
of simplification. As a result, the optimization target is time-additive and
the value profile is straightforward to determine. If we make the generalization
that each agent can have multiple contingent payments in different periods,
two issues need to be resolved. Utility-wise, one needs to choose a preference
functional for evaluating the welfare; value-wise, the fairness constraint in such
a setting needs to be formulated. Some cases are essentially different from the
setting in this paper, and the existence and uniqueness of the PEFF solution
may have to be re-established.

In this paper the financial fairness is defined in an ex ante sense, i.e. the
market values of the contingent payments will match the given value profile only
at the time when the system starts. The FF will generally not hold ez interim,
as the contingent payments are by nature contingent claims and their market
values will change after the system starts. For a collective pension system which
may include already the unborn cohorts at start, this issue may result in the
so-called discontinuity problem: some future cohort may find themselves in a
very disadvantageous position when they have to face a large deficit in the
buffer left by the previous generations because of some preceding bad financial
performance. The later cohort may argue that they didn’t have a say when
the system was initiated, thus they may choose not to step into the system.
Strict ex-interim FF is meaningful, but leaves little space for intergenerational
risk sharing. One may then adopt some fairness condition that lies between the
two extremes as a compromise. These possibilities are beyond the scope of this

paper and may be future topics of interest.
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AppendixA. Proofs for Section
For any risk sharing rule p = (Cy,--- ,Cn, Fn) € RS, let
u(p) == (ur(Ch), -+, un(Cn), up(Fn))
and
¢ :=E u(p) = (E*us (C1), - -, E'un (Cn), E'up(Fy)) € RVFL

First note that ¢ is a strictly concave and increasing function of p with

co-domain RN¥*!, The PE optimization target then becomes
N
EF | 0nun(Cn) + Opup(Fy) | = (6, 6)

n=1

where 0 = (61, ,0n,0,) € RY .
We need the following definitions and results in preparation for the proof of

Theorem [3.21

LEMMA APPENDIXA.1 Consider n concave functions {f;li = 1,--- ,n} from a
common domain K to RU{—occ}. Then F(K)—-R} :={x —y|Vz € F(K),y €
R% } is conver where F := (f1, fa,---, fn)-

PROOF See the proof of Proposition 2.6 from Aubin [18]. O
We will use a separation theorem in the proof of Theorem [3.2] We then need

to introduce the following definitions. []

DEFINITION APPENDIXA.2 (Affine sets in R™.) A subset M € R™ is called an

affine set if (1 — Nz + Ay € M for any z,y € M and A € R.

DEFINITION APPENDIXA.3 (Affine hull.) The affine hull of any subset M €
R™, which is denoted as aff (M), is the smallest affine set that contains M.

!nterested readers are referred to Rockafeller [T9] for more details.
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DEFINITION APPENDIXA.4 (Relative interior and boundary.) The relative in-
terior of a convex set C' C R, which is denoted as ri(C), is defined as the interior
of C' when it is regarded as a subset of aff (C). The relative boundary of C' is

the difference of the closure of C and the relative interior of C.

The following lemma is crucial in proving Theorem

LEMMA APPENDIXA.5 Let C be a convexr set. A point x € C is a relative
boundary point of C if and only if there exists a linear function not constant on

C' such that it achieves its maximum over C at x.

PROOF See Corollary 11.6.2 by Rockafellar [19]. O

PROOF OF THEOREM [3.:2
1= 2:Let p=(C1,Cq---Cn,Fy) be PE. Then we have that ¢(RS) —
Rf *1 s convex by Lemma Note that an element p* is PE if and
only if
{6(p7)} N (#(RS) —RIT) = {o(p")}

and

o

{6(p")} N ((RS) —RYT) = 2.

Otherwise, if {¢(p*)} € (#(RS) — Rf“)o, then there exist p’ € RS and ¢ €
RY ! with ¢ # 0 such that ¢(p*) = ¢(p') — ¢, which means p’ results in a Pareto
improvement. This is in contradiction with the assumption that p* is PE.

»(RS) — Rf *1is a full-dimensional set thus its relative interior is the same
as its interior. Write ¢* = ¢(p*). Then ¢* is a relative boundary point of
?(RS) — Rf“, as it belongs to ¢(RS) — Rf“, thus to its closure, but not its
relative interior. According to Lemma for this ¢*, there exists a
0* # 0 such that

sup (0%, ¢) < (07, ¢7).
PEP(RS)—RY T

First note that any coordinates of 8* cannot be negative as then

sup (0%, ¢) = +oo.
pEP(RS)—RY T
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No coordinates of 6* can be zero. If this would be the case, suppose 7 = 0
while 65 > 0 without loss of generality. Then any p = (C1,Cs,---Cn, Fy)
cannot be optimal since for any small ¢ > 0 such that C{l — € > by for all
J1 € J1, pe = (C1 — €,Cy + Rae, - - - Cn, F) will result in a larger optimization
target because us is strictly increasing.

2 = 1 : consider a risk-sharing rule p that maximizes (6, ¢) for some 6 €

Rf“. If p is not PE, then there exists another p such that ¢~> = ¢ and hence

(6, 9) > (6,9)

which results in a contradiction.
2 & 3 : as we are working with a finite probability space, we may use the
Lagrangian multiplier method to solve the maximization problem.

Forn=1,---, N, reorganize the budget constraint and we have
Jn—1Jn In—1Jn jn I~ in —
Ejn—vn 4 Cfn=tIn — XJn — MY RIn = ().
Define

F;l]nfljn + C’r{n—ljn _ X%n _ FJZIIR#

n

as BC/n-1in or BCn.

We then maximize

N
Z{on > P )ua(Cl)+ Y )\J"BC""}Jer > P(In)up(FRY)

n=1 Jn€JTn Jn€ETn INEITN

where the \’s are the Lagrangian multipliers.
For any n < N, setting the first-order partial derivative with respect to C;/»

to zero will help us find a stationary point of the optimization problem. It gives
P(J,)0nul, (CI) + AT =0 VI, € Tn.
For n + 1 similarly we have, along the trajectory J,
P(Jugn1)fne1t 1 (O ™)+ A0 =00 Wiy € Ty
Now take the partial derivative with respect to F;,, and set to zero

Jn Jnin Jn+1
A= N AR

Jnp1 €T T
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This will lead to

Jn .’I’L
Oy (C) = 0 Sy (5 Ry Ednsn)
o F(J,)
]n+1€\7n+

By the assumption of sequential independence we have

P(Jn]n+1)

]P)(Jn) = P(JnJrl)

Then the equation can be further rewritten as
Oty (Cr) = Op 1By, [uh 1 (Cry1)Rpg1] forn=1,---N—1.
Cn and F)y are both Fy-measurable and we have
Onl (C) = Ol (FRY) = A7

by taking partial derivatives with respect to Cy and Fj and setting them to
be zero.

We have arrived at a stationary point thanks to the Lagrangian multiplier
method; this stationary point is the unique global optimum once we note that
the optimization target is a concave function with respect to the decision vari-

ables and the feasible set is convex. O

PROOF OF THEOREM [3.5] The optimization target (3.1) is a parameterized

optimization problem of time-additive utility functions:
e EF ZG Un (Cr) + 0pup(F)
such that F,+C,=X,+F,_1R, n=1--- N,
Fy=0.

This optimization problem can be solved by dynamic programming. Add in a

new time point ty41 = tn, and
XN+1 = 0, RN+1 =1.
Define

Api=X,+Fo 1Ry n=1-- N+1,
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which has the interpretation as the total available asset at time ¢,, to be divided
into the current cash flow and the buffer for later use. Note that by definition
Ani1 = Fn. The A’s are the state variables, the C’s are the decision variables
and the X’s and R’s are the risks. Then we shall have the optimization problem

formulated as

N
EF | 0nun(Cn) + Opup(An41)
n=1

max
Ci,,CNn

such that A,11 = Xp41+ (4 — Cp)Rpy1, n=1,--- N,

A1 = Xl.

Proposition 1.3.1 in [I7] tells that in order to solve the problem one needs

to define first
VNt1(An+1) = Opup(An1),
and then define backwards, forn=1,--- , N
Vi(A,) = r%axEE [0 (C) + Vi1 (Xng1 + (Ap — C)Rpy1)] - (A1)
This can be solved by taking the derivative of
EE [Onun(Cn) + Va1 (Xng1 + (An — Cn) Rpgr)] (A.2)

with respect to C,, and setting it to zero. We will start from period N and go
backwards in time in order to verify the differentiability of the V,,’s. For period

N, note that the target (A.2)) becomes
HNUN(CN) + HPuP(FN) = QNUN(CN) + Hpup(AN — CN)

The conditional expectation drops out because of the measurability of C'y and
Fy. It is continuous and differentiable with respect to Cy. Take the derivative

and set it to zero; we get
Onuyn (CR) = Opu (A — CF) = L.

Here the star indicates that it is the optimal solution. Next, define

w1 (2) ()

gn(z) = Gy
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Both Gy and gy are well-defined. Gy is the sum of two strictly decreas-
ing bijective functions thus it is strictly decreasing and bijective from R, to
(max{bn, by}, +00), and it follows that gy is also strictly decreasing and bijec-
tive from (max{bn, by}, +00) to Ry, . The Inada conditions tell

ilg}) Gn(z) = 400, zgrfoo Gn(z) = max{by,bp}

and thus

lim gn(z) =400, lim gn(z)=0.

z—max{bn,bp} r—+o00

L3 can then be calculated as

Ly = gn(AN)

L} L
C]*V:IN<6N>7 Fj{,:Ip<9N>.
N D

The value function is

and

VN (AY) = Onun(CF) + Opup(Ay — CF),
which is a differentiable function of A}, when we regard A}, as its argument:
Vi (AN) = Opuy, (AN — CF) = bpu (FR) = gn (AR).
Going one period backwards, we have the value function
Vn-1(An-1) = max EN_1 [On-1un—1(Cn-1) + Vn(Xn + (An—1 — Cn—1)RN)] .
The part

EN_1[0n-1un—1(Cn—1) + V(XN + (An_1 — On_1)RN)]

= Z P(]) [QN—luN—l(CN—l) + VN(X]JV + (AN_1 — CN—l)R?\/)

IETN 4
is a differentiable function of C'y_1 when we regard Cy_; as its argument. We

then take the derivative with respect to Cy_1 and set it to zero. Differentiation
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and conditional expectation can be interchanged, since we are working on a

finite probability space. We have

> PG [On- 1wk 1 (Cy1) + Vi(Ad) (- RY)]

J€IN

=0On-1uy_1(Cn-1) = EN_1 Vi (AN) Ry =0,
which leads us to
Ly_1 =0n_1uy_1(Cx_1) =Ey_; [9n(AN)RN] = Exy_[Ly Rn].
We then define
1 _p
thl(!L‘) = %EN71 [gN(XN =+ JTRN)RN] .

Due to the assumption of sequential independence, hy_1(z) can further be

written in the form of an unconditional expectation
1 p
hn-1(z) = %]E [gn (XN +2Ry)RN]

since both X and Ry are independent from Fx_1. Note that hy_1 is invertible
since by definition it is a weighted sum of strictly decreasing functions; thus
hn_1 is also a strictly decreasing function with domain (dy_1,+00), where

dn_1 is defined as
dy_y = inf {d € R‘X]{, +dRY, > max{by,b,} Vje j}vv,l} :

Furthermore, hy_; can be viewed as the marginal utility of a stereotype

utility function since

e it is continuous and strictly decreasing,

e it satisfies

lim hy_1(z) =400, lim hy_1(z) =0.

rz—dn_1 T—+00

Write

HN_1 = h]:,l_l
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Then once we combine

Cyoa+Fyoy=XNa+ Fy oByo1 = AN,

with
Ly_,= 0N,1u’N71(C}§,71) =0Onhn-1(FN_1),
we have
L% Ly_ N
IN—1< N 1) +HN—1< A 1) =An_1-
91\771 9N
Next, define

Gn-1(z) == IN—1 < & > +Hn- ( . > .
On-1 On

gn-1(z) = G]_Vl_l.

Gpn_1 and gn_1 are well-defined just as Gy and gy. Ly_1 can then be calcu-

lated as

Ly_1=gn-1(AN_1)

Lt ) i
CJ*Vllel(ngV 11) FleHNl( éVN1>.

and

For the value function
Vn_1(Ay_1) =0n_1un—1(Cx_1) + EN Vv [Xn + (A, — Ch_1)RN] .

it follows that Viy_; is differentiable when we regard A} _; as the argument and

one can calculate V{;_; (A% _,) as follows:
Vi-1(Ah_1) = Ex 1 [V (AN) - Rw] = Ex 1 [LYRy] = Liy_y = gv—1(AN_1)-

Proceeding one period backwards, we then have the corresponding value
function
VN 2(AN_2) = Iax EN_s [On—2un—2(Cn—2) + VN—1(Xn—1 4+ (An—2 — Cn—2)Rn—1)].
N-—-2

To solve the right hand side, note that the expression
On—oun—2(Cn—2) + VN_1(Xn_1+ (Ay_2 —Cn_2)RN_1)
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is a differentiable function of Cy_5. We then take the derivative with regard to

Cn_2 and set it to zero:

On—2uly_5(Cn—2) + Ex_s [Vi_1(An-1) - (~Rn-1)]
=0N 2ty _o(Cn—2) =By o [gnv-1(An—1)RN_1]

=0n—2uy_o(Cn—2) —EN_s[gn—1(Xn_1+ (An—2 — On—2)Rn_1)RNn_1] = 0.

We can then repeat what has been done in period N — 1. This recursive pro-
cedure can be continued backwards in time until we arrive at the first period.
That is, we can always define recursively forn=1,--- /N —2

1
hn(z) = E, {QﬂgnH(Xnﬂ + an+1)Rn+1:|

1

O+
Hn:hgla
x x
Golx) =1, | — )+ H,|—,
( ) <0n> <9n+1>
gn(x) = G;l,

and the decision variables are given by

F*=H, (gn(An)) n=1,. N—1,
9n+1

Fi =1, (gN(AN)> .
917

This will be the unique solution of the optimization problem, as the optimization
target is concave with respect to the decision variables and the feasible set is

convex. O

PROOF OF LEMMA [3:8] By definition the function g’s are all strictly decreasing.
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We have

0 ) forn=1,---,N,

Fn_Hn<g( + it )) forn=1,--- ,N -1,
0n+1
Xy + Fy_
Fy =1, <9N( N—; N IRN)),
p

s thus both C,, and F,, are increasing functions of A, = X, + F,,_1 R,,.

We only have to consider the case when only one coordinate of (X, R) =
(X1,--+, XN, Ro, -, Ry) increases. First consider two trajectories J, J* such
that there is a time point 7 = 1,--- , N such that X7 > X7" and other random
variables from (X, R) are equal. Since

9n+1

then FY = F/", and this will lead to F§ = Fy . Doing this recursively we

conclude that F = F/" for any n < 7. Then as
X! +F’ \R!>Xx7 +F” R

we have

c!/>c!”, F/>FE,

and the latter will tell that C;/ > CJ" for all n > 7. Also F§, > F{ . Then
p’ Zp
The cases when only R/ > R/ " follows analogously. O

It is convenient to have the following definition before we continue to the

sis proof of Lemma [3.9

DEFINITION APPENDIXA.6 (N-PE Problem.) An N-PE problem refers to the
4-tuple ((X, R),p,u’,0) and the corresponding equation systems BC (5.1)) and
IBE (5.2), where (X, R) is a vector of random variables, p a vector of decision

variables, v’ an (N + 1)-tuple of stereotype marginal utility functions and 6 a
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constant vector, i.e.

(X,R) = (X1, ,Xn,Ra, -+ ,Rn) € L2NT]

!/ !/
U 19 ’LLN,UP),

(
(Ol, CN,FN) S £N+1,
= (u}
= (

917 9N79 ) Ri\»’ila

where £ := R is the space of random variables over the underlying probability

space.

ProOF OF LEMMA [3.9] The key point of the proof is that otherwise, the IBE
and the BC cannot hold simultaneously.

We use mathematical induction to show this. First consider N = 1. For
a 1-PE problem this is true; we only have two agents including the buffer and

there will be only one family of IBE:
011} (C1) = Opuy, (F1),
and the budget constraints are
Ci+ F1 = Xi.

For any trajectory J € [Ji, if 6; increases, then we argue that Cj cannot
decrease. Otherwise (i.e. C{ decreases), by the budget constaint F} will in-
crease, but according to the IBE it will decrease, which is a contradiction. For
the same reason Ci cannot stay the same. Thus Cy will increase and F; has
to decrease. As there is a symmetry between C; and F}, we conclude that the
argument is true for single-period problems.

Assume the statement holds true for an N-PE problem, N > 1. Then

consider the case of an (N + 1)-PE problem with the the conventional notations
= (X1, -, Xn41, Ro, -+, Ryg1),

p=(Cr, - ,Cn+1, Fnir),

ULy U ),

0=(01, - ,0nys1,0,).
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First consider if some 6,, increases, n < N + 1. Then as we have discussed,
this (N + 1)-PE problem can be converted into an induced N-PE problem by
truncation at time point ¢x and define hy as has been defined in Theorem [3.5]

that is, the 4-tuple

(XﬂR)[N] (X17 XN7R27"' 7RN)a
piny = (C1,-+ ,Cn, FN),
UEN] (u 1 ugV’hN)a
Oy = (01, 0N, ON41)-
590 Consider this N-PE problem. According to the induction assumption, we

will have that for any J € Jn41, 07{ will increase if 6,, increases, while other
cash outflows will decrease. So Fy, will decrease and so is A% ;. Note that by
definition the function gy will stay the same if 6,, increases. Thus C J{, 41 and
F3 ., will both decrease as they are increasing functions of A .

Now consider the situation if 8y, increases. We will show that F ]\J/ril will

decrease. Otherwise (i.e. F ]‘\],Jfll either increases or stays the same), by the final

period IBE

J jod J
On-pruy 1 (ONY) = Opuy, (FRT') = LYY

J . L
we have that C{" has to increase because of the monotonicity of u}y,, and

u;. Then by the budget constraint for that period
O+ F = X + R R

. . . ININ . .
F]‘\],N also has to increase. This will lead to the fact that L NNj{V ! will not increase

for any ji ., € J& . This is because we have
JININ+1 _ JIN+1 JN PIN+1
Lyt ™ = gov (XY + FyY RN
and

ININ+1 N1 In pIN+1
Ly =gnva (XN + FYYRY)
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which shows that L#\f{v 1 and L]JV]LJ{*V *! should have the same monotonicity
property with respect to On4+1. The result is that IEN(L}{,NHRNH) will not
increase.

According to the global budget constraint along that trajectory, there has to
be at least one n such that C;/» will decrease. Let the set of such n’s be denoted
by T. Consider first the situation that max{7} = N. Then L{¥ = xuly (C3N)
will increase. On the other hand, Ex (L#’HRNH) will not increase. We then

arrive at a contradiction by noting that by IBE we should have
LY = En (L Rv+1)-

Then consider more generally that 7 = max{7} < N. Then as Fy~ will

b will

increase and CI{,N will not decrease, by budget constraint we know Fj\],]i 1
increase. Repeat this reasoning until we get that F* will have to increase.
Then by analogy as above we will have that E, (LifHRTH) will not increase.
However, L, = 0,u.(C;") will increase as CJ~ decreases. The IBE will then not
hold. We conclude that F ]‘\]fﬁl will decrease and L#Y:ll will increase. According

to

Ln = EP[LH-&-an-&-l}
we know that for any n < N + 1, along the trajectory J,, which is the up-to-
time-t,, part of Jyi1, Li" will increase. Then C;{" will decrease since

Lin = Qnu;l(C',{”).

Finally, consider the global budget constraint along the trajectory Jy.i1.
It must be that C]{[’jfll will have to increase since all the other C’s and Fy 41
will decrease.

The case when only 6, increases follows analogously as there is symmetry

between Cn41 and Fy11. This completes the proof. O

AppendixB. Proofs for Section

Please note that some of the proofs in this section make use of the mapping

¢ defined in Section [6]
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DEFINITION APPENDIXB.1 (N-PEFF Problem.) An N-PEFF problem refers
to the 4-tuple ((X, R),p, v/,v) and the corresponding equation systems ,
and , where (X, R) is a vector of random variables, p a vector of
decision variables, u’ an (N + 1)-tuple of stereotype marginal utility functions

and v a value profile vector, i.e.

= Xl?"' aXN7R27"' 7RN) €‘C2N+17

! !/ /
Upy o UN, U )7

(

p:(Cla"' 7CNaFN) €£N+17
( P
(

= (v1,--+,uN,Up) € V.

The set V is totally determined by (X, R) and v’ according to Expression (4.3)).

DEFINITION APPENDIXB.2 (Hilbert metric on R .) The Hilbert metric de-
fines a distance as

max; {zi/yi}

min;{x;/y; }

for any z,y € R’} , . It is not a real metric as

d(z,y) = log

d(z,y) =0 < JccR'T suchthat y=cu.

It will become a true metric if restricted on e.g. the open unit simplex in R?, .

LEMMA APPENDIXB.3 If ¢ : R} | — R%  is homogeneous and strongly mono-

tone, then ¢ is contractive with respect to the Hilbert metric.

PROOF See for instance Lemma 4.5 in Pazdera et al [15]. O

Any contractive mapping ¢ can only have one fixed point. Suppose there

are two, namely x and y with d(z,y) > 0. Then by contractiveness we have

d(x,y) = d(¢(z), ¢(y)) < d(z,y)

which is contradictory. Then d(z,y) = 0. Note that the uniqueness is in the
sense of Hilbert metric.
The following lemma is the key part of proving the uniqueness of the PEFF

solution.
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LEMMA APPENDIXB.4 The mapping o1 defined in Section[§ is strictly increas-

ing, i.e. for any trajectory J € Jn, we have that
L (0) = LL(0") Vo' 26",

PROOF To show this we only need to show that L, is strictly increasing with
respect to any one of the coordinates of 8. We can utilize Lemma
Consider first that only 6,, increases while the other 6’s stay the same, n =

1,---, N. Then according to Lemma Fj will decrease thus
LJJV = opU;(F ]\]f )

will increase. The case when only 6, increases follows analogously as there is

symmetry between C'y and Fly. O

LEMMA APPENDIXB.5 (The uniqueness of the PEFF rule.) For any given value
profile v = (v1,--- , un,Vp) € V, the corresponding PEFF risk-sharing rule will

be unique if it exists.

PROOF The main point of this proof is to show that ¢ defined in Section [f] is
homogeneous and strictly monotone thus by Lemma it can only

have one fixed point (up to normalization) if it has.
The mapping is homogeneous by definition thus we only have to consider

monotonicity. First, according to Lemma[AppendixB.4] ¢; is strictly increasing

with respect to # along all possible trajectories. Then L is also increasing since

L,= Eﬂr); [LnJranJrl]'

Now consider ¢’ = 0”. Then for any J € Jy we have that LY (¢') > L (8").

La)] ™ (vn)

will lead to that o) (Ln(0")) > w2, (Ln(0")). This is because o will always

For any possible n, the n-th coordinate of p2: o0, (Ln) = [EQIn (

require that

EQC, _E@I< ) Z@ (j)—vn.

JETn
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If L7 increases for all J € 7, then 6, also will increase according to this (s.

The result is that
©(0") = @2(Ln(0")) > @2(Ln(0")) = (0"),
i.e. @ is strictly increasing with respect to 6. O

PROOF OF THEOREM [5.1] The proof uses mathematical induction. Note that
we can always fix 6, = 1 as a normalization to the ’s unless specified otherwise.
For any 1-PEFF problem, there is only one random variable X to be shared.

One needs to solve

C1+ Fy = Xy,
91’&/1(01) = 9pu;(F1),
Ech = 1.

For any given 61, the equations of BC and IBE will jointly produce a certain
risk sharing rule according to the mapping ® in Theorem [3.5] However, the
third FF equation may not hold. We need to show that there will exist some 6,
such that the FF equation will hold. We define

w(91 Ech Z Q

Jeg

It is a continuous function of #; which follows as a property of the mapping ®.
Next we will show that the value of the function w can be both above and below
v1, so that there exists some 67 such that w(67) = vy since w is continuous. This
will be done by taking 6; to the limits.

First consider 0111210 w(6f1). Then along any trajectory J € J; it must be that
C{ — by < v;. Otherwise, suppose there exists some sequence of 0}, say {é[m]}

with 6" — 0 as m — o0, such that

lim Cl( )>bl+€

m—0o0
for some trajectory J and some € € Ry .. If by = —oo then this is interpreted

as bounded from below. Then according to the IBE

010 (CY) = Oy, (FY)
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the left hand side will go to zero as v} (C{) will be bounded. As a result, Fy
will have to go to 400 which is not possible if we take into consideration the
budget constraint. We conclude that C{ — b; < v; along all the J’s if we let
61 — 0.

Next consider elli_r)noo w(f1). Now we drop the normalization constraint 6, = 1.
Taking into consideration the freedom of choosing a way of normalization, it

follows that the following two statements are equivalent:

o fix 0, and let 6; — +oo;

e fix 6, and let 6, — 0.

Then following the analogy above we have Fy — b, for all J € J; as 6, — 0.

Thus lim EQF, = b, and according to the budget constraint

91*)00

lim w(f;) = lim E%C) = vy + v, — by.

91—>OO 91—)00

Then since

vp —bp >0

must hold, we have

vy < v + vp — by

By a simple intermediate value theorem we know that there will exist some 67
such that w(#7) = v1. Then we have found a weight vector 6 (i.e. (87,60, =1))
that leads to a PEFF solution to the system. This indicates that the fixed
points of the mapping ¢ will exist; the fixed point must be unique according
to Lemma i.e. the vector 6 is unique. The uniqueness is up to
normalization.

Let’s assume that there always exists a unique solution for an N-PEFF

problem, N > 1. Cousider an (N + 1)-PEFF problem using our conventional
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notations

(X,R)= (X1, -, XN+1,R2, -+ ,RNy1),
p=(C1,  ,Ony1, FNt1),
u' = (el ),
v=(v1, " ,UN,UN+1,VUp)

Consider the corresponding (N + 1)-PE problem with some given weight 6. Use
0, =1 as a normalization. As we have discussed, the whole system will degrade
to an induced N-PEFF problem with Fy now being the “final” buffer whose

risk aversion is characterized by hy given by Theorem [3.5] That is,

(X,R)n) = (X1, , XN, Ra,- -, R,
pivy = (C1,- -+ ,Cn, Fn),
upy = (uy, s uy, ),
o) = (v, ,un, E9Fy)

where EQFy can be calculated according to the global budget constraint of the
induced N-PEFF problem.

For any given 0x.1, according to the assumption, the degraded system has
a unique PEFF solution with coefficients (61, - ,0x). This solution, together
with the Oy11 and 6, = 1, satisfies all the equations except the following oneﬂ

E%Cyn= ), QU)Cxy1 =on+
JEIN+1

Next we will show that there exists 01 such that the equation above will hold.
Then by Theorem the solution 1 will be unique.

Define

wln) =E%Cni = Y. QUIn1)OR

INF1ETN+1

2The equation EQFN+1 = vp will also not hold. However, as we have discussed, we don’t
have to consider this equation, since it will be automatically satisfied if other FF conditions

hold.
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Note that C’}Gfll is a continuous function of 1 for any J which follows
from Theorem B.5] and so is w itself. Next we will show that the value of the
function w can be both above and below vy 1, so that there exists 63, such
that w(0x, 1) = vn41 since w is continuous. This will be done by taking 1
to the limits.

First consider eNli?Low(eN“)' We will distinguish between the following
two cases.

A. The lower bounds of the utility functions b,, are all finite. We will then

have

. JIN+1
. lim Oy =bny1 VINi1 € TN
N+1—)O

Otherwise, suppose there exists a sequence of On11, say {é[m]} with ™ — 0
as m — 00, such that

lim Cl{;fil (é[m]) >bny1t+e€

m—r oo

for some trajectory Jy41 and some € € R4 ;. Then according to the final period

J 1 J7\7+]
9N+] 'LL;V ](C]VN] ) — 0pulp(F’JV 1 )

the left hand side will go to zero as u/y +1(C’J{,ﬁfll) will be bounded. As a result,

Fj{/jfil will have to go to +o0o which is not possible when all the C’s can only
be finite.
B. Consider when b,, = —co for some n. T denotes the set of all such n’s.

We will show that still

. INt1
. lim Oy =bny1 VINi1 € TN
N+1—0

We then only have to show this for a special J’' which satisfies that for any n,
X7 = max ey, X, and R/ = maxjegy,, Ry, ie. (X7, R”") is the attain-
able “upper bound” of all trajectories. This is possible because the number of
trajectories is finite, the condition holds and the risk stream is sequentially

independent. Once we show that lim C% 41 =>bny1, by Lemma the limit

0N+14’0
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of Cn41 of all other trajectories cannot be larger than by1, and also cannot
be smaller than by 4.
Otherwise, suppose there exist a sequence of Oy 1, say {é[m]} with 8™ — 0

as m — 0o, and € > 0, such that
: J' o glmly >
W}l_rgo Cny1(0™) > bnyr +e.

If byy1 = —oo then the equation above is interpreted as that the sequence
{C%,1(6)} is bounded from below.
Then by final period IBE

9N+1ulN+1(Cz{f+1) = epu;(FN+1)

we have that FJ{,/H will have to go to 400 since u§v+1(C’N+1) will be bounded.
Consider the global budget constraint: now since O3 a+Fy A 41 — oo, there
will exist 7 € T such that C/" — —oco. By the definition of .J’, we have that
C! — —oc for any other possible J € Jx 1, thus the value profile condition for
C.. will not hold. This is a contradiction.

To conclude: we have shown that

lim CN+1 = bN+1 VJ € jNJrl
9N+1—)0

whatever the value of by is. Thus
wlni1) =E%Cn11 = Y QU)CRy1 = brir
JEIN +1
Next consider lim w(fyn4+1). Now we drop the normalization constraint
01\7+1 — 00

0, = 1. Taking into consideration the freedom of choosing a way of normaliza-

tion, we can conclude that the following two statements are equivalent:
o fix 0, and let Oy 1 — +00;
o fix Oy and let 6, — 0.

Then following the analogy we have Ff\]/+1 — by for all J € Iny1 as 0, — 0.

Thus according to the budget constraint for the last period, we conclude that

lim w(@n41) = lim Z Q()CRyq = vnt1 + vy — bp.

91\14,14)00 N+1*>OO
JEIN 1
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Then since
vp — by >0
must hold, we have
UN+1 < UN41 + Up — bp.

By a simple intermediate value theorem we know that there will exist some 673, |
such that w(0y ;) = vn 1. Then we have found a weight vector 6 that leads to a

PEFF solution to the system. This indicates that the fixed points of the mapping
¢ will exist; the fixed point must be unique according to Theorem[AppendixB.5]

i.e. the solution 6 is unique. The uniqueness is up to normalization. This finishes

the proof. O

AppendixC. Proofs for Section [6]

LEMMA APPENDIXC.1 When (X,d) is a locally compact and connected metric
space, and f : X — X is a contractive mapping with fixed point x* € X, then

for every x € X the sequence of iterates {f™ (x)|n € N} converges to x*.
PROOF See Thm. 1 by Nadler [20]. O

PROOF OF THEOREM [6.1] Lemma has shown that the mapping

 is contractive with respect to the Hilbert metric. The theorem then is a direct

result of Lemma O

AppendixD. Proofs for Section

PROOF OF THEOREM [7.1] The proof of the theorem is actually a process of
calculation. First we need the following preparations. By Theorem for any
given 6 we can define f,(-) such that

On = fn(Xn + Fn—an)-
By the IBE for the last period we have

Opup(Xn + Fn—1Rn — Cn) = Onuy(Cn),
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which will translate into
Gpap exp[fozp(XN + Fy_1Ry — CN)} =0Oyan exp[fozNC’N].

Take the logarithm on both sides and after rearranging the items we get

ap 1 HNOIN
———— (XN + Fn_1RN) + In .
ap+aN( N N-1Ex) ap+an Oy

Cn =
Take the Q-expectation and we shall have
EQCy = vy
which gives us
@p

Cy = —2— Xy + Fx_1Ry] + (o — —2—
N ozp—|—aN[N N1 N] (UN ap + an

«

p
wy ),
where

WN = EQAN = EQ(CN +FN) = UN + Up.

Next we show that for any possible n, f,, should be linear. We will show
this by first showing that if f,,1 is linear with positive slope, then so is f,.
By IBE
Oy, (Cr) = O 1 By, [, 11 (Crg1) R

we have

@) = Y B [ (X + (& fal@)Rus)

Rp10n 41
e jegytt

where x is the variable standing for the available assets. Assume that f,11(z) =

Gn+1T + €py1 With apqq > 0. We have

exp(—anfu(@) = D2 B()exp { ~analanr (X4 + (@~ fule) Rusr) + co] |

o
Rn+19n+1 jGJ"+1
n

= exp{—ant1ant1Rnt1(r — fo)} - Z P(j) exp |:_aﬂ+1 (an+1X1{u+1 + en+1)
jegytt

Take the logarithm on both sides:

On
In (> — Qp - fn =In Rn4+1 — an+1an+1Rn+1<x - fn)7
Rn—i—lan—i—l
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f (.’[) o an+1an+1Rn+1 z+ 1 In ( an 1 >
n =
apn + an+1an+1Rn+1 ap + an—i—lan—i-an-i-l Rn+10n+1 Rn41
where
Bugi iy (fat1(Xnt1))
Rn41 = .
Qp41

It follows that all f, should be linear with positive slope since fy is. The

slope satisfies
an+1 an+1Rn+1
Qnp + an+1an+1Rn+1

ap =

By recursion we know that if we start with ay = a(jril;w’ then all the a,,’s can
2

be calculated. Hence
Cn = fu(Xn+ FooiRy) = an(Xpn + Fom1 Ry,) + constant.

Taking the expectation under QQ immediately gives the constant part and
finally we have

Cp =an(X, + Fr1Ry) + (v, — anwy),

where w,, = E2A4,, can be recursively calculated according to the relationship

An+1 == Xn+1 + (An - Cn)Rn+1~

AppendixE. Tables for Section 7

Tables [E.3] - [E.6] shows the distributions of the decision variables for Section
1
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X, P-prob. Q-prob. Ci: OEB Ci: CEB Ci: au-
tarky
1.2 0.6 0.5 1.0507 1.0704 1.2
0.8 0.4 0.5 0.9493 0.9296 0.8
Table E.3: Distributions of payments for agent 1
X; X5 P-prob. Q-prob.  Cs: Cy: Cq: au-
OEB CEB tarky
1.2 1.2 0.36 0.25 1.1197 1.1741 1.2
0.8 1.2 0.24 0.25 1.0181 1.0376 1.2
1.2 0.8 0.24 0.25 0.9818 0.9632 0.8
0.8 0.8 0.16 0.25 0.8801 0.8251 0.8
Table E.4: Distributions of payments for agent 2
X, X5 X3 P- Q- Cs: Cs: Ci:
prob. prob. OEB CEB au-
tarky
1.2 1.2 1.2 0.216 0.125 1.2157  1.3556 1.2
0.8 1.2 1.2 0.144 0.125 1.1167 1.2327 1.2
1.2 0.8 1.2 0.144 0.125 1.0832 1.1665 1.2
0.8 0.8 1.2 0.096 0.125 0.9844 1.0452 1.2
1.2 1.2 0.8 0.144 0.125 1.0157  0.9556 0.8
0.8 1.2 0.8 0.096 0.125 0.9167  0.8327 0.8
1.2 0.8 0.8 0.096 0.125 0.8832 0.7665 0.8
0.8 0.8 0.8 0.064 0.125 0.7844 0.6452 0.8

Table E.5: Distributions of payments for agent 3
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X, X5 X3 P-prob. Q-prob.  Fj: F3:
OEB CEB
1.2 1.2 1.2 0.216 0.125 1.2157 1
0.8 1.2 1.2 0.144 0.125 1.1167 1
1.2 0.8 1.2 0.144 0.125 1.0832 1
0.8 0.8 1.2 0.096 0.125 0.9844 1
1.2 1.2 0.8 0.144 0.125 1.0157 1
0.8 1.2 0.8 0.096 0.125 0.9167 1
1.2 0.8 0.8 0.096 0.125 0.8832 1
0.8 0.8 0.8 0.064 0.125 0.7844 1

Table E.6: Distributions of end buffer
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